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Solutions
Solutions to problems in Isaacs’s Finite Group Theory book.

1A

[tA.1] Let G act on the p cosets of H. This gives a homomorphism G — Sp ;if K < H is the kernel
of this homomorphism, then [G : K] divides p!. Since no prime smaller than p divides |G|
and no prime larger than p divides p!, it must be that [G: K] = p = [G : H|, so that K= H
is normal in G.

[1A.2] Let K act on the right cosets of H. Then for ¢ € G, let O be the orbit containing the coset
Hg. Note that Hgk = Hg if and only if k € H$, so that the stabilizer of Hg in K is KN HS.
So we see the orbit O has size [K : KN HS$|. Since these cosets are disjoint, and each has
size |H|, we see then that

_ [H[-[K]

HgK| = _ H[-K]
IHgK] KN HE|

= |H[-|0] = |H| - [K: KN HE]

U x

XeO

[1A.3]

(a) We have from the previous problem

H] - K]
|IKNH|

— |HK| < |G

since HK C G. Dividing both sides by |K| gives [H : HN K] < [G : K]. Equality
happens precisely when |HK| = |G|, and so HK = G, from the above.
(b) We have
[G:H|[H:HNK]=[G:HNK|]=[G:K][K: HNK]
Since |G : H] and [G : K] are relatively prime, we have [G : K] dividing [H : H N K].
By part (a), we have [H : HN K] < [G : K], and hence these indices must be equal.
Again by part (a), this implies HK = G.



[1A.4]

[1A.5]

[1A.6]

[1A.7]

1A

Suppose G = HK, and let x, ¢ € G. Note we can write x = hk for h € H and k € K. Also
we can write kg = ab for a € H and b € K. Then we have

¢ =k ta(kk='b) = k'h Y (hah 1) hk(k~'b) € H*K

Since ¢ was arbitrary, we see G = H*K. Doing something similar for y € G shows also that
G = H*KY. Of course this means that if G = HH*, then G = HH = H.

First assume G acts transitively on (2 x A and fix a € 2 and B € A. If g € G, suppose
x,6)8 = (A,B), for example by choosing § = B-¢~!. Now choose i € G such that
A, B)" = (a,B). Then h € Gg and gh € G,. Since g was arbitrary, we have shown that
G = GaGg.

Conversely, suppose G = GoGp. To show G is transitive on (2 x A, it is enough to show
for any pair (v, 6), there is a ¢ € G with («, )8 = (A,6). Since G is transitive on (2, choose
g € Gwitha-g =1, and let - ¢ = €. Since G is transitive on A, choose h € G with
€ - h = 6. From the previous problem, G = G} G% for any x,y € G. In particular, if & - x = 7
and B -y =4, then

G = GyGy = G,G;s
So we can write h = ab with a € G, and b € G;. Since € - h = §, and b fixes §, we must have
€-a=4¢6-b"! =¢. But then
(@, B)5" = (1,€)" = (7,9)
with the last equality relying on 2 € G,. Thus G is indeed transitive in its product ac-
tion.

Note that from the orbit-stabilizer theorem, if O, is the orbit of G containing a € (2, then
[G : Gy] = |Oy|. We can rewrite this as |G| = |G|/|O,|. Noting that x(g) just counts how
many point stabilizers g is in, we then have

Lx@) =) Y 1=} IGl=

geG a0 geGy ac2 xe

Now (2 can be partitioned into finitely many orbits Oy, ..., O,. So the above sum equals

G| . |G| .
- — Gl = nlG
’XGZ 1O, Z Z O] Z| | |G|

i=1 D(GO,‘ i=1

Let x be the permutation character of G on the right cosets of H < G. This is a transitive
action, so by the previous problem )" x(g) = |G|. Meanwhile, if we restrict the action to
H on its own right cosets, there are at least 2 orbits: the single point {H} (since H is a
subgroup), and the other orbits. Hence, again by the previous problem, Y x(h) > 2|H|.
Write G\ H=RUS, where R = {g € G\ H | x(g) = 0}. Then we see

Gl = ) x(e)+ Y x(g)+ Y x(g) >2[H|+ S|
geH gER g€S



[1A.8]

[1A.9]

[1A.10]

1A

So |S| < |G| —2]H|. Since |S| 4+ |R| = |G| — |H|, this means |R| > |H|. But R is exactly those
elements of G that don’t lie in any point stabilizer, and hence do not lie in any conjugate of

H.

(a)

(b)

This is clearly an action on the set of all n-tuples, since:

(x1,..., %) 0= (x1,...,%p)
(X1, .., %n) " k-m= (X144, Xppr) M
(
(

= (X1aktms - r Xnkgm)

Xk Xk = (x1 - 20) T g x) (g - xg) = (g ) () () =1

Since C is cyclic of order p, it only has 2 subgroups: the trivial ones. So a point
stabilizer in C is either the trivial subgroup, or all of C. Let (2 be the orbits of size 1
(the fixed points), and O the orbits of size p. Then we have

O] = Qo] + p[O]

However, || = |G|P~1, since we can pick xy,...,x, arbitrarily, and there is exactly
one x; that makes the product x; - - - x, = 1. Since p divides |G| by hypothesis, we see
from the above equation that |2y =0 (mod p).

Now (x1,...,x,) € Qg precisely when x; = x; = --- = x,,. Letting x € G be this
common value, we see then that x¥ = 1. Meanwhile, if we have an x € G with x¥ =1,
then (x,...,x) € 2. So |(Qg| counts the elements of order dividing p in G. There is
only one element in G of order 1, so the number of elements of order p is

Q| —1=-1 (mod p)

From the previous problem, we know G has an element x € G of order p, so that
H = (x) < G is a subgroup of order p. Suppose K < G is another subgroup of or-
der p. Since HK C G and HNK = {1} (because p is prime), then from [1A.2] we

see

p.

H| - K]

|

= |H|- K] = p

And this contradicts m < p. Thus K does not exist, and H is the unique subgroup of order



[1B.1]

[1B.2]

[1B.3]

[1B.4]

(a)

(b)

1B

(a)

(b)

1B

Let Hx be a right coset of H. Then for h € H, we have Hxh = Hx if and only if
xhx~1 € H. If this is true for all 1 € H, then this is equivalent to H* = H, so that

x € Ng(H). Thus the cosets of H in G that are invariant under H are precisely those
cosets of H in Ng(H), of which there are [Ng(H) : H].

Let H act on its right cosets in G. By Lagrange’s theorem and the orbit-stabilizer
theorem, all non-trivial orbits of H have size divisible by p. If Oy are the size 1 orbits,
then

[G:H] =|0g| (mod p)

By hypothesis [G : H] is divisible by p, and hence so is |Oy|, which is equal to
[NG(H) : H] by part (a).

If P < S then of course PS = § is a subgroup. Conversely, if PS is a subgroup, then
let |S| = p?, |P| = p¥, and |[PN S| = p°. From [1A.2], we see that

|P|'|S| a+b—c
P —_= _=

Since |PS| divides |G|, and S < G is a Sylow subgroup, it must be thata +b —c < g,
which is to say that ¢ > b. Since ¢ < b because PNS < P, we see b = ¢ and thus
PNS = P as desired.

Let S < G be a normal Sylow subgroup, and let P < G be another Sylow subgroup.
From the previous part, since PS is a subgroup, we have P < S and, since |P| = |§|, it
must be that P = S. Thus S is the only Sylow subgroup of G, and thus O,(G) = S is
characteristic in G.

Let P <1 G be a normal p-subgroup of G. If S < G is a Sylow subgroup of G, then PS

is a subgroup of G, so from the previous problem P < S. Since this is true for all Sylow
p-sugroups, P is contained in their intersection: P < O,(G).

S < N by definition, so from part (b) of [1B.1] we have that S is characteristic in N. Since

N < Ng(N), Lemma 1.10 shows S <t Ng(N), so that Ng(N) < Ng(S) = N. Of course this
means N = Ng(N).

Let p" be the largest power of p dividing |G|, with n > 0. By Cauchy’s theorem, there

is a subgroup P; < G of order p. If n = 1, P; is a Sylow p-subgroup of G and we’re done.
Otherwise, [G : Py is divisible by p, so [1A.10] shows [Ng(Py) : Py] is divisible by p. There
is thus a subgroup of order p in Ng(P;)/Pj, again by Cauchy’s theorem, and that subgroup
corresponds to a subgroup P, > P; of G, with [P, : P] = p so that |P,| = p?. Again, if



1B

n = 2, we're done. Otherwise we continue this way, constructing P;, ..., P, with P, a Sylow
p-subgroup of G.

[1B.5]

(a) 6(H) has order dividing |H|, as an image of H, so 0(H) is a 7t-group. If L <G is the
kernel of 0, then [K : 0(H)| = [G : HL] is a divisor of [G : H], and hence no prime in
7 divides it. Thus 6(H) < K is a Hall rt-subgroup.

(b) Let P < K be a Sylow p-subgroup, and let S = §~1(P). Then [G : S] is not divisible by
p- If H < S is a Sylow p-subgroup of S, then it is also one of G. From part (a), 6(H) is
a Sylow p-subgroup of K, and since 0(H) < 6(S) = P, we see §(H) = P.

(c) From part (b) every Sylow p-subgroup of K has a Sylow p-subgroup of G that maps
to it, and hence by part (a) 6 induces a surjective map Syl,(G) — Syl (K), from which
the cardinality inequality follows.

[1B.6] From [1A.2] we see that [K : HN K] = [HK : H]. Since this latter index divides |G : H|,
it is not divisible by any prime in 7r. Since H N K < H, we see it is a 7t-group, and hence
HNK < Kis a Hall r-subgroup.

[1B.7]

(a) Let K, L <9 G be normal 7r-subgroups. Then by [1A.2] |[KL| is a 7-number, so KL < G
is also a normal 7r-subgroup. Hence if N is the product of all normal 7r-subgroups
of G, it is (by induction) a normal 7r-subgroup, and must be the unique largest one,
containing all the others.

(b) Let H < G be a Hall 7t-subgroup. Since HN is a subgroup of G, the previous problem
shows H N N is a Hall 7t-subgroup of N. But N is a 7t-group, so that HN N = N, and
hence N < H. Because H was arbitrary, we see N is contained in all Hall rr-subgroups
of G.

(c) If g € G,and H < G is a Hall rt-subgroup, then H? is a Hall r-subgroup of G. That
is, conjugation by g is a permutation on the Hall 7r-subgroups of G. Thus if N is their
intersection, we have

N$ = (NH) =HS =H=N
Since g was arbitrary, we have N <1 G.

[1B.8]

(a) If K,L < G are such that G/K and G/L are m-groups, then since G/ (KN L) embeds
in (G/K) x (G/L), we see G/(KNL) is a r-group too. If N is the intersection of all
normal subgroups of G with 7t-group quotients, then by induction G/ N is a -group,
and N is the unique smallest normal subgroup where that is true, contained in all the
others.



[1C.1]

[1C.2]

[1C.3]

(b)

1C

1C

Let S be the set of 7’ elements. If M < G with G/M a 7mt-group, and x € S, then
X € G/M has m-order and 7’-order, so has order 1. Since x was arbitrary, we see
S C M. Since M was arbitrary, we have S C N, the intersection of all such M.

Let K = (S). Then we know K < N. We also know K < G, since S is invariant under
conjugation. If we can show G/Kis a 7r-group, then by part (a) N < K, so that K = N.
Choose a prime p ¢ 7. By [1B.5] there is a Sylow p-subgroup P < G mapping to a
Sylow p-subgroup of G/K. But P C S, so that P < K and hence its image is trivial in
G/K. Thus |G/K] is not divisible by p. This shows G/K is a m-group.

Write K = Ng(H). Since P < H, we see that P < K is a Sylow p-subgroup of K. We also
have Ng(P) < H < K, and thus Nx(P) = Ng(P). Because H <1 K by definition, the Frattini
argument shows

K = HNg(P) = HNg(P) = H

where the last equality follows because Ng(P) < H.

(a)

(b)

(b)

By the Sylow development theorem, P < S for some Sylow p-subgroup of G, so that
P < HNS. Since HN S is a p-subgroup of H, we must have equality (since P is a
Sylow p-subgroup of H).

From the previous part, every Sylow p-subgroup of H can be written as HN S for
S a Sylow p-subgroup of G. Thus for every Sylow p-subgroup of H, there is a
corresponding Sylow p-subgroup of G. We also can’t have two Sylow p-subgroups P
and Q of H corresponding to the same S, since then

P=HNS=Q
This implies n,(G) > n,(H).

If S is a Sylow p-subgroup of G, then every element of S is in X, so USylp(G) C X.

Conversely, if ¢ € X, then (g) is a p-subgroup, so contained in some Sylow p-subgroup
of G. Because g was arbitrary, X C USylp(G).

Let S be a Sylow subgroup of G, and let it act on X by conjugation. If S fixes an
element ¢ € X, then (g)S is a p-subgroup of G, so that ¢ € S. Thus the fixed points of
the S-action are Z(S) C X. All other orbits have size divisble by p; in other words,

X =12(5)[  (mod p)

But the same logic applied to S acting on S gives |Z(S)| = |S| (mod p), so that
|X| = /S| =0 (mod p) as desired.



[1C.4]

[1C.5]

[1C.6]

1C

We know that n(G) € {1,3,5,15}. We consider the four cases below, with P < G a
Sylow 2-subgroup:

[12(G) = 1] In this case, let P < G be a normal Sylow 2-subgroup. Then G/P has order
15, so again by Sylow’s counting theorem it has a normal Sylow 5-subgroup. The
preimage of that subgroup is an index 3 subgroup of G.

[12(G) = 3] In this case |G : Ng(P)] = np(P) = 3.
[12(G) = 5] In this case [G : Ng(P)] = np(P) = 5.

[12(G) = 15] Since 15 # 1 (mod 4), there must be two Sylow 2-subgroups P,Q < G
with PN Q of order 4. Then P,Q < Ng(PN Q) by [1A.1]. Thus Ng(P N Q) properly
contains a Sylow 2-subgroup of G, and hence [G : Ng(PN Q)] € {1,3,5}. We're done
unless Ng(PN Q) = G. In that case (PN Q < G), note that PN Q is contained in
every Sylow 2-subgroup of G, and we consider G/ (P N Q) of order 30, with 15 Sylow
2-subgroups. Thus G/(P N Q) has 15 elements of order 2. It can then not have 24
elements of order 5, so n5(G/(PNQ)) < 6, and hence G/(P N Q) has a normal Sylow
5-subgroup. The product of this with a Sylow 2-subgroup is a subgroup of order 10
in G/ (P N Q), which has a preimage of index 3 in G.

We must assume p is odd. Then the Sylow p-subgroups of A, have order p. There

are . e
p p
elements of order p in A, 1. Since subgroups of order p intersect only in the identity, this
means
(p+1)!

pip—1) np(Api1) = [Apy1: No(P)]
Thus |[Ng(P)| = p(p —1)/2 since |A, 1| = (p +1)!/2.

(a) From [1C.2], we know there’s P, Q € Syl (G) such that PN H is a Sylow p-subgroup
of H, and Q N K is a Sylow subgroup of K. Also P = Q¢ for some ¢ € G. If ¢ = hk
(from G = HK), then (PN H)" = P" N H is a Sylow subgroup of H (since it is an
H-conjugate of a Sylow subgroup), and (Q N K)ki1 = P" N K is a Sylow subgroup of
K (since it is a K-conjugate of a Sylow subgroup). Thus P" € Sylp(G) satisfies the
conditions of the problem.

(b) Let |H| = p*r, |[K| = p’c, and |G| = p°t. Then p**tv—¢ must divide |H N K|. We have

|PNH| = p"
IPNK|=p
IPNHNK| < ptb=e
And thus [(PNH)(PNK)| > p°. Since it is contained in P (with |P| = p°), we must
have equality: P = (PN H)(P NK).



[1C.7]

[1C.8]

[1D.1]

[1D.z2]

[1D.3]

1D

Suppose Ng(P) # G, and let M be a maximal subgroup of G containing Ng(P). Since
P < M we have [G : M] = q with g < p by hypothesis. But then

ny(G) = [G: Ng(P)] = [G: M][M : No(P)] = gny(M)=q #1 (mod p)

And this contradiction shows we must have Ng(P) = G.

Let X be the set of subgroups of order p” in G. Let P € Sylp(G) act on this set X by
conjugation. By the orbit-stabilizer theorem, every non-trivial orbit has size divisible by p,
and hence

X[ =]X"| (mod p)
where X" is the union of the fixed points. But if H € X is fixed by P, then P < Ng(H)
and hence HP is a p-subgroup of G, so that H < P. We thus see that X” are precisely the
normal subgroups of order p“ in P.

Now let Y be all the subgroups of order p? in P, and again let P act on Y. Then as before,
Y| = |YP| (mod p). But YP = XP, and thus
X| =X =Y’ = Y] (mod p)

which was to be shown.

1D

Suppose P is a Sylow p-subgroup of H, contained (via Sylow development) in a Sylow
p-subgroup Q < G, with P < Q. Then since normalizers grow in p-groups, we see
that

P < No(P) < Ng(P) <H

But N (P) is a p-subgroup, of H, properly containing P. This contradicts P being a Sylow p-
subgroup of H. Thus P = Q and P is a Sylow p-subgroup of G, implying

(G : P]

G Hl =155

is not divisible by p (since [G : P] isn’t).

We assume p divides |H|, and show it does not divide [G : H|, which is equivalent to
showing H contains a Sylow p-subgroup of G. By Cauchy’s theorem there is an x € H with
order p. Let P < G be a Sylow p-subgroup containing x. Then we have Z(P) < Cg(x) < H
by hypothesis. Since Z(P) # {1}, there is an element z € Z(P) of order p. Again by
hypothesis, P < Cs(z) < H, and we are done.



[1D.4]

[1D.5]

[1D.6]

[1D.7]

[1D.8]

1D

(a) Let 1 < K < H and suppose ¢ € G normalizes K. Then from
K <HNHS

we see that ¢ € H. Since g € Ng(K) was arbitrary, we have Ng(K) < H.

(b) Let p be a prime dividing |H|. If P < H is a Sylow p-subgroup of H, then from part
(a) Ng(P) < H, and then from [1D.1] we see p does not divide [G : H|. So |H| and
|G : H] are coprime, and H is a Hall subgroup.

First suppose Cn(h) = {1} forall1 # h € H. Let g € G be such that
1#x€ HNHS

If ¢ = yn withn € N and y € H, then HS = H", so we have x,x" € H. Then x !x" is
in H, but also x 'x" = n*n € N since N is normal. Thus x~!x" = 1 and x" = x. Then
neCyn(x)={1}sothatg =y € H.

Conversely, suppose 1 # H N HS implies ¢ € H. Let 1 # x € H, and suppose x" = x for
n€N. Thenx € HNH" andson € HNN = {1}. So Cy(x) is trivial.

Suppose H N HE is non-trivial, and let Q be a non-trivial Sylow g-subgroup of H N H$
for some prime g, so that Q and Q¢ ' are both in H. By hypothesis, Ng(Q) < H and also
NG(Qg_l) = NG(Q)«S’_1 is in H. This says that Ng(Q) < H N HS. By [1D.1], we see that Q is
a Sylow g-subgroup of G. Thus Q and Q¢ ' are Sylow subgroups of H, and are conjugate

in H: say Q" = ngl. This means hg € Ng(Q) < H and so g € H. We have thus shown H
is a Frobenius complement.

A subgroup of prime index is always maximal, since if M < K < G then
[G:M] =[G:K][K: M|

but the left-hand side is prime, implying one of the factors on the right is 1. Conversely,
suppose M < G is a maximal subgroup and G is nilpotent. Then M <1 G so G/M is a group
with no proper non-trivial subgroups (by the correspondence theorem). This means G/ M
is cyclic, and must be prime order, so that [G : M] is prime.

Suppose ¢ € @(G). If X C G is such that (XU {g}) = G, then suppose (X) # G. Then
(X) is contained in some maximal subgroup M < G. But g € M as well, so (XU {g}) <
M # G, and this contradiction shows (X) = G.

Conversely, suppose g € G is a "useless" element. If M < G is a maximal subgroup not
containing g, then (M, g) = G but (M) = M # G. This contradicts g being useless, and so
g € M. Since M was an arbitrary maximal subgroup, g € ®(G).

If M < G is maximal and G is nilpotent, then M <1 G and G/M has prime order by [1D.6].
In particular, G/ M is Abelian, and G’ < M. Since M was arbitrary, we have G’ < ®(G) and
so G/®(G) is Abelian.



[1D.g]

[1D.10]

[1D.11]

[1D.12]
[1D.13]

1D

If G is a p-group, then like above G/M is of order p; in particular, for all x € G we have
xP € M. Since M was arbitrary, we have x € @(G). But then in G/ ®(G), every element is
such that ¥ =1 and so G/®(G) is elementary Abelian.

Finally, if N <1 G for G a finite p-group and G/ N is elementary Abelian, then the maximal
subgroups of G/ N are images of maximal subgroups of G containing N (by the correspon-
dence theorem). Since the maximal subgroups of an elementary Abelian group are the
hyperplanes, we see that all maximal subgroups of G/N intersect in the identity. If M is
the set of maximal subgroups of G containing N, we then have

N= (| M>o(G)
MeM

Proving that N > @(G) and @(G) is the smallest normal subgroup with elementary Abelian
quotient.

Suppose P has a single maximal subgroup M < P. Then for x € P\ M, we must have
(x) = P so that P is cyclic. So if P is noncyclic, then it has at least 2 maximal subgroups, and
they each have index p; call them M and N. Since M # N, we must have [P: MNN] > p
so that

[P:®(P)]>[P:MNN]>p

and since |P| is a power of p, we have [P : ®(P)] > p?.

If |P| = p?, then either P is cyclic of (from above) ®(P) = {1}. By the previous problem
then P = P/®(P) is elementary Abelian.

Let C = Cp(A) and suppose A < C. Since C < P we have by Lemma 1.23 a normal
subgroup K < P with [K : A] = p and K < C. This latter point implies A < Z(K) so
that K/Z(K) has order dividing p, and is hence cyclic. But then K = Z(K) is Abelian,
contradicting the maximality of A.

So C = A, and the conjugation action of P on A induces an action on the  := |A| — 1 non-
trivial elements of A. The kernel of this action is C = A, and so we get an injective homomor-
phism P/A — S,. Lagrange’s theorem then implies [P : A] divides r!.

We can rewrite the conclusion of the previous problem as |P| divides |A|!. Let P < G be
a Sylow p-subgroup of G; then a maximal normal Abelian subgroup A < P has order at
most 1 by hypothesis, so |P| divides |A|! (by the previous problem), which divides n! since
|A| < n.

Thus if |G| = p“qb -+ -, we see that p*, qb, ... all divide n!, and since they are coprime their
product |G| must divide n! too.

This is part (b) of [1A.8].
By hypothesis G/Z has a central series:

1<C<GCG<---<C,=G/2Z

10



[1D.14]

[1D.15]

[1D.16]

[1D.17]

[1D.18]

1D

Let Zy = Z and Z,1 be the preimage of C,, in G for n > 1. Then for n > 2 we have
Zyi1/Zy = Cy/Cy_1is central in G/Cy,_1, and Z; < Z(G) is central in G. Thus the Z; are
a central series for G and G is nilpotent.

Let P < @(G) be a Sylow subgroup. The Frattini argument shows G = Ng(P)®P(G) =
N (P), where the last equality follows from [1D.7]. So P < G, and so P < &(G). Since all
the Sylow subgroups of @(G) are normal, ¢(G) must be nilpotent.

Let us write N for the image of N in G/®(G).

Let P < N be a Sylow subgroup such that P is a Sylow subgroup of N (via [1B.5]).
Since N is nilpotent, its Sylows are normal (even characteristic) and hence P < G, implying
PP(G) < G. Since P is a Sylow subgroup of N contained in P®(G) < N, the Frattini
argument shows

G = Ng(P) (PB(G)) = Ne(P)&(G) = No(P)

with the last equality following from [1D.7]. Thus P << G, and so P < N. Since this works
for all Sylow subgroups of N, we have shown N is nilpotent.

In particular, let #(G) < N <G with N nilpotent. Then of course N is normal and
nilpotent, so N < F(G), and in particular F(G) < F(G). Conversely, if N < G is nilpotent,
then this problem proves N is nilpotent, so N < F(G), meaning N < F(G). Choosing

N = F(G) we thus prove an equality

F(G) = F(G)

Suppose M < G is a maximal subgroup not containing ®(N). Then ®(N)M = G (it’s a
subgroup because @(N) <1 G). The Dedekind lemma then implies

N=GNN=®(N)MNN = &(N)(MnNN)

By [1D.7] this means N = M NN and so ®(N) < N < M. This contradiction shows
®(N) < M for all maximal subgroups M < G, and so ®(N) < ¢(G).

By [1D.8] we have N’ < @(N), and &(N) < &(G) by the previous problem. So
G/®(G) is a quotient of the nilpotent group G/N’, and is hence nilpotent. By [1D.15] G is
nilpotent.

Note that if G = Sz and N = A3z, then N is nilpotent, and G/N is Abelian (so also
nilpotent). But S3 is not nilpotent, since it doesn’t have a normal Sylow 2-subgroup. So it is
not true that N and G/N nilpotent imply G nilpotent.

Let us write N for N/Z(G). Also note Z(G) is normal and Abelian, so Z(G) < F(G).
Since F(G) <1 G is nilpotent, we have one containment: F(G) < F(G). Let N <G be
such that N = F(G). We have left to show that N is nilpotent, since then N < F(G).
But Z(G) < Z(N) and N/Z(G) is nilpotent by hypothesis, so [1D.13] shows N is nilpo-
tent.
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[1D.19]

[1E.1]

[1E.2]

[1E.3]

1E

We have
CNF<Z(C)<F(C)

Meanwhile F(C) < G is normal and nilpotent, so F(C) < FNC. In other words, F(C) =
Z(C). By the previous problem,

F(C/(CNF)) = F(C/Z(C)) = F(C)/Z(C) = {1}

Thus there are no non-trivial normal nilpotent subgroups of C/(CNF).

1E

Suppose 1,(G) > 1; since ny(G) divides p? and is greater than q > p, it must be that
ng(G) = p?>. Then p*> = 1 (mod q) so that q divides (p —1)(p + 1), and we must have
g=p+1. Then p =2and g = 3, so |G| = 36.

Now if |G| = 36 and n3(G) > 1, we have n3(G) = 4, and since 4 Z 1 (mod 9), there are
two Sylow 3-subgroups S, T < G with N = SN T of order 3. The normalizer of N contains
both S and T so must contain all 4 Sylow subgroups of G, implying both 9 and 4 divide
Ng(N) and thus N < G. Because 13(G) > 1, G/N cannot have a normal Sylow 3-subgroup,
so counting elements shows it has a normal Sylow 2-subgroup, and thus there exists P < G
of order 4 with PN <t G. Thus PN contains all Sylow 2-subgroups of G.

If n(G) > 1, then from n,(G) = ny(PN) we see that n,(G) = 3, and thus [G : Ng(P)] = 3.
The conjugation action on P induces a homomorphism G — S3 and so the kernel K must
have size at least 6. We know N £ K since then P << PN < G would imply 1n(G) = 1. We
also know P £ K since P can’t normalize other Sylow 2-subgroups, so it must be |K| = 6
and then K has a normal Sylow 3-subgroup M. Since M is characteristic in K we actually
have M < G. But then MN < G is order 9, contradicting n3(G) > 1. So our assumption
n2(G) > 1 was wrong, and G has a normal Sylow 2-subgroup.

There do in fact exist groups of order 36 where 1, > 1 or n3 > 1. For respective examples,
one can take Dg X Cy and A4 X Cs.

Suppose 1,(G) > 1. Since n,(G) € {1,p,q,pq} and r > q > p, we must have n,(G) = pg.
There are thus pq(r — 1) = |G| — pgq elements in all the Sylow r-subgroups of G. Now
if n4(G) > 1, from ns(G) € {1,p,r,pr} we would have n,(G) > r, accounting for at
least r(q — 1) > pq elements in the Sylow g-subgroups of G, which is a contradiction. So
ng(G) = 1; let Q < G be the unique Sylow g-subgroup. Then in G/Q, of order pr, the Sylow
r-subgroup must be normal. Thus there is a Sylow r-subgroup R < G with RQ < G. But in
RQ we must have R normal as well, so R < G is our contradiction to n,(G) > 1. Thus G
has a normal Sylow r-subgroup.

Suppose |G| = 315 and is simple. Then n3(G) > 1 and n3(G) € {1,5,7,35}; the only one
of these congruent to 1 modulo 3 is n3(G) = 7. If P < G is a Sylow 3-subgroup of G then,
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[1E.4]

[1E.5]

[1E.6]

[1E.7]

1E

we have H := Ng(P) = 45. Let Q < H be a Sylow 5-subgroup. Since ns5(H) € {1,3,9},
and only one of these is congruent to 1 modulo 5, we have n5(H) = 1 and Q <« H. Thus
H < Ng(Q) and so

1’15(G) = [G : NG(Q)] < [G : H] =7

This means: n5(G) < 7; ns(G) divides 63; and n5(G) = 1 (mod 5). The only possi-
bility is n5(G) = 1 so that Q < G, contradicting simplicity. In fact we’ve shown more:
any group of order 315 has either a normal Sylow 3-subgroup, or a normal Sylow 5-
subgroup.

Let G have order 144 and be simple. Then n3(G) € {4,16}. Since |G| = 144 does not
divide 4!, we have n3(G) = 16. But 16 # 1 (mod 9) so there exists Sylow 3-subgroups
S,T < Gwith N =SNT of order 3. Now Ng(N) contains both S and T, so must contain at
least 4 Sylow 3-subgroups, and thus |N| > 36. But then [G : N| < 4, and since |G| doesn’t
divide 4!, this contradicts G being simple.

Suppose G has order 336 and is simple. Then we know: ny(G) > 1; ny(G) divides
243; n17(G) = 1 (mod 7). The only possibility is 77(G) = 8, and thus if P < G is a Sylow
7-subgroup, then |Ng(P)| = 42. The conjugation action of G on P gives a homomorphism
¢ : G — Sg, which by simplicity must be injective and land in Ag. But ¢(P) is a Sylow
7-subgroup of Ag, and by [1C.5] we then have

21 = [Ny (9(P))] > [Ny (9(P))] = 42

This contradiction shows G cannot be simple.

Let |G| = 180 and assume G is simple. Then we know n3(G) is greater than 1, divides
20, and is congruent to 1 modulo 3. The only possibility is that n3(G) € {4,10}. Since |G|
does not divide 4!, we must then have n3(G) = 10.

Let S, T < G be two Sylow 3-subgroups of G. If 1 < D =SNT, then S,T < Ng(D) and
so 13(Ng(D)) > 4 and that means |[Ng(D)| > 36 with [G : Ng(D)] < 5. Since |G| does
not divide 5!, D cannot exist and so SNT = {1}. This means there are 10* (9 — 1) = 80
elements of order 3 or 9 in G.

Finally consider n5(G). As usual, it is larger than 1 and must divide 36, and is congruent
to 1 modulo 5. The possibilities are then n5(G) = 6 or n5(G) = 36. The latter is ruled out
because then there are 36 x (5 — 1) = 144 elements of order 5, accounting for 144 + 80 > 180
elements in G. But n15(G) = 6 is also ruled out. To see this, let P < G be a Sylow 5-subgroup,
with |[Ng(P)| = 30. There is an injective homomorphism ¢ : G — Ag with ¢(P) a Sylow
5-subgroup of Ag. By [1C.5] we then have the contradiction

15 = [Nas(¢(P))[ = |Ny(c)(¢(P))| = 30
Since there is no choice for n5(G), we've shown G cannot exist.

Let |G| = 240 and note n3(G) € {1,3,5,15}. Since |G| does not divide 5! (or 3!) it must
be that 17,(G) = 15 if G is simple. Since 15 # 1 (mod 4) there exists Sylow 2-subgroups
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[1E.8]

[1F.1]

[1F.2]

[1E.3]

1F

S,T < Gwith N=SNT of order 8. Then S,T < Ng(N) and so Ng(N) has at least 3 Sylow
2-subgroups, so [Ng(N)| > 48 and [G : Ng(N)] < 5. But again, |G| does not divide 5! so
we have that G cannot be simple.

Suppose |G| = 252 and G is simple. Then the only possibility for n7(G) > 1, noting it
must divide 36 and be congruent to 1 modulo 7, is ny(G) = 36. There are thus 36(7 — 1)
elements of order 7, and thus 36 elements of G with order coprime to 7.

Now suppose S,T < G are Sylow 3-subgroups, with intersection 1 < D = SN T. Then
S,T < Ng(D), so Ng(D) has at least 4 Sylow 3-subgroups, and thus Ng(D) has order at
least 36. From the fact n3(Ng(D)) divides 28 and is congruent to 1 modulo 3, we have
n3(Ng(D)) € {4,7,28}. But

ING(D)| = 9-n3(Ng(D))
and so n3(Ng(D)) > 4 implies [G : Ng(D)] < 4, contradicting that |G| does not divide 4!
(and that 1 < D < G is not normal). It must then be that n3(Ng (D)) = 4 and |Ng(D)| = 36.
But then N (D) consists of all elements of order coprime to 7 in G, which is a conjugate-
invariant subset; in other words, Ng(D) <1 G and G is not simple. This contradiction shows
D cannot exist.

Our final contradiction then is that every pair of Sylow 3-subgroups of G intersects
trivially. Since 7(9 — 1) > 36 we see that n3(G) € {1,4}. But |G| does not divide 4!, and so
G cannot be simple. Thus such a G does not exist.

1F

Letm € Mand n € N. From [m,n] = m~'m" and M" = M, we see that [m,n] € M.
Similarly, [m,n] = n~™n € N, and thus

[m,n] € MNN = {1}

From [m,n] = 1 we deduce mn = nm. Since m and n were arbitrary, we see M < Cg(N)
and N < Cg(M).

Choose Sylow p-subgroups S, T < G with minimal intersection D := SN T (in terms of
size). Suppose x € Z(S) N Z(T). Then x € D is centralized by both S and T, so that (x) is
normal in both S and T. Theorem 1.38 then shows x € O,(G), so x = 1 by hypothesis. In
other words, Z(S) N Z(T) = {1}.

Note that for ¢ € G with ¢ = pn for p € P and n € N, we have
p8 = pP" = p"

So conjugates of P by N are all the Sylow p-subgroups of G. Choose x € N such that
|P N P*| is as small as possible, and let D := P N P*. Then Theorem 1.38 applies here.
Let H < P be the kernel of the action of P on the orbit containing x. Clearly then H < P.
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[1G.1]

[1G.2]

[1G.3]

[1G 4]

1G

But since H acts trivially on x, we must have H < Cg(x) so that H* = H and H < D.
Thus also H = H* < P¥, and so Theorem 1.38 implies H < O,(G). But O,(G) <G and
Op(G)NN = {1} by hypothesis, so that by [1F.1] O,(G) centralizes N. Since P acts faithfully
on N, we must have O,(G) = 1, and thus also H = 1. This shows P acts faithfully on the
orbit of x.

1G

Let M < G be the Chermak-Delgado subgroup. As in the proof of Theorem 1.41, we

have ) ) )
Gl 16l _[6]  _ _[G] IGI* |G| |G| G|

A2 = JA[|CG(A)] — mc(A) = mg(M) — [M[[Cc(M)| = [M]

By hypothesis, [G : M] > [G : A]?; of course by definition [G : M] < [G : A]? and thus all
the above inequalities must be equalities:

e From |A|?> = |A]-|Cg(A)| and A < Cc(A) we have A = C;(A).
e From mg(A) = mg(M) we have A € L(G).

e From [G : Cg(M)] = 1 and M = Cg(M) we have M < Z(G), while the reverse
containment is always true, so M = Z(G).

The last point shows [G : Z(G)] = [G : M] = [G : A]%.

Let M € L(G) be a maximal proper subgroup containing H. If M is normal in G,
then we’re done. If M is not normal, then there exists some y € G with MY # M. But
mg(M) = mg(MY), so that MY € L£(G) and hence H < M < MMY € L(G), so by the
choice of M we see G = MMY. But then [1A.4] shows G = M, and that contradiction shows
M must in fact be normal in G.

Note we’ve shown something stronger than the problem suggests: H < M < G with M
normal in G and M € L(G).

If G is simple and Abelian, then there are only two subgroups of G, and H =1 or H = G.
So we may suppose that G is non-Abelian. Then the Chermak-Delgado subgroup M # G
so that M = 1, and mg(M) = |G|. By hypothesis then H € L(G). Now if 1 < H < G
then the previous problem shows there exists H < X <1 G with X # G, and that contradicts
simplicity of G. So H=1or H = G.

Suppose that A # G and [G : N] > [G : A]? for all normal Abelian subgroups N < G,
and we will reach a contradiction. From [1G.1] we know that A = C5(A), that A € L(G),
and that [G : Z(G)] = [G : A]?. If N <G is a normal Abelian subgroup, then so is NZ(G),
and

[G:NZ(G)] <[G:Z(G)] =[G: A)?
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[2A.1]

[2A.2]

[2A.3]

2A

Since [G : NZ(G)] > [G : A]*> we must have [G : NZ(G)] = [G : Z(G)] and hence
NZ(G) = Z(G); in other words, N < Z(G) and all normal Abelian subgroups of G are
contained in Z(G).

As in the solution to [1G.2], choose a proper normal subgroup M € L(G) containing
A. Then Cg(M) <G and Cg(M) < Cg(A) = A, so Cg(M) is a normal Abelian subgroup
of G, and is thus contained in Z(G). Since obviously Z(G) < Cg(M) we have equality:
Cg(M) = Z(G). But then

G>M=Cg(Cc(M)) =Cc(Z(G)) =G

is our contradiction.

2A

We proceed by induction on the subnormal depth of H, the case of zero depth (so
H = G) being obvious (since in that case O(G) = G). Otherwise, consider a normal
series

H=Hy<H{< ---<H, =G

By induction, H < Ox(Hy_1). But Hy_1 < G, and thus O, (Hy_1) < G, so that be definition
Ox(Hk_1) < Ox(G). Thus we have H < Ox(G).

Now if H,K are two subnormal 7m-subgroups of G, we know that (H,K) << G, and
since this problem shows H,K < Oz(G), we see (H,K) < O(G), so that (H,K) is a
rt-subgroup.

We proceed by induction on the subnormal depth of H, the case of zero depth (so H = G)
being obvious. Otherwise, consider a normal series

H=Hy<H{ < ---<H, =G

By induction (since [Hy_1 : H| divides [G : H]) we have O™ (Hj_1) < H. But Hy_1 < G, so
O™(Hy_1) < G, and

(G : O™ (Hy—1)] = [G : Hy_1][Hk—1 : O™ (Hi_1)]

is a product of two T-numbers. Thus O™ (G) < O™ (Hi_1) and thus O™ (G) is contained in
H.

(a) Let [G : H] be a t-number (here 7 contains every prime dividing [G : H]). Then from
[2A.2] we see that O (G) < H. Meanwhile |K| and |G/O”(G)| are relatively prime,
so the image of K in the quotient is trivial, so K < O™(G). Thus K < H.
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[2A.4]

[2A.5]

(b)

2A

Let |K| be a -number (here 7t contains every prime dividing |K|). Then from [2A.1]
we see that K < O,(G). We have

HOA(G)| _  |0x(G)l
|H| |[HNO#(G)|

The left-hand side is a 77'-number, while the right-hand side is a 7w-number. Hence
both sides are 1, so that O,(G) < H. Thus K < H.

Nothing is lost assuming G = HS. Since SN H << S and S is simple, we must have
SNH = Sor SNH = {1}. The first case implies S < H < Ng(H), so we can restrict to
S N H being trivial.

Since H < HS and H is subnormal, there is a proper normal subgroup N <1 HS containing
H. Then

N =HSNN = H(SNN)

Now SN N <8, so it is either {1} or S. In the first case, N = H, and in the second

case,

N = HS, which we’ve excluded. So H = N < HS so that S < Ng(H), and we're

done.

(a)

(b)

(©)

For any subset ) C X, let Py, be the product

Py:=]] M

Me)y

Since Py = N, we can choose a minimal subset Z C X with Pz = N. We will show
this product is direct. Let M € Z and define M = Z\ M. Then P,y N M < G, and
since M is a minimal normal subgroup of G, we must have this intersection is either
{1} or M. The first case is what we want, to show the product is direct. The second
case cannot happen, since then

Py = MPy =Pz =N

contradicting the minimality of Z.

Let K < N be a minimal normal subgroup of N, and let H < K be a normal subgroup
of K. Then H <<t G and so every element of X normalizes K by Theorem 2.6. This
means H <1 N, and since K is a minimal normal subgroup, we have H = {1} or H = K,
so that K is simple.

Let M be the socle of N. By part (a), M is the direct product of some subset of minimal
normal subgroups of N. By part (b), every minimal normal subgroup of N is a simple
group. Thus we know M is a direct product of simple groups, and it is enough then
toshow M = N. For X € X, we have X <{N,sothat1 < XN M. But M <G and X
is a minimal normal subgroup of G, so X < M. Since X € X was arbitrary, we have
N < M, as desired.
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[2A.6]

[2A.7]

[2A.8]

[2A.9]

2A

The case of |X'| = 1 shows a minimal normal subgroup of G is a product of simple groups.
The case where X is all minimal normal subgroups of G shows the socle of G is a product
of simple groups.

Let 1 < M < G be non-Abelian, with M < N. If X € X, then either MN X = {1} or
X < M. Since the latter case is what we want, we assume that the first case happens for
all X € X and reach a contradiction. Since M and X are normal subgroups of G, and they
intersect trivially, we have X < Cg(M). Since this supposedly holds for all elements of X/,
we have N < Cg(M). But M < N, so that M < Z(N), and this contradicts M # 1 and M
being non-Abelian. Thus some member of X is contained in M.

If S = G we're done, so we assume S < G, and we proceed by induction on |G|, the case
|G| = 1 being trivial. Otherwise by induction we have S is a minimal normal subgroup
of H for all H < G with S < H. In particular, S is in the socle of every proper subgroup of
G containing S. Specifically, S is in the socle of S¢. But Soc(S%) <1 G, so that S¢ < Soc(S°¢),
and we have equality: S© is equal to its own socle. By Theorem 2.6 we see that S <1 S¢. Thus
for any x € G, we have

S¥ ¢ ( SG)x — SG

Let X = {S* | x € G}, so that SC is the product of elements of X. Let N < S® be a
normal subgroup of G. We show N = 1 or N = S, finishing the proof S® </ G is minimal
normal. Now if N is non-Abelian, then by [2A.6] we see there’s some S* < N. But then
by normality every conjugate of S is contained in N, so S® < N and we have N = SC. If
instead N is Abelian, then N N S* < S§* is a proper normal subgroup, so NN S* = {1}. But
N and S* are normal subgroups of SG 5o we see §* < Cg(N). This holds for all x € G,
so N < Z(S%). We show N = 1 via [2A.5], since that problem gives {g¢1,...,¢} C G
with

k
SC=T]s®
i=1
k

z(s¢) =] z(s%)

i=1

= {1}
where the last equality follows since S is non-Abelian simple, so it has trivial center.

We proceed by induction on |G|. If S, T < H < G, then the inductive hypothesis shows
S and T commute elementwise. If we suppose no such H exists, then by the previous
problem S¢ and T® are minimal normal subgroups of G, and they must be proper since
S (and T) are proper subnormal subgroups. By our assumption S© # TC, so they have
trivial intersection, and hence commute elementwise. But then we’re done, since S < S©
and T < TC.

We lose nothing working in K = HO»(G). Then [K : H| is a t-number, so by [2A.2] we
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[2A.10]

[2B.1]

[2B.2]

2B

have O (K) < H. But H/O"™(K) is a rt-group, so by hypothesis it must be the trivial group,
so H = O(K). Then H < K and we're done.

There’s nothing to prove if H = G, so we assume throughout H < G. First suppose H
is subnormal in G, and let K < G be such that H is conjugate to K in (H,K). We write a
normal series
H=Hy<xHi<---<H,=0G

Since K is conjugate to H, we have K < Hy_4 so that (H,K) < Hj_;. But then H and K are
conjugate in Hy_1, so both lie in Hy_, < Hy_1. Continuing this way, we see that after finitely
many steps we have K < Hy = H, so that K = H.

Conversely, assume that H is only strongly conjugate to itself. We proceed by induction
on |G|, so that for every proper subgroup K < G containing H, we have H << K. If H
is not subnormal in G, then the Zipper lemma gives a unique maximal subgroup M < G
containing H. Now if x € G is such that H* # H, then we cannot have (H, H*) = G
(since H is not strongly conjugate to H*), and thus H < (H,H*) < G shows H* < M.
Since this is true for all x € G, we have H® < M, so that our inductive hypothesis gives
us

H << H <G

so that H << G, a contradiction establishing H is subnormal in G.

2B

We work by induction on |G|. Note that, via the inductive hypothesis, for every proper
subgroup K < G containing H, we have H << K. If H is not subnormal in G, then the
Zipper lemma applies, and we have H contained in a unique maximal subgroup M < G.
We show this leads to a contradiction. First note that saying H is not subnormal in G implies
G is not nilpotent.

Choose ¢ € G with H® # H. If H® £ M, then (H,H$) = G. Since G is not nilpo-
tent, we must have HHS < G, so that HHS = (H,H8) = G. Then H = G, which is
absurd. Thus we must always have HS < M. Then H® < M, so our inductive hypothesis

shows
H << H <G

and this contradiction shows H is subnormal in G.

(a) Let C < D be the cyclic subgroup of order n. Since n is odd, C has no involutions.
Meanwhile, D \ C is all involutions, so D has |D| — |C| = n involutions. Let C = (c)
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[2B.3]

[2B.4]

[2B.5]

2B

and D = (s,c) with s an involution. Then every element of D \ C is given by sc* for
0 < k < n. We have

(sc™)sck (sc™) = sc™ (cks2c™) = 52k

Since 1 is odd, we can always solve 2m = k +r (mod n), so that sck is conjugate to
sc” for any 0 < r < n, and thus D \ C is one conjugacy class.

(b) Let C < D be the cyclic subgroup of order n. Then C has a unique involution, while
D\ C has |D| — |C| = n involutions, so D has n + 1 involutions. Let t € C be the
unique involution. Then (t) is characteristic in C, so (t) << D, and ¢ is its own conjugacy
class. Let D = (s,c) where s € D\ C and C = (c). Then note that, as above,

(sc™)sck(sc™) = scPmk
C—m(sck)cm — SCZm-l—k

But 2m = r £ k (mod n) is only solvable when r + k is even, since n is even. This
shows D \ C is two conjugacy classes, represented by sc¥ for k odd and even. These
conjugacy classes each have size 3|D \ C| = n/2.

Let D = (s,t) < G be a dihedral subgroup. If |D| = 2n for n odd, then by part
(a) of the previous problem, we would have s conjugate to t in D, hence in G. So we
must have n even, so that D has a central involution z € D by part (b) of the previous
problem. Then z commutes with s and ¢, but is not equal to either of them, since both live

in D\ (z).

Suppose s,t € G are non-conjugate involutions, with s € P and t € Q for Sylow 2-
subgroups P,Q < G. We can assume P # Q by replacing t with #8 for some ¢ ¢ Ng(P).
This works because if s is conjugate to ¢, then it’s conjugate to t. By the previous problem,
there’s an involution z € G commuting with both s and ¢. Then (s,z) is a 2-group (of
order 4), so by hypothesis it’s contained in the Sylow subgroup containing s, namely P.
Similarly, (t,z) is contained in the Sylow subgroup containing f, namely Q. 1 # z is
then contained in both P and Q, which is our contradiction. Thus all involutions are
conjugate.

[1 = 2] An element of G \ B looks like bt for b € B. Then, by the assumption in (1), we
have

(bt)? = b(tht) = b(t~'bt) = b(b™ 1) =1

so that bt is an involution. Since this was an arbitrary element, every element of G \ B
is an involution.

[2 = 3] Lett € G\ B. (2) already gives us that t is an involution. Let b € B, and note
that bt is also an involution by (2). Thus

1= (bt)® = b(tbt) = bb*
showing that b* = b~!. Since b was arbitrary, (3) is established.
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[3 = 1] Trivial.

If any of these conditions hold, let t € G \ B be an involution inverting every element of B
via conjugation. Then for a,b € B we have

b la7! = (ab)™! = (ab)! = a'b' = a~1p7!

And this rearranges to ba = ab. Since a,b € B were arbitrary, this shows B is Abelian.

We note that the problem can be restated as: G has a normal Sylow p-subgroup if and
only if (x,x€) is a p-subgroup for all x of p-power order.

Suppose first that G has a normal Sylow p-subgroup P, and let x,y € G be conjugate
elements of order p®. Then both are contained in the unique Sylow subgroup P, so (x,y) is
a p-group.

Conversely, suppose (x, x3) is a p-group for any x € P, with P < G a Sylow p-subgroup,
and any ¢ € G (this is equivalent to our converse, since all p-power order elements of
G are conjugate into P). Then if X = (x), we see from Baer’s theorem that X << G.
Since X is trivially nilpotent, we have X < F(G). But then since X is a p-group, we have
X < Opy(G). Since x € P was arbitrary, we have P < O,(G), so that P = O,(G) is normal in
G.

2C

(a) Let 1 < K <G be a non-trivial normal subgroup of the N-group G. If p is a prime
dividing |K|, and 1 < P < K is a Sylow p-subgroup of K, then the Frattini argument
shows G = Ng(P)K. Thus G/K is the homomorphic image of Ng(P), which is
solvable by hypothesis. Hence G /K is solvable.

(b) Now let G be a non-solvable N-group. If S, N <1 G are two distinct minimal normal
subgroups, then the natural homomorphism G — (G/S) x (G/N) is injective because
SN N = {1}. By part (a), the group on the right is solvable, so this shows G is solvable.
This contradiction shows G does not have two distinct minimal normal subgroups.
We let S <1 G be the unique minimal normal subgroup.

Since G/S is solvable and G is not, we must have that S is non-solvable. If P < Sis a
non-trivial p-subgroup for some prime p, then Ng(P) < Ng(P) is solvable. Thus S is
a non-solvable N-group as well. By what'’s just been proved, S has a unique minimal
normal subgroup N <S. But then N < G, and by minimality we must have N = S.
This implies that S is simple.
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(a) Note that F(G)N N <

2D

< F(N) = {1}, and thus F(G) < Cg(N). This shows that
ANF(G) < Ca(N) = {1}. By Corollary 2.19, we must have

Al <[G: A <|N|

(b) Suppose AN F(G) > 1, and let p be a prime dividing |A N F(G)|. This means that

Op(G) > 1, but the coprimeness hypothesis shows N N O,(G) = {1}, so that O,(G)
is contained in Cg(N). Then we have

ANE(G) < 0,(G) < Co(N)

implying C4(N) > 1. So our hypothesis shows AN F(G) = {1}, and thus by Corollary
2.19 we have
|A] < [G: A] < |N|

Suppose for contradiction that |A| > [G : A] = |N|. Then Lucchini’s theorem shows
there is a normal subgroup 1 < K < G contained in A. But then KN N = {1}, so that K

centralizes N. In other words, 1 < K < C4(N), and this contradicts our hypotheses. Thus
Al < INJ.

(a) Let |C| = n. We define the map 0 : C — C via

o) = (clz) =c"7

where the last equality relies on C being Abelian. We can see this is a homomorphism
via

o(c'c®) =" = 722 = o (o ()
It is also injective, since ¢c~"z" = 1 is equivalent to ¢" = z’, implying n/2 divides r,
meaning that z" = 1, so that ¢’ = 1. But C is finite, so ¢ is surjective as well, and is

thus an automorphism of C. It is unique since automorphisms of C are determined
by what they do to ¢ € C.
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(b) Consider the element ¢'c € S. We compute
(o) = (o) =cc "2 =2

where we’ve used that oc’c = 0(c"), which we computed in part (a). Thus if r is even,
we see that ¢’ has order 2. Meanwhile, if r is odd, we have (crcT)2 = z. Since 22 =1,
it must be that ¢ has order 4 when r is odd. Thus S \ C consists of n elements, half
of them order 2, half of them order 4.

(c) For ¢'o € S\ C, we compute its centralizer. First note that o(c™) = ¢ implies that
c2m = gm meaning n divides 4m. This implies m is even, so that ¢ = 1 and thus
¢" € {1,z}. Since (c'c) "1™ (c"o) = o(c™), we've shown

Cs(co)nC ={1,z}

But [Cs(c’0) : Cs(c"o) N C] = 2; it is bounded below by 2 since "o € Cg(c’o) \ C, and
bounded above by 2 since [S : C] = 2. We thus know that |Cs(c"0)| = 4, so that it has
|S|/4 = n/2 conjugates. All these conjugates live in S \ C, where there are at most /2

conjugates by part (b). So the two sets in part (b) are actually full conjugacy classes in
S.

Let B < C be the subgroup of index 2. As shown in part (b) of the previous problem, the
elements of order 4 in S\ C all look like ¢’ for r odd. All of these live in the same coset
B(co), since

(o) (co) L =1
and r — 1 is even. We let Q = B LI B(co). We show it is closed under products; that shows

Q < Ssincel € B < Q and Q is finite, so eventually iterated products become inverses.
Now of course B is closed under products, and we otherwise compute

() (o) =F*ToreQ (r is odd)

(o) (cfo) =52 € Q (r — s is even)
Thus Q < S is a subgroup of order 2|B| = |C| = n. Every element of Q \ B has order 4, and
B has a unique involution, so Q has a unique involution.

We write Cy for the cyclic group of order k. Since Aut(Cp,) = C,_1, we know there’s an
element o € Aut(C,) of order m. We let

G:=Cpx{0)

Then |G| = pm, and P := Cj, is a normal Sylow p-subgroup of order p in G. Also G/P = ()
is cyclic of order m. Now if ok fixed any non-trivial element of P, it would fix all of P (since
P is simple), and hence (as an automorphism) we would have ¢* acting trivially, so that
c* = 1. This shows any element of G \ P cannot be in Z(G). Meanwhile, since x” # x for
non-trivial x € P, we see that Z(G) N P = {1}, and thus Z(G) is trivial.

Let F be the field of g elements, and write H := F*, the set of non-zero elements of F.
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Then H acts on F (as an additive group) via multiplication, and we can form the semidirect
product
G:=FxH

[Note: this is an action because multiplication is commutative, and it is an action by
automorphisms because multiplication distributes over addition.]

Thus |G| = q(q9— 1) and F < G. As an additive group, F is elementary Abelian. Since
|G|/|F| is not divisibly by p, we see that F is the normal Sylow p-subgroup of G. To finish
the problem then, we need to show all non-trivial elements of F are conjugate in G. But let
a,b € F* and write h = b/a. Then a" = b in G, and we’re done.

We write G for the group G acting on itself via (inner) automorphisms. In the semidirect
product, this means ¢~ 'hg = h€ = ¢~ 1hg. Now we define a bijection ¢ : G x G — G x G
via

¢(a,b) =ab™'b
¢~ (cd) = (cd, d)
We show this preserves products, so that it’s an isomorphism.
¢(ac,bd) = ac(bd) 'bd = acd~"b'bd
Meanwhile,

¢(a,b)p(c,d) = ab~"bed™'d = ab™ (bed b1 )bd = ab™ " (bed b~ )bd = acd'b'bd

Note that P is a Sylow subgroup of the semidirect product S := G x P. Choose g € G
such that P N P8 is minimal, so that by Brodkey’s theorem O,(S) is the largest subgroup in
P N P& normal in both P and P8. But O,(S) NG = {1}, so that O,(G) < Cs(G) N P; since P
acts faithfully on G, we must have O,(S) = {1}.

Consider the action of P on the orbit of g, and let A < P be the subgroup that acts trivially
on this orbit. Then g € Cs(A) so that A < PN PS. Also for x € P we have A* acts trivially
on the orbit of g*, which is the orbit of g, hence A* = A. Thus (P, g) < Ns(A), so that A is
normal in both P and P¢. By the first paragraph, we have

A <0p(G) = {1}

so that P acts faithfully on the orbit of g.

Let A = (o) and suppose
m
Al =TT}
i=1

where the p; are primes and each «; > 0. Let a; € A be an element of order p;. Note that
if 1 < B < A, then some p; divides |B|, and since A has a unique subgroup of order p;, it
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must be that a; € B. In particular, for every non-trivial subgroup 1 < B < A, we always
have

Bn{ay,...,am} #O

Now define subgroups G; < G as G; = Cg(a;). These subgroups are proper since a; # 1.
Note that if ¢ € G is such that ¢ ¢ UG;, then we have a; € C4(g) for all i, so by the above
we have C4(g) = {1}. In particular, the orbit of g is a regular orbit. So this problem is
solved if we show such a g € G exists whenever i < 2.

In the case i = 1, such a g clearly exists since G; < G. In the case i = 2, we can
construct such a g. To do this, note that we can assume neither subgroup is contained in
the other, since that case is easy. Let x € G; \ G and y € G, \ G;. Then we must have
xy ¢ G1 U Ga.

(a) Write C = C, x C; x C;. We can define an automorphism «, that acts on each factor
separately: as the identity on Cp,, and as inversion on the other 2 factors. Clearly «,, is
unique, since automorphisms of C are determined by what they do to generators. We
can of course similarly define a; and a;.

(b) Note that apa; = a,. Since each has order 2, we see that K := (a,,a;) < Aut(C) is a
dihedral group of order 2|a,| = 4; that is, K = {1, &, a4, &,} is an elementary Abelian
group of order 4.

(c) Define G := C x K, and let ¢ € C be a generator, and ¢ the inner automorphism that
conjugates by c. Of course ¢ fixes every element of C < G. Let c* # 1 be an element
contained in Cp. Then

ak(txp) = c_kocpck = c_k(ocpckucp)ocp = c_k«xp(ck)zxp = c_kckoc][J =y

and thus o* fixes ap. This is thus true for every element in the coset Ca,. Similarly,
there is a non-trivial element in (¢) that fixes every element of the coset Ca,, and
another for the coset Ca,. Thus every element of G has a non-trivial centralizer in (¢),
so that ¢ has no regular orbit.

In the context of the previous solution, what’s going on here is that G is the union of three
subgroups (C,ay), (C,a4), and (C,«,). Each of these is fixed by an element of (different)
prime order in (), and so we have no regular orbit.

(a) Of course, a constant function is invariant under the action of G, since

fo (@) = fa-g7") = f(a)

Conversely, if f : (2 — H is invariant under G, then for a, 8 € (2 there exists g € G
with a - ¢ = B, and hence

fla)=f(B-g7") = f3(B) = f(B)
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Since & and 8 were arbitrary, f is constant.

(b) We must assume H is non-trivial, so that there exists 1 # 1 in H. For C < G, define

f eBas
)1 geC
f@%—nggc

Then if ¢ € C, right multiplication by C leaves the two subsets C and G \ C invariant.
The same is true for c~! € C, and thus f¢ = f. However, if ¢ € G\ C, then

flg)=h#1=f(gg™") = fE(g)
Thus Cg(b) = C.

Let G := Cp U H, and let A be the base group (an elementary Abelian p-group of order
plHl). Thus A< G, G = AH, and ANH = {1}. So what’s left is to show Cg(A) = A.
Obviously A < Cg(A), so from G = AH it’s enough to show no non-trivial 1 € H
centralizes A. But this is clear: let f : H — C, be such that f(x) = 1 if and only if x = 1.
Then

ff)=fnh) #1=£(1)
so that f* # f,and f € A implies h ¢ Cg(A).

3B

Let G be solvable, and we work via induction on |G| to show all maximal subgroups
have prime-power index. Assuming |G| > 1, let M < G be a maximal subgroup and let
N <1 G be a minimal normal subgroup, which is elementary Abelian for some prime p. If
N < M, then by induction [G/N : M/N| = [G : M] is prime-power order. Otherwise,
we must have G = MN. Since M NN <M and also MN N < N (because N is Abelian),
we have M N N <G, so that by minimality we have MN' N = {1}. Then G = N x M and
[G: M] = |N| = p? is a prime power, and we’re done.

We assume r > 0. Since Ni/Nj_1 is abelian, we always have [N, Ni| < Ni_;. Specifically,
we have [N, N;] = [G, G] = G < N,_;. But then we have
G =[GM,GW] < [N, -1, N, 1] < Ny

And continuing this way, we see that G(") < Ny = {1}, so that G is solvable.

First we assume G is solvable. Then by Lemma 3.10 each N;/N;_; is solvable. Since
these groups are simple, they must be Abelian (otherwise simplicity implies N;/N;_; has
no normal Abelian subgroups, contradicting solvability). But the simple Abelian groups
are cyclic of prime order. Conversely, suppose each N;/N;_ is cyclic of prime order. Then
by the previous problem, G is solvable.
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Let H be a complement to N in G (which exists by the Schur-Zassenhaus theorem). Note
that |U| and |N| are coprime, so UN N = {1}. Then in the subgroup UN, N is a normal
Hall subgroup, so by the Schur-Zassenhaus theorem all complements to N are conjugate in
UN (to U). Now let K = UN N H. We have

KN =(UNNH)N =UNNHN =UNNG=UN

Since K < H, we see that KN N = {1}, so K < UN is a complement to N in UN. So there’s
some element x € UN with K* = U. But then

U=K"<H"
and H” is still a complement to N* = N.

Since P < Z(G), we know that P < G. By the Schur-Zassenhaus theorem, we can write
G = P x X where X is a complement to P. Since P is central however, X acts trivially on P
and so we really have G = P x X is a direct product. Since P is solvable, all complements
to P in G are conjugate; but X <1 G, so it is the only complement. Since X = G/P, we see it
contains no elements of order divisible by p. Conversely, if ¢ € G has order not divisible
by p, then |g| divides |G|/|P| = [G : P]. By the previous problem, (g) is contained in some
complement to P, namely ¢ € X. So X is precisely the elements of G whose order is not
divisible by p.

(a) Let |g| = d and let 7t be the set of primes dividing m. We can write d = rs with r a
r-number and r coprime to s. This means we can find integers a, b with ar + bs = 1.
Now g¢" has order s, meaning that 3" € G = G/N has order dividing both s and m.
But these numbers are coprime, so ' = 1. Thus

7= garers — gargbs — gbs
and so N(g) = N(g°). Choose an integer ¢ with g = 3. Then ¢* is in the coset Ng,
and since g°" = 1, we see that |¢*°| divides r, a T-number. We can thus take h = ¢.

(b) Let h € Ng be such that |h| = r is a T-number. From 1™ € N we know that h"" =1,
where 1 := |N|. Since r and n are coprime, we can find integers a,b with ar + bn = 1.

Thus
Bt — hm(arern) _ hr(am)h(mn)b -1

So r divides m. But h has order m, and o= 1, so that m divides r. Then |h| = r = m,
as desired.

(c) Choose an x € G with ¥ = ¢! and write H = (k). Then X normalizes H = (3),
and so x normalizes HN. Since |H| and |N| are coprime, and H is cyclic (so solvable),
all complements to N in HN are conjugate to H. But H* < HN, so there is some
hn € HN with

Hx — th — HTZ
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1

Thus xn~! normalizes H. But we chose x so that /¥ € Nh~!, and we have

n(h)nt e Nh1nH={n1}

and so xn~! conjugates i to h~ 1.

(@) Let N <G = N, be a minimal normal subgroup. Choose the largest k < r such
that N £ Ni. Then NN Ny = {1} by minimality, and N < Nj,; so that N maps
isomorphically into Nj1/Nj, a cyclic group. Since N is cyclic, it must be of prime
order by minimality (every subgroup of a cyclic group is characteristic).

(b) Let M < G be a maximal subgroup, and let N << G be a minimal normal subgroup.
We proceed by induction on |G|. Now if N < M, then by induction [G : M] =
[G/N : M/N] is prime. If N £ M, then since |N| is prime by part (a), we must have
NN M = {1}, and MN = G by maximailty. Thus [G : M| = |N]| is prime in this case
as well.

The conditions of the problem are obvious if G is a p-group, so we assume at least 2
primes divide |G|. Let p be the largest prime dividing |G|, and g the smallest prime dividing
|G|; we choose P,Q < G to be a Sylow p-subgroup and g-subgroup, respectively. If P is not
normal in G, then Ng(P) < M for some maximal subgroup M. But [G : M] is prime, and
we have by Sylow’s theorems

1=[G: Ng(P)] = [G: M][M: Ng(P)] = [G: M][M: Nu(P)] = [G: M] (mod p)

But no prime dividing |G| can be equivalent to 1 modulo p, since p is the largest prime
dividing |G|. This contradiction shows we must have P normal in G.

We prove G is solvable by induction on |G|. The maximal subgroups of G/ P all come from
maximal subgroups of G containing P, so that all have prime index. By induction G/P is
solvable; but P is solvable, so by Lemma 3.10 we have G is solvable too.

Again, we prove G has a normal g-complement by induction. In G/P there is a normal
g-complement K/P, meaning K <1 G. By [1B.5] PQ/P is a Sylow g-subgroup of G/P, so
that

[G: K] =[G/P:K/P] =[PQ/P| =[Q|/|QNP| = Q]

Thus K is a normal g-complement in G.

We work by induction on |G|. Let N <G be a minimal normal subgroup, which has
prime order p by [3B.7]. If p divides n, then by induction G/ N has a subgroup of order n/p,
which corresponds to a subgroup of order n in G. If p does not divide n, then G/N has a
subgroup of order n by induction, which corresponds to a subgroup H < G of order np.
But N < H is a Hall subgroup, so by the Schur-Zassenhaus theorem there’s a complement
K < H, which must have order n.

This is trivial by part (b) of [3B.7] and [3B.8].
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This problem is equivalent to showing no non-trivial Sylow subgroup of G is contained
in ¢(G). Suppose P < G is a Sylow p-subgroup contained in ¢(G). Since ¢(G) is nilpotent
by [1D.14], P is normal (hence characteristic) in ©(G), so that P <<G. Then the Schur-
Zassenhaus theorem gives a complement H < G, so that G = PH. But P < ®(G), so that
G = (P, H) implies G = H (see [1D.7]), and thus P = {1}.

This problem is incorrect as stated. Let G = Ay, with P a Sylow 2-subgroup and Q a Sy-
low 3-subgroup. Then both P and Q are maximal subgroups of G, so that

&(G) < PNQ = {1}

Also P <G, and G/P = Q, so that G is solvable. But P has a subgroup of index 2, while G
does not.

According to math.SE, Isaacs gave an alternative version to the problem: remove the
condition that ¢(G) = {1}, but add the condition that M be core-free. We handle that
case.

Let N < G be a minimal normal subgroup of G, and note that N £ M since M is core-
free; this means G = NM. Now M N N <M, but also MN N < N since N is Abelian, so
MNN < NM = G, and again being core-free implies M N N = {1}. Then for any H < M,
we have

[G:NH]=[M:MNNH|=[M:(MNN)H| = [M: H]

Here we have used Dedekind’s rule, as well as the fact that [G : K] = [L : LN K] when
G = LK (here L = M and K = NH) [this is Corollary X.11].

let X C G be the subset of normal solvable subgroups, and let S € X be the largest one
by cardinality. We will show every T € X is contained in S, and hence that S is the unique
largest normal solvable subgroup of G.

To that end, note that ST <1 G. Also, T <« ST and we have
ST/T=S/(SNT)

Since the right-hand group is a quotient of the solvable group S, it is solvable. Also T is
solvable; thus ST is solvable. We have shown ST € X; since S < ST, maximality implies
S =ST,sothat T < S, as claimed.

Note that Z(F) = CNF. Let S < C be the unique largest normal solvable subgroup given
by the previous problem, so that Z(F) < S. By [1D.19], we know that C/Z(F) has no non-
trivial Abelian normal subgroups. Butif S/Z(F) # {1}, the penultimate term of the derived
series of S/Z(F) (a solvable group) would be normal in C/Z(F), and it is Abelian. Since
this cannot happen, we must have S = Z (F), as desired. Of course, when G itself is solvable,
we have S = C, so that indeed we have C = Z(F) < F in this case.

We prove this by induction on |G|. If there is a minimal normal subgroup N < G
contained in H, then by induction, we have H/N < G/N, so that H < G. We show this
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case must happen by contradiction. Otherwise, since H < HN, we must have G = HN.
Since HN N <<H, and HN N < N (because N is Abelian), we have H N N << G. But N is
minimal normal, so HN N = {1}, and we have G = NH, with [G: H] = |N|. Let n € N be
a non-trivial element, and let G act on N via conjugation. The orbit of n has size at most
IN| — 1, and hence

G: Co(m)] < IN|—1< |N| = [G: H]

and this contradicts the choice of H.

3C

We proceed by induction on |G|. Let N << G be a minimal normal subgroup of G and
G := G/N; recall that |N| = p” for some prime p. By induction U < H, where H is a Hall
nt-subgroup of G. This means U < H < G is such that [G : H] is a 77’-number and H/N is
a 7t-group.

Now if p € 7, then H is a Hall r-subgroup of G, as desired. Otherwise N < H is a
normal Hall p-subgroup, and |U| divides [H : N|. By [3B.4] then, U is contained in a Hall
rt-subgroup of H, which is also a Hall rr-subgroup of G.

Write K = (N Hy < G. For every p € 71, a Sylow p-subgroup of K is contained in a Sylow
p-subgroup P < G. But
KNP <H,NP={1}

Since this holds for all p € 7, we see |K| is a 77’-number. Now for g € 7/, and Q < G a
Sylow g-subgroup, we have Q < H,, for all p € 71, and thus Q < K. This shows that no
g € 7’ divides [G : K], which must therefore be a 7w-number. So K < G is indeed a Hall
7’-subgroup.

(a) We show that all products of elements of S are subgroups of G. For that, we proceed
by induction on the number of elements. Suppose (P; ---P,) < G for P; € S, and let
Q € S be another member. Then we have

(Py---P,)Q={ay---anqg | a; € P,qg € Q}

But

ap--- (anq) =a7--- (Eln_lq)an - qdl “dn

where we’ve repeatedly used that P;Q = QP;. This shows (P; --- P,)Q
and the reverse inclusion is proved the same way, so that (P; - - Pn) Q<
we’ve established all these products are subgroups.

< Q(Py---Py),
G.In ductlvely

From that it’s easy to construct a Hall 7-subgroup of G. If 7 = {p1, -, pm}, then
choose P; € § a Sylow p;-subgroup. Defining H := P; - - - P, we know from above
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that H < G. Also [G : H] is a 7-number since H contains a Sylow p-subgroup of G
for all primes p € 7. But it’s also easy to see inductively that |H| =[] |P;|, which is a
r-number. Thus H is a Hall t-subgroup of G, as desired.

(b) Since G is solvable, we know it has Hall p’-subgroups H, for all primes dividing |G|;
call this set of primes 71. Let g be a prime dividing |G|, and define K; to be

Ky = ﬂ Hy
pen\{q}

Then from [3C.2] we know K is a Sylow g-subgroup of G. Let r € 7t be another prime.
We show that K;K; < G, which (since g and r were arbitrary) shows that the {K,} are
a Sylow system for G. Again by [3C.2], we see that

H = ﬂ Hp
pem\{qr}

is a Hall {g, r }-subgroup of G. By definition K;, K, < H. But then [H : K;] and [H : K]
are coprime, so H = K;K; is a subgroup, and we’re done.

We write G := G/M. Let L <G be a minimal normal subgroup, which must be an
elementary Abelian g-group for some prime . Now M is also an elementary Abelian
p-group for some prime p. If p = g, then L < G is a normal p-subgroup of G. Since
Z(L)<Gand Z(L) "M > {1} (because we're in a p-group), minimality implies M < Z(L),
so that M < L < Cg(M), and that contradicts our hypotheses. Thus we must have
pFq

Let Q < L be a Sylow g-subgroup of L <1 G, so that L = QM. By Frattini’s argument,
we have G = Ng(Q)L = Ng(Q)M. Since Ng(Q) N M is normal in both Ng(Q) and M,
minimality implies either M < Ng(Q) (so Q < G) or Ng(Q) "M = {1}. The first case
can’t happen since then Q < C;(M), so we must be in the second case, and Ng(Q) is a
complement to M in G.

Finally let C < G be another complement to M in G. Then [G : C|] = |M| implies C
contains some conjugate of Q, say Q¢ < C. By conjugating everything by ¢!, we may as
well assume Q < C. The quotient map G — G/M induces an isomorphism C — G; since
Q maps to L < G, this isomorphism shows Q <1 C. In other words, C < Ng(Q), and order
considerations then show C = Ng(Q).

Let M < G be a minimal normal subgroup, and note since H is core-free we must have
M £ H; maximality then implies G = MH. Now H N M is normal in both H and M,
so by minimality H N M = {1}; thus H complements M. Because C;(M) < G, we have
Cy(M) = HN Cg(M) is normal in H. But it also centralizes M, so it is normalized by M,
and thus Cy(M) << MH = G. Since H is core-free, we see that Cy(M) = {1}. Dedekind’s
rule then shows

Cc(M)=MHNCg(M)=M(HNCg(M)) =MCyg(M) =M
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3C

If N < G was any other minimal normal subgroup of G, then M N N = {1} would imply
N < Cg(M), and from the above that means N < M. In other words, M is the unique
minimal normal subgroup of G. If K < G is also maximal with trivial core, then the
argument above shows K complements M in G. The previous problem then shows H and
K are conjugate.

We work by induction on the derived length of G, the case of derived length 0 being
trivial. Let N < G be the penultimate term of the derived series, so that N is Abelian. The
inductive hypothesis (applied to G/N) shows x,y,z € N. Suppose x has order a, y order b,
and z order c. If a > 1, then let k = (a + 1)bc, which is not divisible by a (here we use the
pairwise relatively prime orders hypothesis). Then

1= (xyz)k = xbykzk = ¥k £1

and this contradiction shows we must have 4 = 1 and x = 1. The same argument shows
y=2z=1as well.

(a) We work by induction on |G|. Let N < G be a minimal normal subgroup, and define
G := G/N. Then by induction there is a Carter subgroup K <I G, coming from a
subgroup N < K < G. In particular, note that Ng(K) = K.

First we construct a complement in K: let P < K be a Sylow p-subgroup, where N is
an elementary Abelian p-subgroup. Then P < K by nilpotence, so P <1 K. Define U to
be a complement to P in K, which exists by the Schur-Zassenhaus theorem. Because
U2U<K, Uis nilpotent.

Now we "grow" U until it becomes like a complement to N in K. Define C = Ng(U).
By Dedekind’s rule we have

Nk (U) = Ng(U) N PU = (Ng(U) N P)U

If x € P normalizes U, then for all u € U we have [x,u] € UNP = {1}, this shows
Ng(U) NP = Cp(U) so that C = UCp(U). Because C is the internal direct product of
two nilpotent groups, it is nilpotent. Let x € P; because U <1 K, we know that NU < K.
Thus U* < NU, and by Schur-Zassenhaus applied to NU, we see that U* is conjugate
to U, so there’s an n € N with U = U. This shows x € Ng(U)N, and since x € P
was arbitrary we have

K =UP < Ng(U)N =CN

Finally we show C is self-normalizing in G, so it is a Carter subgroup. Now if g € G
normalizes C, then

K& = (CN)¢ =CEN8 =CN =K
so that g € Ng(K) = K. So it’s enough to show that Nx(C) = C. But U is characteristic
in C, so anything normalizing C also normalizes U. This shows Ng(C) < Ng(U) = C,
as desired.
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(b)

(©)

3C

Let H,K < G be Carter subgroups of G. We use induction on |G| to work towards
the case that H and K are maximal core-free subgroups of G, and then apply [3C.5].
First we establish that for any non-trivial normal subgroup N <1 G, with G := G/N,
then H and K are Carter subgroups, so that by induction they’re conjugate (meaning
HN and KN are conjugate). Obviously H and K are nilpotent, so it's enough to show
Ng(HN) = HN (the KN case follows similarly). This is obvious if HN = G, so
assume HN < G. If (HN)$ = HN, then H, H® < HN are Carter subgroups, and by
induction there’s n € N with H8" = H. Thus g € Ng(H)N = HN, as desired.

Now if N < G is a minimal normal subgroup, then from the above there’s ¢ € G with
(HN)3 = KN. Replacing H with H8, we can assume HN = KN. If HN < G then the
inductive hypothesis again shows H is conjugate to K (in HN), so we have reduced to
the case G = HN = KN. If M < G is a minimal normal subgroup of G contained in H,
then from above HM = H is conjugate to KM, and K is contained in some conjugate
H* of H. Since H* is nilpotent and normalizers grow in nilpotent groups, K being
self-normalizing implies K = H*, and we’re done. So we’ve reduced to the case where
H is core-free (and similarly K is core-free).

Finally we note that if H < M < G, then Dedekind’s rule says
M=MNNH=(MNN)H

Since M N N is normal in both M and N, minimality of N implies MN N = {1} (so
M =H),or MNN = N (so M = G). Thus H (and similarly K) is a maximal subgroup
of G. Now appeal to [3C.5] shows H and K are conjugate.

Let N <G and C < G a Carter subgroup. If g € Ng(CN), then we have C8§ < CN is
a Carter subgroup of CN. By part (b) above, we then know there is an n € N with
C" = C8, so that gn~! € Ng(C) = C, and hence ¢ € CN. This shows Ng(CN) = CN.

If now G := G/N is nilpotent, then we’ve just seen that C = CN is self-normalizing.
But normalizers grow in nilpotent groups, so C = G, and hence G = CN.

Let H,K < G be nilpotent injectors. We will show H and K are conjugate by conjugating

one Sylow subgroup at a time.

Let 7 be the primes dividing |G|, and for p € 7 we define H, < H to be the Sylow

p-subgroup of H (unique because H is nilpotent). Write C, < F(G) to be the (normal)
p-complement in F(G). Then because H is nilpotent, H, centralizes Cp, and H, < Cg(Cyp).
Choose a Sylow p-subgroup S, < C;(Cp) containing H,. Since C¢(Cp) < G, we see that for

p#q

[Cc(Cp), Ca(Cy)] < Co(Cp) NCa(Cq) < Co(F(G)) < F(G)

where the last containment follows from [3B.14]. This shows Cg(C;) normalizes S,F(G) <
Cc(Cy)F(G), but we have O4(G) < S; so that S,F(G) = S,C; is a direct product (since
Sy centralizes C;). Thus S; is normal (hence characteristic) in S;F(G), and thus Cg(Cp)
normalizes S;. Note this works with any Sylow g-subgroup of Cg(Cy).
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In particular, S, normalizes S;, and this works for all primes p, g € 7. We can thus form
the subgroup I = []S,, which is nilpotent (all Sylow subgroups are normal), and also
contains F(G) (since O,(G) < S, for all p € 7). By construction, I contains every Sylow of
H, and hence contains H. Maximality then implies H = I. If we do the same procedure
for K, we can write it as K = [T, where T, < Cg(Cp) is a Sylow p-subgroup for all
primes p € 7. But S, and T, are conjugate in Cg(Cp), say by an element x, € Cg(Cp).
As shown above, x, normalizes S; (and all Sylow g-subgroups of C;(Cy)) for all p # g,

hence
HY=T,[]S,
97#p
Finding an element x, € Cg(Cp) for all p € 71, and defining x := []x,, we then see that
H* =TIT, = K, and thus H and K are conjugate.

3D

(a) By the Hall-Higman theorem, we see that C;(O0,(G)) < O,(G). But Oy(G) < P, so
that Z(P) < C5(0p(G)), and we're done.

(b) We can prove this by induction on |G|. If O,/(G) > 1, then the inductive hypothesis
applies to G := G/ O,(G), which must then have p-length at most the nilpotence class
of P 2 P. Since the p-length of G is the p-length of G, we have reduced to the case

O, (G) = {1}.

In that case, part (a) shows Z(P) < O,(G); let the nilpotence class of P be c. By
induction, the p-length of G := G/O,(G) is at most the nilpotence class of P, which
(being a quotient of P/Z(P)) is at most ¢ — 1. Since the p-length of G is one less than
that of G, we see that the p-length of G is at most (¢ — 1) +1 = ¢, and we're done.

Let K = O7(G) and write G := G/Z. Since K <G is a m-group, we see that K <
Ox(G). Let L <1 G be the subgroup containing Z such that L = O~(G). We will be done
if we can show L < KZ. If C < Z is the (normal) Hall 7’-subgroup, then C < L, and
[L:C]=[L:Z][Z:C]isa m-number. The Schur-Zassenhaus theorem then shows we have
a complement H < L with L = CH. Since C < Z is central, we see that H is a normal Hall
rt-subgroup of L, and hence H < G. This means that H < K, so we have L = HC < KZ, as
desired.

Let G := G/Z(G). From the previous problem we see that

Ox(G) = O=(G) = {1}

since Ox(G) < Z(G). Similarly, O,+(G) = {1}. Since G is rt-separable, this is only possible
if G = {1}, so that G = Z(G) is Abelian.
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[3E.1]

3E

Let P < H be a Sylow p-subgroup of H. Because P fixes every coset of @(G), and since
each coset has |@(G)| # 0 (mod p) elements, it must be that the set of fixed points of P
on this coset is non-empty. Let {x1,...,x,} be coset representatives for ¢(G) < G, with
[G : @(G)] = n, and such that P fixes each x;. Then the x; are contained in Cg(P), and
hence

G={(x1,...,%1)P(G) = (x1,...,%xn)

shows that G = Cg(P), so that P acts trivially on G. Since this works for any Sylow
subgroup of H, and H is generated by its Sylow subgroups, we see that H acts trivially on
G.

First suppose O,(G) = {1}. Now if K is a p’-subgroup, such that P < Ng(K),
then
[0p(G), K] <0p(G) NK = {1}

so that K < C;(0,(G)) < O,(G) by the Hall-Higman theorem. But then K is also a p-group,
so that K = {1} < O,/(G), as desired.

More generally, let G := G/ 0,/(G), so that O, (G) = {1}. Since P is still a Sylow p-
subgroup of G, the previous paragraph shows K = {1}, so that K < O,/(G), and we're
done.

3E

We assume throughout that G and A are non-trivial. First assume that G is solvable. Then G
has a characteristic non-trivial Abelian subgroup N < G (this is just the last non-trivial term
of the derived series for G). Choose p a prime dividing |N|. Then the Sylow p-subgroup
P < N is characteristic in G, and thus fixed by all automorphisms, including those in A. So
P is our A-invariant subgroup.

So now we can assume that A is solvable, so has a minimal normal subgroup P </ A that is
a p-group for some prime p. First suppose that Cg(P) = {1}. Then since

|G| = [C6(P)]  (mod p)

we see that p does not divide |G|. Pick any prime g dividing |G|, and let Q < G be a
P-invariant Sylow g-subgroup, guaranteed by Theorem 3.23. Now if Q was another P-
invariant Sylow g-subgroup, then Theorem 3.23 would again imply that Q and Q are conju-
gate via an element of C5(P) = {1}, and so Q = Q. Thus there is a unique P-invariant Sylow
g-subgroup of G. If a € A, then Q“ is also P-invariant (since P is normal in G), so uniqueness
implies Q% = a. Thus Q < G is our A-invariant g-subgroup.

If C5(P) > 1, then for all x € Cg(P), we have x? € C5(P) (since P is normal in A), hence
Cg(P) is A-invariant, acted on by A/P. We can thus replace G with Cg(P) and A with
A/ P and repeat the above reasoning. Either we end up in a case where Cg(P) = {1} (so
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3E

we’re done by the previous paragraph), or we reduce to the case A = {1}, in which case
any p-subgroup of G will do.

Let C = Cg(A) and since G = HK, we can write ¢ = hk. Then via Theorem 3.27 we
know that the coset hK is A-invariant. This means that for every a € A, we have h” € hK,
and thus h~'h" € HN K. Put another way, h* € h(HNK) for all a € A. Since HNK is
A-invariant, this shows h(H N K) is an A-invariant coset, so applying Theorem 3.27 again
we find that there is x € H N K with hx € C N H. But then

x k= (hx)"Y(hk) e CNK

and so ¢ = hk = (hx)(x'k) € (CN H)(CNK). Because ¢ € C was arbitrary, we have shown
C=(CNH)(CNK).

Let a € A and write B = (a). It is enough to show B acts trivially on G. By Corollary
3.28, we have (with G := G/N)

G = Cg(B) = Cg(B)

where the first equality follows because A (and hence B) acts trivially on G by hypothesis.
Thus G = C(B)N. But N < C5(A) < Cg(B) by hypothesis as well, so G = C5(B) and B
acts trivially on G, as desired.

Since |HC| = |H| - |C|/|H N C|, this problem is equivalent to showing |HC| divides |G]|.
Let p be any prime, and let |X|, denote the highest power of p dividing |X|; when X is
a group, then |X|, is just the order of a Sylow p-subgroup. Then showing |HC| divides
|G| is equivalent to showing |[HC|, < |G|, for all primes p. And finally, this is implied by
showing that there’s a Sylow p-subgroup P of G containing both a Sylow p-subgroup Q of
H and a Sylow p-subgroup R of C. To see this, note that it implies

[Hlp-ICl, _ |QI-IR]
< =|0OR| < |P| = |G
|HﬂC\p = |QOR’ |Q |—| | | |P

|HC|, =

To find such a P, let Q < H be an A-invariant Sylow p-subgroup, given by Theorem 3.23.
Now choose an A-invariant Sylow p-subgroup P < G containing Q using Corollary 3.25.
Then we can take R = PN C by Lemma 3.32, and we’re done.

Obviously P acts trivially on P/F. Because both P and F are normal in G, we see that
the kernel K of this action is a normal subgroup of G. If k € K has order coprime to p, then
from Corollary 3.29, we see that

k e Cg (P ) <P

where the final containment follows from the Hall-Higman theorem. Since |k| is coprime
to p we see k = 1. Thus K is a p-group of G, and by normality we must have K < P, and
hence K = P, as desired.
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We have C <1 G of index 2, so of course G/C is a cyclic extension. Also since every element
of order 2 is contained in C, which is cyclic, we see G has exactly one element z € G of
order 2, which must be central. Let ¢ € G\ C. Then since |¢| = 4 we must have g* = z. If

c € C, then since gc ¢ C we have

(§0)* =z
Since z = gz, this can be rewritten to ¢§ = ¢~!. Thus gC generates G/C; g2 =z € C and
z8 = z; and ¢ = ¢~1. By Theorem 3.35 appied to C < G and the cyclic subgroup N of
index 2 in Q, (using the identity isomorphism between C and N), we see G is isomorphic

to Qy.

We prove this by induction on |G|. By [3B.3], we know that G has a normal subgroup
N < G of prime index. Thus G/N is cyclic, and we can choose ¢ € G such that gN
generates G/N. Let us write m = |G/N|, ¢ € Aut(N) for conjugation by g, and & € N as
g™. Theorem 3.36 then shows how to construct G from N. Since (by induction) we can use
Theorem 3.36 repeatedly to construct N from the trivial group, we see we can do the same
for G.

Let C <1 Q be the cyclic group of index 2 used to construct Q. Since |Q \ C| = 4 and it
consists solely of elements of order 4, we can pair them up (via inversion) to produce 2
more cyclic subgroups of order 4, which we call A and B.

Let ¢ € C be an element of order 4. Then ¢ € AN B is the unique element of order 2,
and as shown in [3F.1] ¢ acts by inversion on A and B. Pick N = A and Ny = B, with
G = Gop = Q. Then cN generates G/N and cNj generates G/ Ny. Since ¢ acts by inversion
on both A and B, Theorem 3.35 shows there is an isomorphism between G and Gy, sending
A to B. This gives an automorphism of Q sending A to B. Any permutation of {A, B,C}
gives an automorphism as above sending one cyclic subgroup to the other; thus Aut(Q)
acts transitively on {A, B,C}.

Let S := SL(2,3) act on the two-dimensional vector space V over [F3. Then S acts
transitively on the 8 points V*, and the elements fixing the vector (1,0) are exactly those
that are upper triangular with 1s on the diagonal, of which there are 3 = |F3|. Hence

|S| = 24. We write I € S for the identity matrix. We can figure out possible element orders
in S by looking at minimal polynomials m(t) for some X € S. To do this, we note that
deg(m) € {1,2} and that when m(t) has degree 2 = dim(V), its constant term must be
equal to det(X) = 1. This gives the possibilities:

e If m(t) =t —1, then X = I is the identity.

e Ifm(t) =t+1, then X = —I.
o Ifm(t) =t>+1, then X?> = —I so | X| = 4.
e Ifm(t) =t>+t+1=(t—1)? thensince t> — 1 = (t — 1)3, we see that X3 = I.
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o If m(t) =t>—t+1=(t+1)? then since > +1 = (t +1)3, we see that X> = —I so
that | X| = 6.

So we see that S has a unique element —I of order 2, and that every element has order
in the set {1,2,3,4,6}. If Z = {£I}, then Z < Z(S). Let Q < S be a Sylow 2-subgroup.
Then |Q| = 8 and from the above, Q \ Z is all elements of order 4. It thus has a cyclic
subgroup C < Q of order 4, with all elements of Q \ C also of order 4. By [3F.1] we see

Q= Qs.

Let P < S be a Sylow 3-subgroup, and assume P <1S. Then the normalizer-centralizer
theorem implies |Cs(P)| > 12, and thus there’s an element of order 4 centralizing a genera-
tor for P, giving an element of order 12 in S. From the above list, that’s impossible, so P is
not normal in S.

Since Z(S) # {1}, we know that S % S;. Thus by Theorem 1.33, we see that Q is normal
in S, and we're done.

G := GL(2,3) has order (3% — 1)(3? — 2) = 48, since this is the number of ways to choose
an ordered basis of F3; thus [G : §] = 2. We also have

Q= (_01 (1)) €G\S

has order 2. But for every X € G, we have X2 € S. If | X| = 4 then X2 = —I by the previous
problem. This means that X satisfies the polynomial t*> + 1 = 0, implying that det(X) = 1,
so X € S. Thus G\ S has no elements of order 4. It's possible to list an explicit element of

order 8in G\ S:
o 1\* /-1 o0
11) \0 -1

The matrix above comes from the factorization (over IF3) of t* +1 = (£ —t —1)(t> +t — 1);
it is the rational canonical form corresponding to the first quadratic.

Let o € Aut(S) be the automorphism induced via conjugation by g. Note that |o]| = 2
and o(—I) = —I; because —I € Z(S) Theorem 3.36 allows us to construct a group H with
S <1 H of index 2, with an element & € H acting on S as 0. We have h? = —I so that |h| = 4.
Suppose now that hs had order 2; then we would have

I = (hs)? = h2s"s = —s"s = —s8s = —(gs)?

implying that (¢s)?> = —1I so that |gs| = 4. But as shown above, no element of G \ S has
order 4, so hs cannot have order 2. Finally, let s € S be such that |gs| = 8, which exists as
shown above. Then

1= (gs)* = (s%5) = (s"5)? = (—(hs)?)? = (hs)’*

where the last two equalities follow from k=2 = —I and —I € Z(S). Thus we have |hs| = 8
and hs € H\ S.
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Note that [A, B] < (A, B) = G by Lemma 4.1. But then A and B centralize each other in
G = G/ [A, B] by Lemma 4.2, and since they’re both Abelian, we see that G is Abelian,
and hence G’ < [A,B]. Since the other containment is obvious, we have shown that
G' = A, B].

Obviously the only way for [, k, I] to be non-trivial is if all of {h,k, 1} are non-trivial, and
that can only happen in one way when H, K, and L all have order 2. Now let G = A5 and
let P < G be a Sylow 5-subgroup. Since G is simple, Sylow theory shows [G : Ng(P)] =
n5(G) = 6, so that Ng(P) has order 10. Let H < Ng(P) be a Sylow 2-subgroup. If
H was normal in Ng(P), then Ng(H) would contain a Sylow 2-subgroup and Sylow 5-
subgroup of G, implying [G : Ng(H)] < 3, which contradicts the simplicity of G (via the
n! theorem). So N (P) has more than one Sylow 2-subgroup; let K # H be another one.
Then

H < (H,K) < Ng(P)

implies Ng(P) = (H,K). Now H cannot normalize K and [H, K] < Ng(P), so we must have
P < [H,K]. Let L < G be subgroup of order 2 which doesn’t normalize P; this exists since
Ng(P) doesn’t have any subgroup of order 4, so for example we can choose L such that HL
is a Sylow 2-subgroup of G. Then R := (P, L) has order larger than 10, so [G : R] < 3, and
again by the n! theorem we have that R = G. But [H, K, L] must be non-trivial, since L does
not centralize P < [H, K]. Meanwhile

[H,K,L] < ([H,K],L) > (P,L) =G
implies (by simplicity) that G = [H, K, L].

Choose A <G and B < G such that G = A B is a quasiquaternion decomposition for
G := G/Z. Since Z < Z(G), we see that — since their images in the quotient are cyclic
— A and B must be Abelian. So we have G = AB and of course AN B < Z(G). Note
G/A = B/(AN B) is a quotient of B, hence cyclic. Let b € B be the preimage of a generator
of B, and note that Lemma 4.6 shows the map A — G/, given by a — [a,}], is a surjective
homomorphism, with kernel AN Z(G).

Assume Z > 1, and we reach a contradiction. Choose a € A with 1 # [a,b] € Z. Note
that this means a ¢ Z(G), so a ¢ B. In G/Z then, we see
a¢ ANB=ANB=Z(G)

But 7 is centralized by A, and we know that [E,El = [a,b] = 1, so that the cyclic group B

also centralizes a. In particular, we have 7 € Z(G), and that is our contradiction. So we
must have Z = {1}.

Since P/Z(P) is Abelian, P has nilpotence class 2. Since P’ is elementary Abelian, Lemma
4.4 shows P/Z(P) is elementary Abelian as well.
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(a)

(b)

(©)

(d)

(e)

4A

If z € P, then x* = x[x,z] € xP’, so the conjugacy class of x is contained in the coset
xP’, of size |P'| = p. Since x is assumed non-central, its conjugacy class must then
have size p, implying [P : Cp(x)] = p.

Since [x,y] # 1 by hypothesis, it must generate P’ = Z(P), so that Z(P) < U. But
P := P/Z(P) is elementary Abelian by the previous problem, hence so is U/Z(P).
This means ¥ and ¥ each have order p in U (since neither is central), and we cannot
have |U| = p, because that would force U to be Abelian. So |U| = p?, implying

u| = [ -1z(p)| = p’

Note that V = Cp(x) N Cp(y), which has index at most p by (a). If the index is p, then
Cp(x) = Cp(y), implying x € Cp(x) centralizes y, contradicting our hypothesis. Thus
[P:V]=p2

First note a few things. Z(G) < Cp(U) =V, so Z(G) < Z(V). Also since |U| = p®
and U is non-Abelian, we must have |Z(U)| = p (and in fact U is extraspecial). As
shown in the previous part, Z(G) < U, so we have Z(U) = Z(G). Finally, VNU =
Z(U) = Z(G). But then
Pl U]

p*-1Z(G)|
and hence P = UV. Because Z(V) is centralized by V and by U (since V = Cp(U)),
it must be that Z(V) < Z(G), and we have equality. Then Z(V) has order p, and
V/Z(V) < P/Z(G) is Abelian, so that V/ < Z(V). However V is not Abelian: P > U
implies |P| > p?, so that |V| > p, and thus V > Z(V). So we indeed have V' = Z(V)
of order p, and V is extraspecial.

juv| = = |P|

Assume by induction that all extraspecial groups of order less than |P| have center
with index p?" for some positive integer r. If P = U, then |P| = p® and |Z(P)| = p
implies [P : Z(P)] = p?. So we can assume P > U, and thus by part (d) we have that
V is extra-special. Then by parts (b) and (d) we have

[P:Z(P)] = [P:V][V:Z(V)] = p*[V: Z(V)] = p*+¥

with the last equality following from the inductive hypothesis. Then [P : Z(P)] = p*
withe =r+1.

Focusing on the non-trivial N case, choose a minimal k such that 7¥(P) < N. Then in

P := P/9*(P), we have NN Z(P) > 1. The hypothesis [P : N] > p? implies k > 2, and the

fact P is maximal class then implies that Z(P) has order p, and

Z(P) =+ 1(P) =+ 1(P)

Thus Z(P) < N, meaning that v¥~1(P) < N. Minimality of k then implies N = +~1(P).
Since this argument depends only on |N|, we see that N is the unique normal subgroup of
its order in P.
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[4A.7]

[4A.8]

4A

Let P = A x U, and note that [P : A] = |U| = p, so that for every x € P, x¥ € A. Since
every element in A has order dividing p", we see that every element in P has order dividing
p"*1. So we are done if we can find an element of order exactly p"*1. Let c € C be a

generator, and write f € A as
c m=1
flm) = {

1 m#1

If we let g := uf, then we have
g =uf'f
Note that f*(m)f(m) = ¢ precisely when m € {1,2}. Similar reasoning and induction show

that, for 1 < k < p, we have ¢¥ = u*f;, where fi(m) = c precisely when m < k. Then
g” = f is a constant function of order |c| = p", implying |g| = p" 1.

(a) If au* € Z(P) then u* centralizes A, so x = 0. Thus Z(P) < A, and Z(P) = C4(U).
Since conjugation by u cycles the coordinates of an element of A, being in C4(U)
means all coordinates are equal, so that Z(P) is exactly the set of constant functions
in A. Note that |Z(P)| = |C| = p".

(b) By [4A.1] we see that P/ = [A, U]; since A < P we have [A, U] < A. Because P/A = U
is cyclic, Lemma 4.6 actually shows all elements of [A, U] look like [a,u] for a € A.

And we have
[a,u)(m) = a~* (m)a" (m) = a~' (m)a(m — 1)

where our arithmetic is happening modulo p. This is enough to show

p p
]—_Il[ﬂ/ ul (m) = lillﬂl(m)ﬂ(m —1) =a(p)a(Da(1)a~'(2)a(2) - -a(p) =1
Thus P’ <K= {f € A|IIf(m)=1}. Conversely, if f € K, then define

gm) =T 1f %)

k=1

It’s easy to see from the above formulas that [g, u](m) = f(m). Note that we need
f € K because g(1) = f~1(1) while [¢,u](1) = f(1)g(p), so we need g(p) = 1. We've
shown K = P/, as desired.

(c) We have Z(P'U) = Z(P) N P’ by (a) and the fact P’ < A is Abelian. By the previous

parts we see that Z(P) N P’ is exactly the set of constant functions f(m) = x, with
xP = 1. There are p such x € C, so Z(P'U) has order p.

(d) P/A is cyclic, and ANZ(P) = Z(P) has order p" by part (a). So if n = 1, Theorem
4.7 shows P has class p, while |P| = pP*!, so P is maximal class. Part (b) shows
|P'| = p™"P~1), and part (c) with Theorem 4.7 shows P’'U has class n(p — 1), so P'U
also is maximal class (since |P'U| = p|P’|).
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[4A.9]

[4A.10]

[4A.11]

4A

(a) First suppose A <1<t G. Then we have a normal series A = K, < K,_1 <--- <Ky <G.
Because K; <1 G, we know that

Ky > [M,Ky] > [M,Al =M
Then repeatedly applying the same reasoning shows M < K; for i > 1, so that
eventually M < A.

Conversely, suppose M < A, and define Ny = N, N, = [N, A}, etc. We let N, = M
be the last term. Consider now the subgroups K; := N;A, with K, = A. Since
Niy1 = [Nj, A], Lemma 4.1 implies N; 1 is normal in K;. Also, since A normalizes A
we have K;;1 < K;. But K1 = NA = G, so the K; give a subnormal series for A < G.

(b) We prove by induction on n that M < ¢"(A) for all positive integers n. The base case
n = 1is by hypothesis. Assuming M < y"(A), then we have

M= [M, A] < [7"(A), A] = v"1(A)

Thus M < A®.

We proceed by induction on 1, the base case n = 0 being when P is Abelian, so P’ = 1.
Now if P is non-Abelian, we choose a maximal subgroup Q < P containing the proper
subgroup Z(P). Since then

[Q:Z(Q)] <[Q:Z(P)] = p" !

the inductive hypothesis shows |Q’| < p("~1("=2)/2_ We now work in the quotient P :=

P/Q’, which has a maximal Abelian subgroup Q < P. Now Z(P) < Z(P), so we have

[Q:QNZ(P)] <[Q:QNZ(P)] =[Q:Z(P)] = [Q: Z(P)QT < [Q: Z(P)] = p" "

Lemma 4.6 then shows that [P, P] = [P, P] has order at most p"~!. We have thus shown
what we want:
1P| = ‘m‘ Q| < pn—lp(n—l)(n—Z)/2 _ pn(n—l)/Z

Throughout we implicitly use that A is Abelian to reorder products. Let f : H — A be
an arbitrary element of B, and let k € K. Then note that

[f,KI(h) = f()~" f(hk™T)
This is enough to imply, for any h € H,

[T (K@) =TT f0)" TT fxk™) =1

xehK xehK xehK
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[4A.12]

4A

where the last equality follows from the fact that as x iterates over kK, so does xk=1. LetT
be a transversal for K in H. If we then define

N:z{f:H—)AWtET,Hf(x):l}

xetK

We've shown that [B, K] < N. We now work to show that N < [B,K].

To that end, let f € N. For k € K define the function g, : H — A as

gk(x) = {{(x) Zz Z g

Now we define ¢ = [][gx, k], where the product is over k € K. We claim ¢7! = f. To
see this, first let x € H\ T, with x = tr, r # 1. Then glli(x) = 1 for all k € K while

gx(x) = f(x) precisely when k = r~!, and is trivial otherwise. Thus indeed g(x) = f(x)

-1

But ¢ € N by the first part of this solution, and thus g(t) for t € T is determined by the
values of g(tk) for 1 # k € K. So we have ¢ = f~! and we’ve shown that N = [B,K].
Note that for f € N, the values on H \ T are arbitrary, and they determine the values on T.
Hence

(a)

(b)

IN| = |A[HIZITI = | A|IHI=[H:K]

Write x = bh and y = ck with b,c € B and h,k € H. Since [x,y] € B, we see that in the
quotient G := G/B we have

1= [%9] = (1% = R

Thus [h,k] € HN B = {1}, so that h and k commute; pick a T € 7 (H) containing
(h,k), meaning x,y € BT. Then [B, T| < BT; in the corresponding quotient B and T
commute. Since B and T are Abelian, the quotient is then Abelian, meaning

so that [x,y] € [B, T].

By part (a) all commutators in G’ N B are contained in [B, T] for some T € T (H). Thus
the number of commutators is bounded above by

< Z ’A||H|—[H:T] _ |A|H Z |A|—[H:T]
TeT (H) TeT(H)

U [BT]

TeT (H)

where the first inequality follows from the previous problem, determining |[B, T]|. By
the hypothesis of the problem, that last number is strictly less than |A| IHI=1 which by
the previous problem is |[B, H||. We see then that in this case, not every element in
[B, H| < G’ N B is a commutator.
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[4A.13]

[4B.1]

[4B.2]

4B

(c) By hypothesis, [H: T] > 2forall T € T(H). Let m = |T (H)|. Then we have

Yoo AT < Y A2 = m|A|
TeT(H) TeT (H)

When |A| > m, then that rightmost expression is strictly less than |A|7!, so the
inequality of part (b) holds. If H = Dg, then it has 3 Abelian subgroups of order 4, so
we can indeed take m = 3. Note that if A is cyclic of order 4 then A H has order 2
in this case, giving a 2-group where not every element in the commutator subgroup
is a commutator.

We prove by induction that for k > 1, we have y*(H) < v¥*1(G). Since 7"*1(G) = {1},
we then have that H has nilpotence class less than m. For the base case k = 2, note that
7v3(G) < G is normal in H, and in the quotient H := H/9%(G), we see that 92(G) is
central. But H/%(G) is a quotient of the cyclic group (a), implying that H is Abelian. Thus
7 (H) <7°(G).

For the inductive step, we simply have

YU (H) = [v*(H), H] < [vY*"1(G), 6] = 2"*(G)

4B

Assume G has nilpotence class m > 2, and choose k to be the smallest integer with
2k > m + 1. We define A = v¥(G). We chose k such that

[4,A] = [7(G),7"(G)] < v*(G) <9""(G) = {1}

implying A is Abelian. If A was central, then v¥*1(G) is trivial, implying k > m. Because k
was chosen as the smallest integer satisfying our inequality, this implies

2(m—1) <m+1

which is equivalent to m < 3. This contradicts the hypotheses, so A is non-central, and of
course its characteristic.

Note that Qg has no characteristic Abelian non-central subgroups, so the condition on m
is necessary.

If G has nilpotence class at most 2, then we can take K = G. So we assume that the
nilpotence class of G is m > 2. By the previous problem, we know G has non-central
characteristic Abelian subgroups; let A < G be a maximal such one. If C5(A) = A,
then we're done. So we further assume that K := Cg(A) strictly contains A; note K is
characteristic in G. If K has nilpotence class larger than 2, then the previous problem again
shows K has a maximal non-central characteristic Abelian subgroup B < K. Since B is
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[4B.3]

[4B.4]

[4B.5]

[4C.1]

4C

non-central, A < B (A is contained in B my maximality of B). But B is characteristic in G,
and this contradicts the maximality of A. Thus K has nilpotence class at most 2. Also since
A < K we see that

Co(K) < Cg(A) =K

So K < G is our desired subgroup in this final case.

We fix j and prove this by induction on i. The base case i = 1 is by definition: [G, Z;] <
Zj q since Z;j/Z; 4 is central in G/Z; 1. Now we assume the inductive hypothesis, and
note that

2;,G,G" =[G, Z,G ' < [Z4,G 1 < 7

where the last containment follows from the inductive hypothesis. Similarly,
(671, 2;,G] < [Zj-141,G] £ Zj-

where the first containment follows from the inductive hypothesis. The Three Subgroups
Lemma then shows ' '
G, Z] =[G G 1,2]<Z;

completing the proof.

(a) Since Y centralizes [X, Y], we have [X,Y,Y] = [Y,X,Y] = 1. The Three Subgroups
Lemma then shows [Y,Y, X] = 1, so that Y’ = [Y, Y] centralizes X.

(b) There’s no loss in assuming G = XY, so that Z := [X,Y] < G. Then [Z,X] < Z and
[Z,Y] = {1}. This means [Z, X, Y] = [Y, Z, X] = 1. The Three Subgroups Lemma then
shows

Z,Z] = [X,Y,Z] = {1}
so that Z is Abelian.

By Theorem 4.15, we just need to show G contains a self-centralizing normal subgroup.
Let A < G be a maximal Abelian normal subgroup. We show C(A) = A, which solves the
problem. Suppose instead that C := Cg(A) > A, and we reach a contradiction. Since A < G
and C <1 G, we know there’s a minimal normal subgroup of G/ A contained in C/ A; let it
be B/ A. By part (a) of [3B.7] B/ A has prime order, hence is cyclic. Since B < C, we have

A < Z(B), so that B is actually Abelian. This contradicts the maximality of A, so that we
must have A a self-centralizing subgroup after all.

4C

Note that by Corollary 4.21 we have [H;, A] < H; 1 for 0 < i < m. In particular, this implies
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4D

|G, Al = {1}. But [G, A];; is normal in [G, A],,—1, and thus we have a chain of A-invariant
subnormal subgroups

1=[G Aln<[G Al 1<---<[G Al <A
Again by Corollary 4.21 we see that A stabilizes this chain, and we’re done.
[4C.2] As in the previous problem, we have [H;, A] < H;_1. We prove by induction that
[Hu—iy AV) < Hyy i

for 0 < i+ j < m. This implies in particular that [G, A™] < Hy = {1}, so that A™ is trivial
and A has nilpotence class at most m — 1.

We induct on j. The case j = 1 is in the solution of the previous problem: [H,,_;, A] < H,,_; 1.
Now suppose it is true for all values less than j, and note that

[Hyi, A7, Al < [Hy—imjn, Al (induction)
< Hpyij
[A/ Hm—il Aj_l] < [Hm—i—lr Aj_l]
< Hp—i_j (induction)
Since H,_;_; is normal, the Three Subgroup lemma shows [AJ,H,,_;] = [AI7Y, A, H,,_;] is

contained in H,, ;_;, as desired.
[4C.3] Since N is normal, [N, G] < N. So we have
[N,G,A] < [N, A] = {1}

with the last equality because A acts trivially on N. In particular, [N, A, G] = {1}, so the
Three Subgroups lemma shows [G, A, N| = {1}, which means N < C;([G, A]), and we're
done.

4D

[4D.1]

(a) Since [N, A] =1 we know that N <" := G x A. If ga € I centralizes N, then so does
g, so that ¢ € Cg(N). Thus Cr(N) = Cg(N)A. Since Cg(N) < N and [N, A] =1, we
have that A <Cr(N). Because [Cr(N) : A] = |Cg(N)| divides |N], it is coprime to | A].
Thus A is a normal (hence characteristic) Hall subgroup of Cr(N). Since Cr(N) < T,
we see then that A <I'. But G < I so that

(G, A]<GNA={1}

and thus A acts trivially on G.
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[4D.2]

[4D.3]

(b)

4D

Let C := C4(N) < A. Since |C4(N)| divides | A|, from part (a) we know that C4(N) <
Ca(G) = {1}, and thus A acts faithfully on N.

We have that a +b = ab/[b,a| by definition. Since g + g7t = gg7! = 1, we see that
—g = ¢~ 1. The last thing we need to note is that [a=1,b~1] = (ab)[a, b](a ) = [a, b] since
[a,b] € Z(G). So we have
xy —yx = xy(yx) "'/ [(yx) 71, 2]
= [xfl,yfl]\/[xfl,xy] =1, xy] ([, xy] homomorphism)

(a)

(b)

(©)

(d)

(e)

=[x Ly )yl Lallx Lyl ally Lyl ([g, ] homomorphism)
= [ Ly )yl Lylly L

=[x y]\/ [,y [x, 1 (b,a) ' =[a,0] = [a=",b7"])
= [x, Y]

Since |G| and | A| are coprime, we know that for p dividing |G| there is an A-invariant
Sylow p-subgroup P < G. If P # G then A acts trivially on P by hypothesis, so that
P < Cg(A). Doing this for all such primes p shows G < Cg(A), contradicting that A
acts non-trivially on G. Hence we must have G = P is a p-group.

If [G, A] < G, then by hypothesis A acts trivially on [G, A], so [G,A] =[G, A, A] =1,
contradicting that A acts non-trivially on G. Thus [G, A] = G. Since G’ < G, and G’ is
characteristic, we know A acts trivially on G'. From [G', A] = 1 we get [G,G, A] =1
and [G/, A, G] = 1. The Three Subgroup lemma then shows

[G,G'| =[|A,G],G'| =[A,G,G =1
so that G’ < Z(G).

A acts on G := G/G/, and by Fitting’s theorem we can write G = C x D where C is
points fixed by A and D = [G, A] = [G, A]. As in the previous part, if [G, A] < G then
[G, A] =[G, A, A] = 1 contradicts our hypothesis. Thus [G, A] = G and D = G. This
is enough to imply C = {1}. If G’ < H < G is an A-invariant subgroup, by hypothesis
we have [H, A] = 1 and thus 1 < H < C. This is a contradiction, and no such H can
exist.

We have G’ < @(G) < G, so by the previous part G’ = ®(G) and G/G’ is elementary
Abelian.

By part (b) G has nilpotence class at most 2, so the map [-,y| with y € G is a homo-
morphism. By part (d) every pth power is in G’ < Z(G). Thus for any x € G we
see

[, y]? = [+, =1
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[4D.4]

[4D.5]

[4D.6]

[4D.7]

4D

Since x,y € G were arbitrary, the generators of G’ all have order dividing p. Since
G' < Z(G) is Abelian, this means every element in G’ has order p, so G’ is elementary
Abelian.

(f) Assume p is odd. If 21(G) < G then A acts trivially on all elements of order p, so
Theorem 4.36 shows A acts trivially on G. This contradiction shows 2;(G) = G. By
part (b) and Theorem 4.8 every element in (21 (G) has order p, so this is true for G.

(g) Let g € G be arbitrary. By part (d) g> € G'. By part (e) then ¢* = (¢2)? = 1.

We work by induction on |G|, the case |G| = 2 being vacuous since Aut(G) is trivial.
For the inductive step, suppose A acts non-trivially on G. If H < G is a proper A-invariant
subgroup, then by induction A acts trivially on H. We are thus in the case of the previous
problem, so that every element of G has order dividing 4 by part (g). The hypothesis then

says A acts trivially on G, and this is our contradiction. So we’ve shown A acts trivially on
G.

Note that by Fitting’s theorem B = Cp(A("~1)) x [B, A(*~1)]. Because A (hence A(*~1)
acts faithfully, we see D := [B, A"""1] > 1. Also by coprimeness we have [D, A*~V] = D.
By repeated application of this fact, and since A"~1) < GU) for i < n — 1, we then have that
1 < D < G, But then

1<D=[D,A" V] <G, g1 =g

and thus the derived length of G is at least n + 1. However, in G/B = A, the image
of G is contained in AW = {1}, and so G") < B. Since B is Abelian, this implies
G("*+1) < [B,B] = {1}, and G has derived length n + 1.

If A has derived length n, choose a prime p not dividing |A| and let C be a cyclic
group of order p. Then with G := C! A we have G = B x A with B = Cl4| having order
coprime to |A|. Since A acts faithfully on B, we’ve just shown that G has derived length
n+1.

We show that 0(G) = Cg(A); this is enough since
| ker(6)]-[6(G)| = |G| = [Cc(A)[ - ][G, All

Because the proof of Theorem 4.34 shows |G, A] < ker(6), we must have |G, A] = ker(0) if
0(G) = Cc(A). But as shown in the proof, for ¢ € C5(A) we have 0(g) = gl4l, and n := |g|
is coprime to m := | A|. Pick integers a, b such that an 4+ bm = 1. Then

an

0(s") =g =837 " =g
showing that ¢ € 6(G), as desired.
First suppose that O,/(G) = {1}. Then P < Cg(Op(G)) < Op(G) follows from P
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being Abelian and the Hall-Higman theorem. Thus P = O,(G) is normal and self-
centralizing in G. Now C := P N Ng(K) normalizes K, so that by normality of P we

have
[C,K] < PNK={1}

Thus C centralizes K, and by hypothesis C is non-trivial. But C contains a subgroup of
order p, which is the only subgroup of order p in P (because P is cyclic). Thus K centralizes
the elements of order p in P, so by Corollary 4.35 K centralizes P. So K < P which implies
K={1}.
If instead O,/(G) > 1, then we can work in G:= G/0,(G), where we know O, (G) = {1}.
G

P is still cyclic, and p still divides the order of Ng(K) < N(K). From what was just proved
K =1, 50 that K < O,(G).

5A

[5A.1] Let T be a transversal for H in G. For g € G we have

o(g) =[1tst-9) ' =T]stlt-9) ' =¢"[1tT1t-9) " =¢"

teT teT teT teT
where the last equality follows from the fact that as t runs through T, so does (¢ - g).

[5A.2] We can pick T = {1} as the transversal for G in G. So the pretransfer map V(g) = g is
the identity map. Then the transfer map v is just the identity composed with the quotient
map, so it is the canonical map G — G/G'.

[5A.3]

(a) Suppose st = éf fors,§ € Sand t,f € T. Then ft~! € K, so by definition of a transversal
we have t = f, and then of course s = 3.

(b) Note that if Hst = H3f, then we would have §ft~1s~1 € H, implying ft~! € K, so that
f = t and thus (since S is a transversal for H in K) § = s. So every right coset of H
in G has at most one element of ST inside it. But for ¢ € G, we know we can write
g =kt for some k € K and t € T. And we can write k = hs for some h € H and s € S.
Thus ¢ = hst € Hst and we see that every right coset of H intersects ST non-trivially.
Thus ST is a transversal for H in G, and from part (a)

[G:H]=|ST|=|S|-|T| =[G :K]|[K: H]

(c) Let ab € ST be such that Hstg = Hab, so that (st) - ¢ = ab. Note this implies there
exists h € H with tgb~! = s7'ha € K, and thus ¢ - ¢ = b. We thus have

s-(tg(t-g) V) =s-(tgh™ ) =s-(stha) =a
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since Hss 'ha = Ha. We have then shown

(st)- g =ab= (s (tg(t-8) ™)) (¢t-g)

(d) We use the transversal ST for H in G to compute w. We also write V;(g) = tg(t-g)~!
and Ws = sg(s - ¢) ! to simplify notation below. We compute

=T1I1(Gstglst) g™

seSteT

=TT 1Gst)sl(s- Vilg))(t- &))" (part ()

seSteT

=11 1slts(t: s-Vi(g)] ™!

seSteT

=TI 1IsVe(g)ls- Va( g)] 7!

teT seS

=[[v(Vi(g))

teT

=0 (H Vt(g)> (v homomorphism)

teT

=o(Vr(g))

[5A.4]
(a) Note that Hth = Hht = Ht so that t - h = t. Then

=[[tmt ' =]]h="n"

teT teT
where we've used h € Z(G) a couple of times.

(b) Let h € H be non-trivial, and suppose |h| = m. Since m and n are coprime, we can
tind integers a,b € Z with am + bn = 1. Then

Z)(hb) — hbn _ hl—am _ h(hm)—a -1

Thus v is surjective onto H, and hence v restricted to H is injective: H Nker(v) = {1}.
Both are obviously normal subgroups of G, so all that’s left to show G = H x ker(v)
is to show that Hker(v) = G. For arbitrary ¢ € G suppose v(g) = h, with |h| = m as
above. Then

v(gh™") = v(g)o(h’) ' =hh! =
so that ¢ = (gh~?)h? € Hker(v) and we’re done.

[5A.5] Let I" be a group with Z < Z(I') NI such that I'/Z = G. Choose A </ I as the preimage
of C. Since A/Z is cyclic and Z < Z(I'), we see A is Abelian. Also I'/ A = G/C is cyclic;
let x € I become a generator in I’/ A. Then by Lemma 4.6 the map 6 : A — I’ given by
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[5A.6]

[5A.7]

[5A.8]

5A

6(a) = [a, x] is a surjective homomorphism with kernel ANZ(G). Since Z < AN Z(G), we
thus have that |Z| divides

|ker(0)| = [A: "] = [A/Z:T"/Z] = [C: G]

Let D be the dihedral group of order 2", with C < D cyclic of order 2"~1,and t € D\ C
an involution acting by inversion on C. If C = (c), then [c, ] = c~2 so we see (c?) < D'. But
D/{(c?) is order 4, hence Abelian, so D’ < C has index 2. Since D/C is cyclic, the previous
problem shows M(D) has order dividing 2.

Now let E be the dihedral group of order 2"*!, and let z € E be the unique element
of order 2 in the cyclic index-2 subgroup of E. Then Z = (z) has order 2, and is normal
(hence central). Also since E’ contains all squares (as shown for D above), and since |E| > 8,
we know that z is a square, and hence Z < Z(E)NE'. But E/Z = D, showing that
IM(D)| > |Z] = 2. So we’ve shown that in fact M (D) has order 2.

We follow the solution of [5A.5]. Let I be a group with Z < Z(I') N I" such that
I'/Z = G. Choose A< I and H < I with A a preimage of C and H a preimage of B, so
that ' = AH and ANH > Z. Since Z is central and A/Z and H/Z are cyclic, we see A
and H are Abelian, so that AN H < Z(I'). We thus have that Z < AN Z(I'). Lemma 4.6
then shows that

Z| < |ANZ(D)| = |A: ") =[A/Z:T'/Z] =[C: G| =n

Choosing I where Z = M(G) shows |[M(G)| < n.

(a) Let G and H be groups with subgroups M(A) < Z(G)NG’' and M(B) < Z(H) N H’
with G/M(A) = Aand H/M(B) = B. Then G x H — A X B is surjective with kernel

M(A) x M(B) < (Z(G) x Z(H)) N (G’ x H') = Z(G x H)N (G x H)'

this shows that [M(A) x M(B)| = |M(A)|-|M(B)| divides |[M(A x B)|.

(b) We show that if I is a group with Z < Z(I')NI" and I'/Z = A X B, then |Z| <
IM(A)| - |M(B)|. Combined with part (a) this shows M(A x B) has the same order as
M(A) x M(B). The example in part (a) gives a Z = M(A) x M(B), and thus order
considerations show M(A x B) = M(A) x M(B).

So we have I'/Z = A x B; choose subgroups C, D <1I" with C a preimage of A and D a
preimage of B. Let p be a prime dividing |Z|; by Corollary 5.4 we know that p divides
|A x B| = |A| - |B|. Since |A| and |B| are coprime, p divides exactly one of them, say
|A|. We can thus divide the primes dividing |Z| into disjoint subsets 714 and 7tg. Let
Z 4 be the normal Hall 774 subgroup, and similarly for Zg, so that Z = Z4 x Zp. Since

[D:Zal =[D:Z|[Z:Za] = |B| - |Z]
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is a 7’y number, Z4 <1 D is a normal (hence characteristic) Hall 71 4-subgroup. The
Schur-Zassenhaus theorem (and the fact Z 4 is central) shows we can write D = Z 4 X L
for some normal (hence characteristic) subgroup of D. In particular, L <1 I". We can do
the same thing for C, writing C = Zp x K with K< TI'. Of course KNL < CND = Z.
Thus

KNL=(KNZ)N(LNZ)=ZsNZp={1}

We also have CD = KZpZ L = Zp,KZgL = KL, so that I' = K x L. Finally,
K/Za=(C/Zp)/Za=C/Z = A

and similarly L/Zp = B. Now Z4 < Z(K)N (I"NK) = Z(K)N K/, so that Z, is a
quotient of M(A). Similarly Zg is a quotient of M(B), and we’ve shown

2] = [Zal - 12| < [M(A)[ - |M(B)]

5B

This problem is not correct as stated. Take G = Sz and P = A3 = G'. Then P’ = {1},
so any 3-cycle ¢ € P gives a counterexample. The errata for the book say the conclusion
should be g’ € P, so we prove that below.

By the Transfer Evaluation Lemma, and the fact ¢ has order p, we know there is a subset
To C T such that g acts trivially precisely on this set, and

1=0(g) =[] tet™

teTy

We can choose T such that 1 € T, and of course 1 € Tp. Now every term in this product
belongs to P, so we're done as long as Tj contains an element different from 1. But if
To = {1}, then v(g) = ¢ € P’, which contradicts our hypothesis. Thus a t # 1 belongs to
Ty, and as such does not belong to P, with tgt~! € P.

Let X = {x1,...,Xn}, with xi! =1forall 1 <i < m. Let s be a product of elements of X,
and write

S=VY1 - Yk—1X1Yk41
where y; € X\ {x1} for 1 < j < k. In other words, x; first appears in the kth position in s.
Then we can write

S = xl]/icl .. .y;{cl_lyk_’_l . ..

Since y; # x1 for 1 < j < k, we know y;” # x1 = x7'. Of course the y;q € X since it’s closed
under conjugation. So we have not changed the second position of x; in s. Proceeding
this way, we can "collect" all the x; factors of s at the front, without changing the product’s
length. Since x] = 1, we thus have
— 4
S = xl o ..
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with 0 < e; < n. We can now play the same game with x; in whatever product of elements
comes after the x;s in s, and we can bring them to rest right after the x1s. Continuing this
way, we will have written s as

s =t xim

with 0 < ¢; < n for 1 < i < m. Thus every element of (X) can be written like this, and
there are only n” such products (though some may be equal as elements of G), hence
[(X)] < n™.

If x € N, with N < G a finite normal group, then x has finite order (dividing |N|), and
since N contains all conjugates of x, it has only finitely many conjugates.

Conversely, suppose X is the conjugacy class of x, and it is a finite set, with x” = 1. Then
every element of X has order n, and by the previous problem

[(X)] <nX

So N := (X) is a finite group. But N is the smallest subgroup containing X, so for g € G
we have that N3¢ is the smallest subgroup containing X¢ = X. This shows N is normal in G,
and we're done.

5C

If P < Z(Ng(P)), then of course P is Abelian, so Theorem 5.18 shows PN G’ = {1}. But
then G/G’, as an Abelian group, has a normal p-complement, whose preimage is a normal
p-complement in G.

Let C be a complement to P <1 Ng(P), given by the Schur-Zassenhaus theorem. Then V
and U are C-invariant. We see that |V /U| = 2, so that C acts trivially on V/U < P/U. In
other words, [C, V] < U. Fitting’s theorem shows V = [C, V] x Cy(C), so we must have
some non-trivial v € Cy(C). But then v is central in Ng(P) = PC, so by Theorem 5.18 we
have v ¢ G, and thus G’ < G. If we assume G is simple then it must be Abelian, and since
P is non-trivial, G is cyclic of order 2.

By Corollary 5.19, the only possible Abelian Sylow 2-subgroups for G are elementary
Abelian and the group P := C4 X C4 X C,. But defining

V={(xeP|x*=1)
U= (x*|xeP)

we have [V : U] = 2 and both are characteristic in P, so by the previous exercise P is not an
option. Thus the Sylow 2-subgroup of G is elementary Abelian.

Let m = rs, where r divides |G’| and s divides [G : G'], so that they're relatively prime
(this is all possible by Theorem 5.16). By Schur-Zassenhaus G = G’ x H where H = G/G'.
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Since G’ is cyclic, it has a subgroup K of order r, which is characteristic in G/, hence
normal in G. Since H is cyclic, it has a subgroup L of order s. Then KL < G has order
m.

Now suppose A and B are subgroups of order m in G, where again m = rs. The subgroup
K < G’ of order r is the unique subgroup of order r in G, and since r must divide |[A N G/|
and |BN G'|, we see that K < ANB. By the Schur-Zassenhaus theorem we can write
A = KC and B = KD for some subgroups C < A and D < B of order s. Since G/G’
is cyclic, and the images of both A and B in the Abelianization have order s, we must
have AG' = BG'. In this common group, G’ is a normal cyclic Hall subgroup, so the
complements (of order s) are conjugate. That is, there exists § € AG’ with C8 = D and
thus

A8 =K8C¢§ =KD =B

Suppose A3 = B for some ¢ € G. Then B is normal in both P and P$, and thus
P,P8 < Ng(B). Thus there exists x € Ng(B) with P& = P*, meaning gx~! € Ng(P).
But

A =BY ' =B
so that A and B are conjugate in Ng(P).

If A is characteristic in P, then A <t Ng(P), meaning that A = A8 = B.

(@) Let W < Q. Write P = Q¢ for some ¢ € G, and note this means W8 < P, so that
by hypothesis W8 = W with g € Ng(W). Now if W* < Q for some x € G, we have

W* < P, meaning that again we have xg € Ng(W), so that x normalizes W and
W?* = W, as desired.

(b) Suppose W is weakly closed in P. Then if P$ = P, we have W8 < P so that W8 = W
and ¢ € Ng(W). In other words, Ng(P) < Ng(W), and W is normal in Ng(P). By
part (a) W is weakly closed in all Sylow p-subgroups containing it, so the previous
reasoning shows it is normal in all the associated normalizers.

Conversely, suppose W < P, with W < Ng(P) and also normal in all Sylow p-
subgroups that contain it. Now suppose Wé < P for some ¢ € G. Then W is normal

in both P and Pf ', so that both are contained in Ng(W). There is thus x € Ng(W)
with P* = P§ ', so that ¢ = x~n for n € Ng(P). But then

WS = WX 'n W — W
since W is normal in Ng(P). Thus W is weakly closed in P.

(c) Let Q < H be a Sylow p-subgroup of H containing W, with Q < P for a Sylow
p-subgroup P < G. Then W is weakly closed in P. Now if W8 < H, we have W& < Qh
for some h € H, meaning that W8 < P", and thus weh™ < P. This means weh ™ — W,
and thus W8 = Wh.
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(d) Let x,y € P with x¥ = y. Then y is centralized by both W and W¢ so that both
are contained in Cg(y). By part (c) there’s an h € Cg(y) with W8 = W". Then
gh™1 € Ng(W) with

=y =y
Let Q < G be a Sylow 5-subgroup. Since | Aut(Q)| = 4 and |G| is odd, Q must be central
in its normalizer by the N/C-theorem, so that G has a normal subgroup N of order 3% - 11.
But 11 # 1 (mod 3), so that N has a unique Sylow 3-subgroup P. Thus P is characteristic
in N, hence normal in G.

Let P < G be a Sylow p-subgroup for G, which must be Abelian by [1D.g]. Let Q < Ng(P)
be a Sylow g-subgroup with p # 4. Then since all non-trivial orbits of Q acting on P have
size divisible by g, we must have

[Cp(Q)[ = [P|  (mod g)

But Cp(Q) < P is a subgroup, so has order 1, p, or p?>. But q cannot divide p?> — 1 or
p?> — p since g > p + 1 (here we use p # 2). Thus Cp(Q) = P; since this works for all
Sylow subgroups of Ng(P), we see P is central in its normalizer, and thus G has a normal
p-complement.

Let P < G be a Sylow 2-subgroup. As in the previous problem, let Q < Ng(P) be a
Sylow g-subgroup of odd order, and note

[Cp(Q)[ =[P| =4 (mod q)

If Cp(Q) < P, then since g is odd it must divide 4 —1 = 3, and thus q = 3 divides |G|.
Otherwise Cp(Q) = P for all Sylow subgroups of Ng(P), meaning P < Z(Ng(P)) and G
has a normal 2-complement, contradicting simplicity.

Let P < G be a Sylow 2-subgroup of order 8, and let C < Ng(P) be a 2-complement.
By Theorem 5.18 we must have Cp(C) = {1} since G = G'. Now the orbits of C acting on
P\ {1} are all of odd size larger than 1, so we have 7 expressed as a sum of positive odd
integers all greater than 1. That can only happen in one way: 7 = 7. Thus C has an orbit of
size 7, meaning that 7 divides |C|, hence |G]|.

Note that H is Abelian. We work by induction on |G|. If P is a Sylow p-subgroup
of H and Ng(P) < G, then by induction Ng(P) has a normal p-complement C. Since
CNP = {1}, this means Ng(P) = P x C, and thus P is central in its normalizer. This
implies G has a normal p-complement.

Now suppose Ng(P) = G and Q < H is another Sylow g-subgroup of H (with p # g)
such that Ng(Q) < G. The same inductive argument shows P is central in Ng(Q), so that
Ng(Q) < Cg(P) < G. Frattini’s argument then shows

G = Cg(P)Ng(Q) = Cg(P)

55



[5C.12]

[5C.13]

[5D.1]

5D

so that P is central in its normalizer, and G has a normal p-complement.

We are thus reduced to the case where every Sylow subgroup of H is normal in G. But
then H is normal in G, hence by hypothesis H < Z(G). Then every Sylow subgroup is
central in its normalizer, and in this final case G has a normal p-complement for all p
dividing |H]|.

Let Q < N be a Sylow p-subgroup, and let P < G be a Sylow p-subgroup containing Q.
We can of course assume that G = PN. Then K := N N Ng(P) is normal in Ng(P). Since
P is cylic, Q < P is characteristic in P, so that Q <t Ng(P) as well. The Schur-Zassenhaus
theorem then gives K = QC for a p-complement C. We have

[C,P]<[K,P]<KNP=Q<P

Fitting’s theorem says P = [C, P] x Cp(C), and since P is cyclic, only of these two factors
is non-trivial. The strict containment above then says [C,P] = 1 and P = Cp(C). So P is
central in

PC = PQC = PK = P(N N Ng(P)) = PN N Ng(P) = Ng(P)

This means G has a normal p-complement M. Since G/N is a p-group, we must have
M < N, and this is then a normal p-complement of N.

We can assume G = Ng(P’). Then in G/P’, we see that P/P’ is self-normalizing, so
that by Burnside’s theorem G/G’ has a normal p-complement M/G’. In particular, G is
p-solvable, as evidenced by the normal series

1<PP<M<G

Now let H be a Hall p’-subgroup of G, so that HP’ = M < G since both are subgroups
containing P’ that map to Hall p’-subgroups in the p-nilpotent group G/P’. Then for
¢ € G we have HS < M, so that there exists x € P’ with H§ = H* by the Schur-
Zassenhaus theorem applied to the solvable normal Hall subgroup P’ < M. Thus ¢ =
(gx~1)x belongs to Ng(H)P’, showing we must have G = Ng(H)P'. Dedekind’s lemma
shows

P =P'Ng(H)NP =P (Ng(H)NP)

But P’ < @(P) by [1D.8], meaning P < Ng(H) by [1D.7], and thus G = Ng(H). Thus
H <1 G is our normal p-complement.

5D

Let N <t H be a normal p-complement in H. Then note that A?(H) = N since H/N = P

is an Abelian p-group, and of course N < AP(H) since |N| is coprime to p. Because H
controls p-transfer in G, we know that [G : AP(G)] = [H : AP(H)] = |P|. Thus |A?(G)| is
coprime to p and hence AF(G) is a normal p-complement.
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Since P < Z(G), we know P <1 G, and hence by Schur-Zassenhaus G has a p-complement
M < G. But P is central, so P < Cg(M) < Ng(M). Thus M <G and G has a normal
p-complement.

Now suppose P < Z(Ng(P)). Then P is Abelian, so by Corollary 5.23 Ng(P) controls
p-transfer in G. By the previous paragraph Ng(P) has a normal p-complement. By the
previous exercise, G does too.

(@) If P < Q for Q a Sylow p-subgroup of G, then P could not be maximal. Thus P is a
Sylow p-subgroup.

(b) Let Q be a Sylow p-subgroup of G containing N, and let M := P N Q. Note that M < P
since P’ < N < M. Since normalizers grow, if M < Q, we have that P < Ng(M),
and maximality then implies Ng(M) = G. Since we're assuming N (hence M) is
non-trivial, this contradicts the fact G is simple. So we must have P = M = Q, and so
P is the only Sylow p-subgroup of G containing N.

Now by simplicity of G and maximality of P, we have P = Ng(P). By the previous
paragraph then, and part (b) of [5C.6], we see that N is weakly closed in P.

(c) Suppose the nilpotency class of P is at most 2. Then N = Z(P) is a non-trivial normal
subgroup of P with P/ N Abelian, so the previous part applies, and N is weakly closed
in P. By part (d) of [5C.6], Ng(N) controls p-fusion in G. But G is simple and P is
maximal, so Ng(N) = P. But then P controls p-transfer, and from A?(P) = P’ < P we
see that AP(G) < G, contradicting simplicity of G. So the nilpotency class of P must
be at least 3.

Note the image of K in G/OF(G) is a p-group, meaning K/ (KN OP(G)) is a p-group,
implying OF(K) < KN OP(G) by definition. Now if P < K is a Sylow p-subgroup of G,
then we have KO?(G) = POP(G) = G. This means K'O?(G) < G and that the quotient
G/K'O?(G) is a quotient of K/K’, hence Abelian. Thus G’ < K'OP(G) and we have the
equality

K'OF(G) = G'OF(G) = AP(G)

Finally if we assume O (K) = OP(G) N K, then we have
AP(K) = K'OF(K) = K'(OP(G) NK) = K'OP(G)NK = AP(G)NK
Note that P’ = AN P is a Sylow p-subgroup of A. Since P’ < A, the Schur-Zassenhaus
theorem shows there’s a p-complement K < A. A Frattini argument shows G = Ng(K)P'.
Namely, if ¢ € G, then K8 < A since A is normal in G. Since P’ is solvable and K¢

is a p-complement in A, there exists @ = kp € KP' = A with K8 = K? = KP. Then
¢ = (gp~1)p € Ng(K)P'. From Dedekind’s lemma we have

P = Ng(K)P'NP = P'(Ng(K) N P)
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Since P’ < @(P) we must have P < Ng(K), and thus G = Ng(K). Now |K| is co-
prime to p, but [G : K] = [G : A][A : K] is a power of p, so that K is a normal p-
complement.

Let N = Ng(P’'), and note P < N. From P’ < AP(N) < AP(G) = A, we have that
AP(N)N P = P’ and we are in the situation of the previous problem, so that N has a normal
p-complement K and N = K x P'. Since P’ is Abelian, we have P’ < Z(N). But then P’ is
central in N4(P’') < N, and Burnside’s theorem implies A has a normal p-complement C.
Since C is characteristic in A, it is normal in G. Also [G : C] = [G : A][A : C] shows C is a
p-complement for G.

5E

Note if Ng(X) < G for all non-trivial p-subgroups X < G, then by hypothesis Ng(X) has a
normal p-complement for all such X, and then Frobenius’s theorem shows G has a normal
p-complement. Since this contradicts our hypothesis, there must be some non-trivial X
normal in G. In other words, O,(G) > 1.

Let H < G so that H has a normal p-complement M <t H. Then in G := G/0,(G),
we have M is a p’-group, while [H : M| divides [H : M]; in other words, M is a normal
p-complement in H. So if G does not have a normal p-complement, we are in the situation
of the previous paragraph, so that K := O,(G) > 1. But then K < G is a normal p-subgroup
properly containing O,(G), and that’s a contradiction. Thus G has a normal p-complement
N, so that N <1 G has p-power index. If O,(G) < P then N < G so that N has a normal
p-complement M < N, which is then a normal p-complement in G:

[G: M] =[G:N][N : M|

This contradicts our hypotheses, so O,(G) = P and P is normal in G. Now let {q1,...,4,}
be the primes not equal to p dividing G, and let Q; < G be a Sylow g;-subgroup. If
PQ; < G, then by hypothesis it has a normal p-complement, so Q; is normalized (hence
centralized) by P. If r > 1 then, C(P) contains every Sylow g-subgroup for q # p, and thus
PCs(P) = G. If Cg(P) < G we would have a normal p-complement in Cg(P) < G, hence
in G. So it must be that Cg(P) = G, and then Burnside’s transfer theorem gives our final
contradiction. We therefore must have r = 1, as desired.

Let G be a non-solvable group with every proper subgroup supersolvable, and choose
G such that |G| is minimal; we will reach a contradiction to show G does not exist. First, if
1 < N <G is a proper normal subgroup, then N is solvable since it’s proper, and G/N is
solvable by the minimality hypothesis, so G would be solvable. Thus N does not exist, and
G is simple.

Let p be the smallest prime divisor of |G|, and X < G a nontrivial p-subgroup. Then
Ng(X) < G by simplicity, so it’s supersolvable. Let Q < Ng(X) be a Sylow g-subgroup,
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with g # p. Then XQ is supersolvable, and by [3B.10] Q is normal in XQ because g > p.
Since X <1 XQ < Ng(P) as well, we see that Q centralizes X. Since this works for all
primes g # p, we have that Ng(X)/Cg(X) is a p-group. We can then apply Frobenius’s
theorem to conclude G has a normal p-complement. But simplicity forces then G to be
a p-group, hence Abelian. So it was solvable all along, and we have our final contradic-
tion.

Suppose G satisfies the hypotheses, but does not have a normal p-complement, and it is
minimal in terms of order; since every proper subgroup also satisfies the hypotheses, they
all must have a normal p-complement by minimality. By [5E.1] we have a normal Sylow
p-subgroup P <1 G and we can write G = PQ for a Sylow g-subgroup Q. Now let x € P and
y € Q; by hypothesis, Z := (x,y) has a normal p-complement, while PN Z <1 Z is a normal
Sylow p-subgroup. In particular Z is the direct product of its Sylow p-subgroup Z, and
Sylow g-subgroup Z,. Since x € Z, and y € Z;, we have that x and y commute. Since x
and y were arbitrary, we see that P and Q commute, so that Q <t G. This would be a normal
p-complement, and this contradiction shows G does not exist. Thus all such groups have
normal p-complements.

6A

Let a € A be non-trivial. If a fixed a non-zero vector v € V (here V is the vector space
of order p?), then we can complete to a basis {v,w} of V, in which a would have matrix
form

The first row comes from fixing v, while the bottom row comes from det(a) = 1 (here
x € [Fp). It's easy to see from px = 0 that a” = 1, so that a has order p. This contradicts our
hypothesis, so a4 has no non-zero fixed vectors. Since a € A\ {1} was arbitrary, this shows
A acting on V is a Frobenius action.

We write {v1,v;,v3} as the basis for V = F3 giving the matrices for a and b, such
that

a(v;) = Oéziv,- b(v;) = {Uz’+1 i #3

€evy =3
Clearly |a| = 7 and |b| = 9 since b*(v) = €v. Note also that
b~ lab(vy) = b la(vy) = b (atvy) = atoy

And similarly for v; and v3, so that b~'ab(v;) = a?(v;). This shows b normalizes (a), so we
get that A = (a,b) has order 63. Since a’ # a we see A is non-Abelian. Finally, we show
that A acts on V with a Frobenius action. Note that if 2 € A was non-trivial and fixed
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a non-zero v € V, then some power of a would have prime order, and also fix v. So it’s
enough to show no element of prime order in A fixes any such v.

The elements of order 7 in A are of the form a* for 0 < k < 7. But

2k

ak(xvl + yvp + zv3) = ™ xv1 + oc4kyvz + afzv,

And this can’t be a fixed point as long as one of x,y,z is non-zero, because none of the
powers of a are equal to 1. The elements of order 3 in A are conjugates of b3, so it’s
enough to show b> fixes no non-zero vectors. But b3(v) = ev makes this clear, and we're
done.

Mimicking the previous problem, we choose p = 221 as a prime congruent to 1 (mod 55),
with F the field of order p. Now let &« € F have order 11, and B € F have order 5. We define
a,b € GL(5, p) according to a basis {v1,...,vs} as follows:

a(v;) = a¥o;  b(o;) = {;1;11 zi:

As before, |a| = 11 and |b| = 25 since b>(v;) = Bv;. We also have that b—lab(v;) = a*(v;)
so that b normalizes (a), and thus A = (a,b) has order 5 - 11. Also as before, we check
the elements of prime order in A to see A has a Frobenius action on V = F°. The same
reasoning in the previous problem shows a* has no non-zero fixed points for 0 < k < 11,
and also that b° has no non-zero fixed points either.

Let A be a Frobenius complement in G, and let our coset be aN for 1 # a € A. By
[1D.4] (or Theorem 6.4) we see that Cx(a) = {1}, so that there are |N| conjugates of a by
N. But [a,n] € N for all n € N because N is normal. Thus 4" € aN for all n € N. Since
aN = |N| = |aN/|, we thus have that aN = aV C a®, so that aN is contained in the conjugacy
class of a.

Because G is solvable, F(G) > 1 (it contains any minimal (Abelian) normal subgroup).
Suppose p divides |F(G)|, and let x € Z(0,(G)) < F(G) be non-trivial. Then because F(G)
is nilpotent, we have F(G) < Cg(x), which is Abelian by hypothesis. Thus F(G) is Abelian,
and so F(G) < G by hypothesis. For any 1 # y € F(G), we thus have F(G) < Cs(y), which
is Abelian. Thus

Ca(y) < Co(F(G)) < F(G)

with the last containment coming from [3B.14]. If we can then show F(G) has a complement
in G, Theorem 6.4 will show G is a Frobenius group with kernel F(G).

But for a prime g dividing |F(G)|, choose g € F(G) of order g, and let Q be a Sylow g-
subgroup of G. Then Z(Q) < Cs(g) < F(G). If z € Z(Q) is non-trivial, then Q < Cg(z) <
F(G). Thus F(G) contains a Sylow g-subgroup of G for every prime g4 dividing |F(G)|, so
that F(G) is a normal Hall subgroup. The Schur-Zassenhaus theorem then shows F(G) is
complemented in G, and we’re done.
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[6A.6]

[6A.7]

[6A.8]

6A

It is a theorem of Suzuki that a finite group where every non-trivial centralizer is Abelian
(called a CA-group) is solvable. Together with this problem, we see that such a group is
either Abelian or a Frobenius group with kernel F(G). Let A be a Frobenius complement in
G. Since A is also a CA-group, we see the same dichotomy applies to A. As we’ll see later
(Theorem 6.9), it's impossible for A to be a Frobenius group, so that it must be Abelian.
Again Theorem 6.9 implies A is cyclic. So CA-groups are Abelian groups, or Frobenius
groups K x C with K Abelian and C cyclic. It’s easy to see (with results of this section)
that all such groups are CA-groups, so this is a complete characterization. We’ll finish
this aside by noting the non-Abelian case does arise: consider S3 or A4 for example (both
CA-groups).

Suppose AN B8 = {1} for all ¢ € G, and we'll reach a contradiction. This implies
that A8 N B" = {1} for all g, € G. Write A, = A\ {1} and similarly for B.. Then
{A,, AS,... B, BS,...} is a finite collection of sets, all disjoint (here we're taking all conju-
gates of A, and B,). By Lemma 6.5, the number of elements in LA$ is |G| — [G : A], and
similarly for LIBS. Since the identity is outside all of these sets, we have

|G| > |G| - [G: A]+ |G| — [G : B]

IG| < [G: A]+[G:B]
<|G|/2+]G|/2 (A,B>1)
= |G|

This contradiction shows A N B8 > 1 for some g € G.

(@) Of course A3 N H > 1 satisfies the hypotheses of Lemma 6.5, since we have
(ASNH)N(ASNH)"=ASnAs"nH

and if this is non-trivial, we must have h € A¢ so that h € AS N H. Because A < H, by
the previous problem (with B = A$ N H) there is some h € H with A" N (A$NH) > 1.
Then g € A" < H by the hypothesis on A < G.

(b) If H < G, then for all g € G, we have AN H = ASN HS = AS. Since H > A8 > 1 the
previous part shows ¢ € H. But ¢ € G was arbitrary, so H = G.

If M ¢ X, then we must have M N A8 > 1 for some ¢ € G. Since M < G, we have
MnN A8 > 1forall g € G. By part (a) of the previous problem applied to AM, we then see
that g € AM for all ¢ € G, so that AM = G.

Since A N M satisfies the hypothesis of Lemma 6.5, let Y C M be the elements not
conjugate into ANM \ {1}. Then Y C X since if 1 # m € M is such that m8 € A, then
m8 € AN M because M is normal in G. But we have by Lemma 6.5

Y|=[M:ANM] =[AM: A] = [G: A] = |X]
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[6A.9]

[6A.10]

6A

Thus X =Y C M.

We remark first that by the proof of Theorem 6.4, we have Cg(a) C A for 1 # a
in A. This also follows from Cg(a) < Ng((a)), which is contained in A by part (a) of
[1D.3].

(a)

(b)

(©)

(d)

(e)

Let g € G\ A, and consider D = (t,t8), which is a dihedral group. But
Z(D) < Cg(t)NCq(t8) < ANAS = {1}

So that 1 # tt$ is inverted by t Of course tt8 ¢ A since ¢ ¢ A. Now tt8 = tt! implies
gh™' € A= Ng(A). Since A has [G : A] conjugates, this implies there are [G : A] — 1
distinct products like ¢£8 that t inverts.

If t inverts b € AS, then ASN A8! > 1, so that t € AS. This implies ¢ € A. Thus
the [G : A] — 1 elements of the previous part cannot lie in any non-trivial conjugate
of A, and they don’t live in A by construction. Thus t inverts [G : A] — 1 non-trivial
elements of X. But X has [G : A] elements, and contains the identity, so t must invert
every element of X.

If r € A was another involution, then by the previous part r inverts all elements of
X. if 1 # x € X, then x’! = x so that x € Cg(rt) < A, a contradiction. Thus r does
not exist. So t is the unique involution in A, and thus t* =t for all 4 € A, showing
teZ(A).

If x € X had order 2m, then (x™)! = x™, so x™ € Cg(t) < A. Since x™ is an involution,
by the previous part x™ = t. Thus t centralizes x, again implying x € A, which is a
contradiction. Thus every element in X has odd order.

If xy~! € A, then since t € Z(A) we have

ly =xtyt = (D = ay !

Thus x? = y?. Because |x| and |y| are odd, we have |x| = |x?| = |y?| = |y|. Call this
common order k, and choose n such that 2n =1 (mod k). Then

(f) We apply the subgroup test: for x,y € X we want xy~! € X. But if xy~! € X, then

xy~te AS™ for some g € G. By the previous part
By 8 =(xy N ecA = ¥y €=1

Here we're relying on x€,y€ € X because X is closed under conjugacy. Thus (xy~1)8&
(and hence xy~!) is trivial (so still in X). Thus we always have xy~! € X and we're
done.
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[6A.11]

[6B.1]

[6B.2]

6B

(a) By part (b) of [1D.3] A is a Hall subgroup, so containes a full Sylow p-subgroup of G
for every prime p dividing |A|. Let P < A be a Sylow p-subgroup. If x € P is such
that x8 € P for ¢ € G, then x8 €¢ AN A8, implying ¢ € A. Thus A controls fusion in P.

(b) Note that A < G’A < G, so by part (b) of [6A.7] we have G'A = G. Now clearly
A’ < G'N A. We show equality by showing that every Sylow p-subgroup Q < G'N A
is contained in A’. Let P < G be a Sylow p-subgroup containing Q, and note that by
part (a) P < A. We then have

Q = PNG’' =Focg(P) = Focy(P) =PN A

Here we’ve used the Focal Subgroup Theorem (5.21) as well as the fact that A controls
tusion in P.

(c) We proceed by induction on the derived length of A. First, if A is Abelian, then
A" = {1}, so we see from part (b) that A is a complement to G’. By Corollary 6.6,
X = G’ is a subgroup.

Now assume the theorem is true for all groups of derived length < 1, and let A have
derived length n +1. Now A’ = G’ N A < G’ satisfies the hypothesis of Lemma 6.5,
say with corresponding subset Y < G’. As in the solution to [6A.8], Y C X, and we
have

Y|=[G' :G'nA]=[G'A: Al =[G: A] =|X|

so that Y = X. Since A’ has derived length 1, the induction hypothesis shows Y is a
subgroup, and we’re done.

If A satisfies the hypothesis of Lemma 6.5, then by part (a) of [1D.3] we have Ng(T) < A
forall1 < T < A. Conversely, if Ng(T) < A forall1 < T < A, then by [1D.5] we see A
satisfies the hypothesis of Lemma 6.5.

6B

Let G be a Frobenius group with kernel N and complement A. Let Q < A be a Sylow
g-subgroup of A, and note that the action of Q on N is Frobenius. Since Q is solvable and
|Q| and |N]| are coprime, Glauberman’s Lemma (more precisely Theorem 3.23) shows there
exists a Sylow p-subgroup P < N which is fixed by Q. Then PQ is a Frobenius subgroup
of G by Theorem 6.4, and is clearly solvable.

Now if C is a Frobenius complement, and it contained a Frobenius subgroup G, by
the above it would contain a solvable Frobenius subgroup. This contradicts Theorem 6.9
however, so the subgroup G does not exist.

Let p be a prime divisor of |[N|, and let P < A be a Sylow p-subgroup. If we let
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6B

C := Cn(P), then C is A-invariant because A is Abelian. Specifically, if c € C and a € A,

for any x € P we have
(CIJZ)X — CIJZX — Cxa — (Cx)a — Cﬂ

so that ¢® € C by definition. Letting P act on N shows |N| = |C| (mod p), and since
1 € C we see C > 1. By hypothesis then, C = N, and faithfulness of A shows P = 1.
Doing this for all primes dividing |N| shows |N| and |A| are coprime. Since by hypoth-
esis there are only two (trivial) A-invariant subgroups of N, Lemma 6.20 shows A is
cyclic.

[6B.3] Let N := (x) be the cyclic group of order 8, and let A = (a,b) be the non-cyclic group of
order 4, with action

so that x** = x~1. Then Cy(a) = Cn(ab) = (x*), while Cn(b) = (x?). Thus
(Cn(z) |1#£z€ A)=(x*) <N

And this is a counterexample to Theorem 6.21.
[6B.4]

(a) Let x € X for X € I1. Then every element X # Y € II is contained in Cg(x). Fix such
a Y and choose non-trivial y € Y. Then xy ¢ X, so that by hypothesis X centralizes
xy. But X already centralizes y, so that X < Cg(x), and thus G = Cg(x). Since x and
X were arbitrary, this shows G is Abelian.

(b) Let X # Y be two elements of I, with nontrivial elements x € X and y € Y. Suppose
that m := |x| < |y|. Then we have

(xy)™ = 2"y" = y"

But xy is in some Z # Y, so that (xy)" € ZNY = {1}. Thus |y| < m and we see
|x| = |y|. Now let p divide | X| and choose x € X of order p. By the above reasoning
applied to the case |x| < |y| or |y| < |x|, we see that every element of Y has order
p. Swapping X and Y shows every element of X has order p. Since X and Y were
arbitrary, this shows every nontrivial element of G has order p. Together with part (a),
this shows G is elementary Abelian.

[6B.5] We work via induction on |G|, the case |G| = 1 being trivial. If H < G is not contained
in any element of the partition I, then {H N X}xcyy is a partition of H by subnormal
subgroups, so by induction H is nilpotent.

Let X € II be such that X £ F(G), and let M < G be a maximal subgroup containing
X. If M # X, then by the preceding argument we have that M is nilpotent, so that X is
nilpotent too. But since X is subnormal, we would have X < F(G), a contradiction. So
M = X, and since X is subnormal, we see X is a normal maximal subgroup of G. In
particular we have [G : X]| = p is a prime number.
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[6B.6]

[6B.7]

[6B.8]

[6B.9]

6B

We now show such an X cannot exist, so that G = F(G) is nilpotent. If X exists, and
there’s another Y € IT with Y £ F(G), then G = XY with XNY = {1} shows G =X x Y
with |Y| = [G : X] = p and similarly |X| = [G : Y] = g for some prime g. Thus G is
Abelian, contradicting that G # F(G). So all Y € IT with X # Y are such that Y < F(G).
But then G = X U F(G) is a contradiction, as no nontrivial group is the union of two proper
subgroups.

Let C = (x) be a cyclic group of order 2" with n > 2, and & an automorphism of order
2. Thus a(x) = x" with 2 =1 (mod 2"). By Lemma 6.16 we have r = —1 or r = 2" "1 + 1.
Since n > 2 all three of these choices are distinct, and all give automorphisms of order
2.

Let (x) = C < P be the cyclic subgroup of index 2. Since P is non-Abelian, we must have
Z(P) < C (since otherwise P = CZ(P) would be Abelian). Since [P : Z(P)] > 4 we know
that |P| > 8, so that |[C| > 4. Let a € P\ C so that « induces an automorphism of order
2 on C (it cannot centralize C since then Z(P) = C would have index 2). By the previous
problem, we have x* = x~Lorzx—! or zx with z € C of order 2. By Lemma 6.13, we're done
if we can rule out x* = zx.

But if x* = zx then (x?)* = x2, so that x?> € Z(P), which implies [P : Z(P)] < 4. This is a
contradiction.

We work by induction on |P|, the case |P| = 8 being Corollary 6.14. Let Z < Z(P)N P’
have order 2. Since we have

[P/Z:(P/Z)|=[P/Z:P'/Z)=[P:DP| =4

our inductive hypothesis shows P/Z has a cyclic subgroup of index 2. Since Z is central,
the preimage of this cyclic subgroup is an Abelian subgroup A < P of index 2. Since A/Z
is cyclic, we have that either A is cyclic or A = C x Z with C cyclic. By Lemma 4.6 we have
ANZ(P) = Zsince |A| = 2|P'|. If Z < Z(P) then we’d have P = AZ(P) and P would be
Abelian. Thus we must have Z(P) = Z.

If A is cyclic, then since we can assume |P| > 8, we have [P : Z(P)] > 4, so the previous
problem shows P is dihedral, semidihedral, or generalized quaternion. If A = C x Z,
then since |C| > 4 we have a unique involution ¢ € C, which is the unique involution
in A that has a square root. Thus (t) is characteristic in A, hence normal in P. But then
t € Z(P) \ Z, and that is a contradiction. Thus the A non-cyclic case does not occur, and
we’re done.

Suppose G is as in the problem, and that |G| is not a p-group. We work via induction on
|G|. Let N < G be a minimal normal subgroup, with |[N| = p“. Then by the inductive hypoth-
esis |G/ N] is divisible by at most 2 primes. If p divides |G/ N/, then this shows |G| = p*4”
and we’re done. Otherwise N is a Sylow p-subgroup of G and we can assume (for the pur-
pose of contradiction) that |G| = p?q"¢ for distinct primes p, g, 7. By the Schur-Zassenhaus
theorem, let A < G be a complement to N, with |A| = g°r°.
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[6C.1]

6C

Let x € N be non-trivial. Suppose 1 # a € A centralized x. Then xa would not have prime
power order. Thus Cg(x) < N. By Theorem 6.4, we see that G = N A is a Frobenius group.
Let M <1 A be a minimal normal subgroup, with |[M| a g-group without loss of generality.
Since M is elementary Abelian, by Theorem 6.9 M is of order g. If R is a subgroup of order
rin A, then MR has order gr, and again by Theorem 6.9 is cyclic. The generator of MR does
not then have prime power order, and this is our final contradiction.

6C

(a)

(b)

If o has prime order p, then for every n # 0 (mod p) we have (¢") = (o), so that ¢
tixes the same points of G that ¢ does. That is, ¢"* only fixes 1 € G. Since this is true
for all non-identity elements of H = (o), we see that G x H is a Frobenius group by
Theorem 6.4. Thus G is nilpotent by Theorem 6.24.

Our example comes from finding a subgroup S < SL(2,[Fs) of order 12, acting fixed-
point freely on the group F5 x FF5 of order 25. We choose S such that the Sylow
3-subgroup (¢) = Q < S is normal and such that the Sylow 2-subgroup (¢) =P < S
is cyclic. Now we have the group G = (IF5 x Fs5) x Q is non-nilpotent of order 75, and
we will show o (of order 4) acts fixed-point freely on G.

We let the group H of order 25 be given by (a) x (b), with a and b of order 5 each.
Then we define ¢ € Aut(H) (of order 3) as

p(a) = b
¢(b) =a’b™!

and extend linearly. It’s easy to see |¢| = 3 and that it acts non-trivially, so that (¢) is
a non-normal Sylow 3-subgroup of G = H x (¢), so that G is not nilpotent. Finally
we define o € Aut(G) as

o(a)=">
o(b) =a!
o(g) =9~

From the fact S = (¢,0) < SL(2,Fs) and Q < S, this does define an automorphism of
order 4 of G (it can also be checked directly). We have

P <arbscpk) — a—sbr(P—k
and these are equal only when r = s = k = 0, so ¢ only fixes the identity of G, as

desired.
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[6C.2]

(a)

(b)

7A

A has p + 1 subgroups of order p, call them Ay, ..., Ay, 1. Define K; = Cy(A;). Now
K; > 1 since otherwise N would be nilpotent by part (a) of the previous problem. Also
since A = (A;, A;j) for i # j, we have

K; ﬂK]’ = CN(Ai) N CN(Aj) < CN(A) = {1}
Since A is Abelian, A; acts on K; for i # j, since we have (with a; € A; and aj € Aj)
(naj)a; = n(aja;) = n(aa;) = (na;)a; = na;

for all n € K; (and thus na; € K;). Since K; N Cn(A;) = {1}, we see A; acts fixed-point
freely on Kj, so that K; is nilpotent by part (a) of the previous problem (and the fact
|A;| is prime).

Since A is a p-group, we have
IN=1Cn(A)[ =1 (mod p)

and thus we have a coprime action of A on N. By Glauberman’s Lemma (in the
form of Theorem 3.23), N has an A-invariant Sylow g-subgroup Q < N. By the same
result, any other invariant Sylow g-subgroup of N would be conjugate to Q via an
element of Cy(A) = {1}, and thus Q is the unique A-invariant Sylow g-subgroup
of N. Now as above, K; is A-invariant because A is Abelian, and thus Q; < K;, as a
characteristic subgroup, is also A-invariant. So X is an A-invariant g-subgroup of N,
whereby Corollary 3.25 X < Q.

We now give two proofs X = Q. The first is easier than the hint in the book. Because
A is Abelian and non-cyclic, Theorem 6.21 says

Q= (Cq(a) [1#ac A)
But Co(a) = Cq(A;) fora € A;, and Cg(A;) = QNK; = Q;. Thus Q = X.

The second proof follows the hint, and we assume for the sake of contradiction that
X < Q. Because X is A-invariant, No(X) is also A-invariant, and normalizers grow in
Q. We can thus repeat this process until we find A <Y <1 Q with Y a proper normal
A-invariant subgroup. By Corollary 3.28 we have (with Z := Q/Y)

Cz(A1) = ColA)Y/Y = QiY/Y = {1}

This holds for all 1 < i < p+1, and thus by Theorem 6.4 A acts as a Frobenius
complement on Z, which is a contradiction of Corollary 6.10. We’ve shown then that
we must have X = Q.
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[7A.1]

[7A.2]

[7A.3]

7A
7TA

Let G be a simple group, and M < G a maximal subgroup that is nilpotent. If p is an odd
prime dividing |M|, then the Sylow p-subgroup P of M is normal in M. Soif 1 < C < Pis
characteristic in P, then we have C < M; since G is simple, this means M = Ng(C). But M
of course has a normal p-complement (being nilpotent), so Thompson’s theorem implies G
has a normal p-complement. This contradicts G being simple, so no odd prime can divide
|M|, implying M is a 2-group.

If S := SL(2,3) and Z < Sis its center, then S/Z has order 12. As shown in the text, S has
more than 1 (and hence at least 4) Sylow 3-subgroups. If P, Q < S are two of these, then we
cannot have PZ = QZ, since |PZ| = |QZ| = 6 has a unique Sylow 3-subgroup. Thus S/Z
has at least 4 Sylow 3-subgroups (meaning it has exactly 4 for cardinality reasons). Counting
shows the elements not of order 3 in S/Z form the unique Sylow 2-subgroup, which must
be normal. This gives a normal subgroup K < S of order 8.

(a) We have
at 0 ... 0 1 % ... % d 0 0 1 % ... %
0 dy' ... 0 01 = 0 do 0 01 =
0 0 . 0 0 0 % 0 0 ol oo - «
0 0 ...d;'/ \0 o0 1 0 0 dy 00 ... 1

Specifically, if our diagonal matrix X has entries {dy,...,d,} and A := (a;;) is any
matrix, we have

X 1AX = (dl_ld]al])
This shows that being upper-triangular (2;; = 0 when i > j) is preserved by con-

jugation of X € D, as are any entries on the main diagonal (where i = j). Thus
D < Ng(P).

(b) Since D < Ng(P), we know DP is a subgroup. Using the same notation as the
previous part, we have

XA = (dilli]')
So if A is upper-triangular, so is XA. But we also have
d 0 ... 0 1 % . * d * *
0 dz 0 01 * 0 dz *
0 0 ofloo o x| [0 0 " «
0 0 dy 00 ... 1 0 0 ... dy

So if A is upper-triangular, we let X be diagonal with entries {aj1,...,4,,}, and let
B := (a;lai]-), so that X € D and B € P with XB = A. This shows DP is exactly the
set of upper-triangular matrices.
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(©)

(d)

7A

Let {v1,...,v,} C V be the basis that gives elements of P as upper-triangular matrices.
Then the subspace Vi := (vg,...,v,) of V has dimension n — k + 1 and is invariant
under action by P.

Now let W < V be a non-trivial P-invariant subspace, and choose the largest k such
that the projection W — (v1,...,v¢_1) has trivial image. This means that for every
w € W, if we write it as w = 4101 + ... + w,v,, then a; = 0 for i < k. The maximality
of k also implies there is some wy € W with a; # 0. Define (b;;) = B € P as

0 i>j
bij=11 i=j
—a, .
a—k] i=k
Then it is easy to check that

0 j<k
(ZUQB)]' = Zaibi]’ = 9 ax ] =k
! 0 j>k

Since we assumed W was P-invariant, this implies a;vy € W, and so vy € W. If
(cij) :== Cpu € P with m > k is chosen so that it has one off-diagonal 1 at ¢, then
vxCpn = v + vy. Thus we have that Vi, < W. Because dim(W) < n—k+1 by
the projection condition, we must have W = Vj. So the Vj are the only P-invariant
subspaces of V.

If W < V is P-invariant and p € P with n € Ng(P), then for w € W we have
(wn)p = w(np) = w(p'n) = (wp')n € Wn

Thus Wn is a P-invariant subspace, and by the previous part (since dim(W) =
dim(Wn)) we must have W = Wn. Since n € Ng(P) was arbitrary, we have that
W is Ng(P)-invariant as well.

Using the basis {v1,...,v,} and the subspaces Vi from the previous part, this shows
that every element of Ng(P) is upper-triangular. By parts (a) and (b) then we have
N¢(P) = DP.

Let G := GL(2,q). From the previous problem, we have that for a Sylow p-subgroup

P <G,

[Ng(P)| = |DP| = |D| - |P| = (9 - 1)

(Note this follows since D N P is trivial.) From the formula for |G| we see that [G : Ng(P)] =
g +1,s0 G has g + 1 Sylow p-subgroups.

Let S = SL(2,q) < G. Because |G : S] = g — 1 we see that S contains one (hence all) Sylow

p-subgroups of G. Thus S has g + 1 Sylow p-subgroups.
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[7A.6]

7A

Finally, let H = PSL(2,q) = S/Z. If g is even then H = S and we're done. Otherwise
if P,Q < S are two distinct Sylow p-subgroups, then we cannot have PZ = QZ because
P < PZ (having index 2), so must be the unique Sylow p-subgroup. Thus the canonical map
S — H must be injective on the set of Sylow g-subgroups, and we know it is also surjective
from [1B.5]. So H has q + 1 Sylow p-subgroups as well.

Let U < P be elementary Abelian, and choose E € £(P) so that |E N U| is maximal. We
assume U £ Np(E) and reach a contradiction. Choose F = E* # E for some u € U, and
define H := (E,F) and Z := ENF.

First note that Z is centralized by H (since E and F are Abelian), so that Z(HNU) is a
group. It is Abelian since Z is centralized by the Abelian group H N U, and it is elementary
Abelian since both Z and HNU < U are.

We have that UH = UE, and thus we have
|H| |E| |E|

[HNU|  |EnU| |znU]

where the last equality follows from ENU < Z < E, since U is Abelian. From the fact that
|H| > |E| - |F|/|Z| we then have

Bl IE-IF
lznu| — |Z|-|[HNU|

Z|-[HnU
ZNU|

> |F|

Since ZN (HNU) = ZN U, the above says that Z(H N U) is an elementary Abelian group
at least as large as F € £(P), so that Z(HN U) € £(P). But the very first equality above,
together with the fact that |H| > |E| (since E # F) says that

ENU<HNU= (ZUNH)NU = Z(HNU)NU

And this contradicts the choice of E to maximize |E N U|. This contradiction shows we must
have U normalizing E, as desired.

Let Q be a generalized quaternion group with |Q| > 8. If C < Q is the cyclic subgroup
of index 2, then C is unique, because all elements of Q \ C have order 4 < |C|. Thus if

o € Aut(Q), it restricts to an automorphism of C. So if C is a 2-group, then |- has

order a power of 2. So for some k > 0 we have ¢ := 02" acts trivially on C, and then for

g € Q\ C we have ¢(g) = gc’, so that ¢"(g) = gc™", showing that ¢ € Aut(Q) also has
order a power of 2. We have thus shown that if |Q| = 2" with n > 3 then Aut(Q) is a
2-group.

We know from [3E 3] that Aut(Qg) does have an element of order 3. However the same
arguments as above show that an element of Aut(Qg) fixing a cyclic subgroup of index 2
must have order a power of 2, so that | Aut(Qg)| = 3 -2™.
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7B

In the proof of Lemma 7.3, we need to exclude the case that L < SL(2, p) is a 2-group. If
L is cyclic or quaternion with |L| > 8 then Aut(L) is a 2-group, so P acts trivially. If L = Qg
and P does not act trivially, then we need a non-trivial homomorphism P — Aut(Qs),
implying that p = 3. So if p > 3 then we can remove the Lemma’s condition (and the same
in Theorem 7.5) that a Sylow 2-subgroup is Abelian.

7B

No problems in this section!

7C

Consider the hypothesis: for a fixed Sylow subgroup P < G, if X < P is characteristic,
then Ng(X)/Cg(X) is a p-group. We prove by induction on |G| that such a group has a
normal p-complement. So suppose that G satisfies our hypothesis, and all groups of order
less than |G| satisfying the hypothesis have a normal p-complement. We work to prove G
has a normal p-complement as well.

Let 1 < X < P be characteristic, for the fixed Sylow subgroup P < G, and let H := Ng(X).
We show that H has a normal p-complement; we write Y for subgroups in H := H/X via
the correspondence theorem. P is a Sylow p-subgroup of H. Also if N < P is characteristic,
then N < P is characteristic as well, so Ng(N)/Cg(N) is a p-group. Then Ny (N)/Cg(N)
is isomorphic to a subgroup of Ng(N)/Cg(N), so is of course also a p-group. But from

X < N we have Ng(N) = Ng(N), and also Cy(N)X < Cz(N). Because we have X <
N < Ng(N), this shows Ngz(N)/Cg(N) is a quotient of Ny(N)/Cy(N), and hence also
a p-group. Our hypothesis is then satisfied in H with fixed Sylow subgroup P, and since
|H| < |G|, our induction hypothesis shows H has a normal p-complement M. Note that we
have

e [H: M] is a power of p, so that H = MP.
e [M: X] is coprime to p, so that X << M is a normal Sylow p-subgroup.
e Because Ny (X)/Cm(X) = M/Cp(X) is a p-group, we have M = XCp(X).

Now X N Cp(X) is a central Sylow p-subgroup of Cps(X), so by Burnside’s Transfer The-
orem, Cp(X) has a normal p-complement Y. Since Y is characteristic in Cp(X) and
Cm(X) = Cy(X) N M < H, we have that Y <t H as well. But

[H:Y] = [H: M][M: Cy(X)][Cm(X) : Y]

is a power of p, so that Y is a normal p-complement in H, as desired.
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7D

We've shown that for any non-trivial characteristic X < P, Ng(X) has a normal p-
complement. In particular, this works for J(P) and Z(P), so by Thompson’s theorem G has
a normal p-complement, and we’re done.

7D

No problems in this section!

8A

Let |A| = |B| = n, and consider the right action of A on A, via x - a = xa. This is a regular
action and embeds A inside S,,. Similarly, we see B embedded in S,, and both are regular
subgroups.

If G is a permutation group with two regular normal subgroups M, N <1G, then for a point
stabilizer we must have G = MG, = NG, and MN G, = NN G, = {1}. It is thus enough
to find G with a proper subgroup H < G and two normal subgroups with HN = HM = G
and NN H = MNH = {1}. For this we can take G = Dg = ((1234), (13)), set M = ((1234))
to be the rotation subgroup, and N = ((13)(24), (12)(34)) to be the reflections not fixing any
vertices. Then N and M are both normal in G, and are both complemented by the subgroup
((13)). Thus G is a permutation group with two nonisomorphic regular normal subgroups:
M is cyclic while N is elementary Abelian (both of order 4).

Suppose x € Cg(H) fixes a point « € (2, on which H acts transitively. For any B € (2,
choose h € H with a - h = B. Then
B-x=wa-(hx)=wa-(xh)=a-h=p

And thus x fixes B as well. Since B € (2 was arbitrary, x acts trivially on (2, so that x = 1.
This shows that Cg(H) is semiregular. If H is Abelian, then H < Cg(H), so that H is
semiregular as well. But H is transitive by hypothesis, so H is regular.

Consider the group H = G x Gg, where G, = Gr = G. Let H act on the set G
via

g (a,b)=a""gb

The stabilizer H is precisely the diagonal subgroup, and in general
Hy = {(x,x%) | x € G}

So if (x, x) fixed every point of G, we would have x8 = x for all § € G, implying x € Z(G).
So when Z(G) = {1}, the action of H on G is faithful. Both Gy and Gr are normal
subgroups of H, and clearly GtH; = GrH; = H, with Gt " H; = Gg N H; = {1}. Thus
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8A

by Lemma 8.5, G, and Gg are two distinct regular normal subgroups of the permutation
group H, both isomorphic to G.

As in the hint, we assume G = UV. Let K < G be a point stabilizer. Then UK = VK = G
and UNK = VNK = {1}. Since UNV = {1} as well, we see that G is isomorphic to the
internal direct product U x V. We thus have

UXG/VEVK/VEK/(VAK)ZKZK/(UNK) 2 UK/UXG/UXV

Now assume z € Z(U), and choose k € K mapping to z via the isomorphisms above. Note
this implies there’s a v € V with k = zv. Since V C Cg(U), this implies k € C;(U), and by
Lemma 8.5 we see that k acts trivially on all points, so that k = 1. Thus Z(U) (and hence
Z(V)) is trivial.

Note that if x € Ng(H) and € A, then for h € H

p-x=p-(hx)=p-(xh)

and thus h* € H fixes B - x. As h ranges over H, so does h*, so - x € A, and Ng(H) acts
on A.

Choose r-tuples (B,---) and (7, - - -) of distinct elements in A. Note that by transitivity,
all point stabilizers have the same order, so H = Gg = G,. Choose ¢ € G mapping the first
tuple to the second; such a g exists because r < k. Then

H$ =Gp=G,=H
so0 § € Ng(H). Thus Ng(H) acts r-transitively on A.

As in the first paragraph of the previous solution (replacing H with P), Ng(P) acts on
A. For p € A, choose ¢ € G with w-g = B. Since P fixes f, we have P < Gg = H¢, so

that P$ " is a Sylow p-subgroup of H. Choose / in H with P" = P8, Then hg € Ng(P)
and

w-(hg) =a-g=p
Since B € A was arbitrary, Ng(P) acts transitively on A.

Note that if A has a Frobenius action on N, then by Theorem 6.9 we know A is cyclic.
So it is enough to establish the action is Frobenius; we assume the action of A on N is not
Frobenius, and reach a contradiction. By Theorem 8.9 we know that N is an elementary
Abelian group, and that no nontrivial proper subgroup of N admits an action of A. By
assumption there exists n € N for which C4(n) > 1, and choosing a € C4(n), we have
1 < Cn(a) < N, the second inclusion being proper because A acts faithfully. But for x € A
and g € Cy(a) we have

(gX)a — gxa — gax — (ga)x — gx
so that ¢* € Cy(a). This shows Cy(a) is a proper A-invariant subgroup, and this is our
contradiction.

73



[8A.8]

[8A.9]

[8A.10]

8A

Let « € (2 and write N for the N-orbit of . For g € Gand n € N we have

(w-n)-g=a-(ng) =a-(gnf) = (a-g)-n¥ e (x-g)N

As n ranges over N so does né, so we see that (aN) - ¢ = (« - g)N, and in particular both
orbits have the same size (since ¢ doesn’t change subset sizes). If BN is another N-orbit,
then choosing ¢ € G with a - ¢ = B shows (aN) - ¢ = BN, and thus G is transitive on these
N-orbits. They then all have the same size, and N is half-transitive.

From the assumption N does not act trivially, choose & € (2 so that the N-orbit aN
contains v # w. For B € O\ {a}, choose ¢ € G with (a,7) - ¢ = (a,B). By the previous
problem (aN) - ¢ = aN, but it also contains = 7 - . Since  was arbitrary, we see 2 C aN,
and thus N acts transitively.

Note that the previous problem actually shows the N-orbits are blocks for G, so primitivity
implies a non-trivial orbit must be all of (2. This is proved in two different ways in Lemma
8.15.

Let G be a 4-transitive solvable permutation group. If N <1 G is a minimal normal
subgroup, then the previous problem shows N acts transitively, and since N is elementary
Abelian [8A.2] shows N acts regularly. Let H < G be a point stabilizer, acting 3-transitively
on the nontrivial elements of N by Lemmas 8.2 and 8.5. By Lemma 8.8, N is elementary
Abelian of order 4. But then G is a permutation group of degree 4, acting 4-transitively,
and as shown in the text that implies G = Sy, since only S, can act (n — 1)-transitively (and
faithfully) on n points.

We can also handle the case G is a 3-transitive solvable permutation group. If V <G is a
minimal normal subgroup, then V is regular, and is an elementary Abelian group. Let H be
a point-stabilizer, so that H acts 2-transitively on V# (writing V* for the nonzero elements).
Because H is acting via automorphisms, Lemma 8.8 shows V must either be an elementary
Abelian 2-group, of |V| = 3. In the case |V| = 3, G has degree 3, and so as above we must
have G = S3. So we consider the case |V| = 2", and note that n > 2 since G is 3-transitive.
We define g = 2".

Choose a nonzero element u € V, and let K < H be the point stabilizer of u. Since H
is solvable, it has a minimal normal subgroup F < H, which (via [8A.g9] and [8A.2]) acts
regularly on V#, so that |F| = g — 1. By [8A.7] we must have that F is cyclic. We thus have
that V = TF, the additive group of the field IF;, and F = Ty, the multiplicative group of the
field IF;. We write u” for the image of u under the action of a € F. Note that every nonzero
vector in V can be written as u for a unique a € F (by regularity).

Define a multiplication on V via 0v = v0 = 0 and vu” = v?. Because F is Abelian,
this is commutative, and since it'’s a group action, it is associative and (u®)(u%) = u“.
Clearly uu” = u® and (u")(u* ') = u. Because F acts via automorphisms, this multi-
plication is distributive, and we’ve made V into the field F; with multiplicative identity
u.
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Now K acts via automorphisms on V, and so preserves the additive structure. We will
see that because K normalizes F, it also preserves the multiplicative structure. For k € K we

have .

(ua)k — (uk)ak —
because K fixes u. But then
(uaub)k _ (uab)k _ u(ab)k _ uakbk _ (uak)(ubk) _ (ua)k(ub)k
and so yes, K preserves the multiplicative structure. Since it preserves the scalars {0,u} C V,
K is acting via field automorphisms on V. Note that if k € K acts trivially on the field V,
then it fixes every point of V, and thus k acts trivially; but G is a permutation group, so
k = 1. In other words, we have an injective map K — Gal(V /TF;).

But K acts transitively on V' \ {0, u}, and so we have
2" =2 =|V\{0,u}| < |K| <|Gal(V/EF,)| =n

This implies n < 2, so we see that n = 2 and |V| = 4. But then H, acting 2-transitively on
V#, actually acts 3-transitively, and so G is actually 4-transitive, and we’ve already shown
this implies G = S4.

Let T = IF[;, the additive group of the field with g elements. Also let S = IF;, the
multiplicative group of the same field. Then |T| = gand |S| =g—1. Welet G:=T xS
with S acting via scalar multiplication; note that this action is Frobenius, hence (by order
considerations) transitive. Since T and S are Abelian, G is solvable. By Lemma 8.6, G acting
on the cosets of S is 2-transitive, of degree [G : S] = |T| = g. Since |G| = g(g — 1), this must
(again by order considerations) be sharply 2-transitive.

G is 2-transitive if and only if the component-wise action on I' := {(«,B) | « # B € Q}
is transitive. Since G acts transitively on the diagonal of (2 x (2 (since it acts transitively on
(2), we see that G is 2-transitive if and only if G has two orbits on (2 x (2. Now g € G fixes
the point («, ) € (2 x (2 if and only if g fixes both « and B, so that

Xaxa(8) = xa(8)*
By [1A.6] G has two orbits on (2 x (2 if and only if
1

1
2= al Y xaxa(g) = el ) xa(g)?
‘ ‘gGG ’ ’gGG

Throughout we assume «, B,y € (2 are distinct. G acts 3-transitively if and only if it acts
transitively on the set of distinct 3-tuples {(a, 8,7)} C 3. Because G acts 2-transitively, it
acts transitively on the following disjoint subsets of 2°:

e The diagonal {(«,a,«)}.
e The three partial diagonals {(«,«, )}, {(«, 8, «)}, and {(B, &, a)}.
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8A

Thus G acts transitively on the set of distinct 3-tuples if and only if it has 5 orbits on 2. Just
as in the previous problem, this means G acts 3-transitively if and only if

1 3
=1~ xa(g)
ol &

5

In general, if G acts k-transitively on 2, then it acts (k + 1)-transitively if and only if

Z X0 (g)k+1

geG

1
Biy1 = €]

where By, is the mth Bell number.

Let « € Q and note that the orbit of H containing « has size [H : HN G,|. Since
|HN Gy| < |Gyl, we have

Q| =[G:Gy) <[G:HNG,] =[G:H|H:HNG,]

And this shows the H-orbit containing & has size at least % |Q2|. Since G acts transitively, all
point stabilizers have the same size, and so every H orbit has size at least 1 ||, implying
there are at most m orbits.

If Gy £ H, then |[HNG,| < %\Ga| since H N G, is a proper subgroup of G,. Then the
above equation actually reads

1 1
Q] =[G : Gy < E[GIHﬂGa] = E[G:H][H:HQG,X]
Assuming H contains no point stabilizers, then as above, this means every H-orbit has size

at least 2|(2|, meaning H has at most % orbits.

Assume G acts 2-transitively on the cosets of H. This means the point-stabilizer of the
coset H (which is the subgroup H) acts transitively on all other cosets. Thus for x,y € G\ H,
we have h € H with Hxh = Hy, or equivalently xhy~! € H. But then

x-(xhy L h) = (xhy D) xh=yh Ix T xh =y
Thus H x H acts transitively on G \ H. Of course it acts transitively on H, since 1 (1,h) = h.
So H x H has two orbits on G.

Conversely, if H x H has two orbits on G, then one orbit is H (as shown above), implying
the other orbit is G\ H. So for x,y € G\ H, there exists h,k € H with x- (h,k) =y, or
h~lxk = y. But then y € Hxk, showing that Hxk = Hy. Since x and y were arbitrary, this
shows H acts transitively on the non-trivial cosets of H in G, implying G is 2-transitive on
these cosets.

Let K < G be a point stabilizer of this action, so that [G : K] = 1, and let L < K be
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the stabilizer of a different point in (2; since G is 2-transitive, [K : L] = n — 1. We will use
Lemma 8.5 repeatedly. Because H < G is transitive, HK = G. Then

[K:HNK] = [HK: H|

is coprime to n — 1 (equality follows from Corollary X.11). By Corollary X.12 and Dedekind’s
Lemma, we have
K=L(HNK)=HLNK

Then K < HL implies HL = HK = G. But L is the point-stabilizer for the component-wise
action of G on 2 x 2\ A, the distinct tuples of points. So H acts transitively on this set,
which is equivalent to H being 2-transitive.

We know SL(2,q) is 2-transitive by Lemma 8.3. If V is our vector space, consider the
"horizontal" and "vertical" lines {(t,0) | t € F,;} and {(0,t) | t € IF;}. The stabilizer of both
of these lines in SL(2,q) is the diagonal subgroup, which (since determinants are 1) looks

like
a 0 "
o (5 2 1aer)

All the other lines in V look like {(tb,t) | t € F;} for nonzero b € FF,;. Now every element
has a square root in IFy: this is because g is even, so squaring in the odd-order group IF; is

injective, hence surjective. Choose a with 4> = b, and note that

a 0 . -1
(t,t) (0 a‘l) = (ta,ta”")
Via the bijection t — at of IF;, we see that (recalling a* = b)

{(ta,ta™ 1) | t € By} = {(th,t) | t € Fy}

So D acts transitively on these g — 1 lines. Since |D| = g — 1, it is acting regularly, and
SL(2,q) is then sharply 3-transitive.

8B

Consider G < S and let U C G be those elements whose translates of X contain the

element «:
U:={geG|acXg}
This means that
A= () Xu
uel

Thinking of G < S¢ acting on itself via right multiplication, define K := G(y;), the setwise
stabilizer of the subset U. We will show that A = aK, and that G, < K, so that A is a block
via Lemma 8.13.
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Writing H := G,, note that if u € U and h € H, then « € Xu, and hence &« = « - h € Xuh.
This means uh € U; since u € U was arbitrary, we see that i € K; since h € H was arbitrary,
we see H < K.

Now let k € K. By definition of K, we have

a-ke () Xuk= (] Xu=A

uel uel

Thus aK C A. But if B € A, choose ¢ € G with ag = B. Then for u € U, we see that p € Xu
implies a« € Xug~!, so that by definition ug~! € U. This shows that ¢~! (and hence g)
setwise stabilizes U, and thus g € K. We then have the reverse containment A C aK, and
we're done.

Suppose no such element ¢ € G existed. Then whenever a € Xg~!, we also have
B € Xg~ L. If we define A as in the previous problem, we then have

{a, B} cACX

and A is a block. It is then a non-trivial block, contradicting that G acts primitively. This
contradiction establishes there must be ¢ € G with ag € X but fg € X.

Note that M N N = {1} by minimality. By Lemma 8.15, M and N are transitive. Then
by [8A.2], C5(M) acts semiregularly. But N < Cg(M), so that N acts regularly, and Cg(M)
is also regular (because we now know it’s transitive). Then |N| = |Cg(M)|, implying
N = Cg(M). Similar reasoning shows M = Cg(N) is regular, and we’ve established (a) and
(b). Part (c) follows from an application of [8A.4] since MN N = {1}.

Let N, K <1 G be distinct minimal normal subgroups of G. By part (b) of the previous prob-
lem, K = Cg(N). But G is solvable, so N is Abelian, implying N < Cg(N). Minimality then
forces K = N, a contradiction. Thus G has a unique minimal normal subgroup N. Also we
know N is Abelian, hence regular by [8A 4]; because it is elementary Abelian, [N| = p* for
some prime p and integer k, and thus the degree of G is p*, as desired.

Suppose H fixes the point f # «, and choose ¢ € G such that a - ¢ = B. Since H® = Gg
has the same order as H, saying that H C H¢ just implies H = HE. In other words,
g normalizes H. But H is maximal (since G is primitive), and ¢ ¢ H since it doesn’t
fix &, so we see that H << G. But G is faithful, so H must be core-free: we have shown
H = {1}. Since H is maximal, G has no proper non-trivial subgroups, so it is cyclic of
prime order.

Note that H cannot fix a point in 2 \ {a}, since then H fixes every point by the previous
problem, so can’t have an orbit of size 2. Let {,7} be the orbit of H, and define D := Hp,
so that [H : D] = 2 and D <<H. Choose ¢ € G with a - g = B, and note D < HS. But
|H| = |H$| so we have [H® : D] = 2 and D < HS. Since H is maximal and HS # H, we
have

Ng(D) = (H,Hf) = G
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Since H is core-free however (as G is faithful), this implies D = {1}, so that |H| = 2. Thus
(H,H8) = G shows G is generated by two involutions, so as shown before we have a
dihedral group: G = Dy, for some integer m > 1 (the m = 1 case implies H is trivial, which
we’ve ruled out).

If Cyy < Dy = G is the group of rotations, then every proper subgroup K < C,, is
normal in G, and thus KH < G is a proper subgroup containing H. But H is maximal
because G is primitive, so C;; can have no proper non-trivial subgroups: m = p is a prime.
Note that G cannot be Abelian (since it is transitive but not regular), so we must have
p>2

Let {B, 7,0} be the orbit of size 3 for H := G,, and let D := Hg. Then [H: D] =3 and
we will be done if we can show D is a 2-group; equivalently, if we can show O?(D) = {1}.
We do this as in the previous problems: we show O?(D) <1 G, and since G is faithful, H is
core-free, so we will be done.

Let K < H be the core of D in H; it is the kernel of the map from H to the symmetric
group on {fB,7,6}. Now [H : D] divides [H : K] < 3!, so we have [H : K] is either 3
or 6; this implies [D : K] < 2. Then O?(K) is characteristic in K, hence normal in D,
and

[D: O*(K)] = [D : K][K : O*(K)]

is a power of 2. This implies O?(D) < O?(K). However O?(D) <1 K (since K < D) and
K/O?(D) is a subgroup of the 2-group D/O?(D). This implies the reverse containment
O?(K) < 0?(D), so that O*(D) = O?(K). Of course O*(K) <t H, so we have shown H
normalizes O?(D).

Note that none of the above relied on the permutation action on (2; once we knew the
tinite group H had a subgroup of index 3, by looking at the action on right cosets, we
deduced O?(D) <t H. Choosing ¢ € G with a - ¢ = B, we have D < H$, and the same
argument (since [HE : D] = 3) shows O?(D) <1 HS. Thus

Ng(0*(D)) > (H,HS) = G

and we’re done.

Let A be a block for G, and assume |A| > 1; it is enough to show A = {1,2,...,n}. First
we show that some translate of A contains elements i, j with i < m and j > m. If this is not
already the case, then either A C {1,...,m}or A C {m+1,...,n}. In the former case, let
& € Abe the largest element; then m + 1 € Ax™ %!, and all other elements of this translate
are at most m. In the latter case, let « € A be the smallest element; then m € Ax™ ™%, and
all other elements of this translate are larger than m. Thus we always have a translate Ag,
with ¢ € G, such that the elements i,j € Ag exist. Because Ag is also a block, and it is
enough to show Ag = {1,2,...,n}, we assume throughout the rest of the solution that
i,j €A
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By the transitivity of H, for any 1 < k < m, we have h € H withi-h = k. Since j-h = j,
we have
j€ANAhR

Since A is a block, we have Ah = A, so k € A. We have shown then that {1,...,m} C A.
Let 1 < r < n be the smallest integer not contained in A, and we finish by showing such
an r cannot exist by contradiction. We know r > m and (r — 1) € A. If h € H is such that
2-h =1, then

1€ AN A(xh)

Hence A(xh) = A, sothatr = (r—1) - (xh) € A, and that is our contradiction.

Note that for 1 < i < m we have i - x = i -y and similarly i - x ! = i-y~!. And of course
y acts trivially on j > m. We then compute directly

{

i 1<i<m

i m<i<mn
i-(ylayx ) =Sm i=1

n o i=m

1 i=mn

\

Thus (y~'xyx~!) acts as the 3-cycle (1,m,n). By Corollary 8.19 and the previous problem
(with H = (y)) we know that G is either A, or S,. Since A, consists of all even permutations,
G < A, if and only if both generators x and y are even permutations, which is the case
precisely when m and n are both odd.

We know |G| = (n —1)!. Let the largest orbit O C {1,...,n} of G have size r, not-
ing that r > 1 since G is faithful. Then G C S(p), which has size r!(n —r)!. We then
compute

n|G| < n(rl(n—r)!)

(7)<

This is only possible if ¥ > n — 1. But if |O| = n — 1 then G lives in the point stablizer S,
with « = {1,...,n} \ O. Since |G| = |S,| we would have that G = S, is a point stabilizer,
which we assumed is not true. Thus r = n and G is transitive.

Now [Sy, : G| = n is coprime to n — 1, so [8A.16] shows G is 2-transitive, hence primitive.
Bochert’s theorem then says

n=1[5:G]>[(n+1)/2]

It’s easy to see this holds true for {1,2,3,4,6}. Whenn > 7, let k = [(n+ 1)/2] so that
n <2kand k > 4. So
n <2k <3k <k(k—1) <k

8o
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And thus only {1,2,3,4,6} satisfies this inequality. Direct checks show the subgroup G
cannot exist in S, for n < 4. But if S5 acts on its 6 Sylow 5-subgroups, the core is trivial:
in section 8C it’s proved that Ag <1 S¢ is the only proper nontrivial normal subgroup. This
action gives an embedding of S5 into Sy as a transitive subgroup. So we’ve shown n = 6 is
the only case where this happens.

8C

Suppose H < Ag has order 120. Then Ag acting on the cosets of H induces a homomor-
phism from Ag to a transitive subgroup of S3; the kernel K of this homomorphism is such
that 3 < [Ag : K] < 6. Thus K is a non-trivial normal subgroup of A, contradicting its
simplicity. Thus H doesn’t exist.

If G was a simple group of order 120, it would need to have 6 Sylow 5-subgroups. G
acting via conjugation on these would give a homomorphism ¢ : G/O5(G) — Se. But G is
simple, so Os5(G) = {1} and the image lands in A¢ (since otherwise Ag N ¢(G) would be a
nontrivial normal subgroup of $(G) = G). But then ¢(G) is a subgroup of order 120 in Ag,
which we just showed can’t exist. Thus G doesn’t exist either.

Let P < G be a Sylow 11-subgroup. Then by the orbit-stabilizer theorem (and the fact
P only has two subgroups), we see P acts trivially or transitively. The former case is ruled
out because G is faithful, and thus P (hence G) is transitive. Since G has prime degree, it
is primitive. We let H < G be a point stabilizer for « € (2, so that [G: H| =11 and His a
maximal subgroup.

First, consider an element z € HN Cg(P). If 1 # x € P, we have
(-x)-z=(a-2)- x=a-x

Thus z fixes the entire orbit of x, which is the entire orbit of P, which is all of (2. Thus z acts
trivially, and z = 1. We have then shown C(P) N H = {1}. We then have

720-11 = |G| = |Ce(P)H| = [Cc(P)| - [H| = 720|C¢(P)|

so that Cg(P) = P. Note that Ng(P)/Cg(P) embeds in Aut(P), of order 10, so that
[NG(P) : P] divides 10. Since then |[Ng(P)| < 110 and [G : Ng(P)] =1 (mod 11), the only
possibility is N (P) has order 55.

Now suppose 1 < N < G is a minimal normal subgroup; we show N = G to conclude G
is simple. By Lemma 8.15, N is transitive, so that 11 divides |N| and thus P < N. Frattini’s
argument shows G = Ng(P)N, and order considerations then show G = N or |G : N] = 5.
We can rule the latter case out as follows: Ny(P) = Ng(P) NN = P, and by Burnside’s
transfer theorem N has a normal p-complement, which is then normal in G, contradicting
the minimality of N. So we’ve shown N = G and thus G is simple.
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Let H be the stabilizer of &« € (2, and note that H acting on O \ {a} satisfies the
hypotheses of the previous problem, so that H is simple and is transitive on Q2 \ {a}.
Thus G is 2-transitive and hence primitive. If 1 < N < G is a minimal normal subgroup,
primitivity implies it is transitive so that G = NH. However, N N H < H, so by simplicity
we have either NN H = {1} or NN H = H. The latter case implies G = NH = N, so we
show the former case cannot happen to conclude G is simple.

If NN H = {1}, then N is a regular normal subgroup, so that |[N| = 12. But a group of or-
der 12 has a normal Sylow subgroup (Theorem 1.31), which is then normal in G; this contra-
dicts the minimality of N, so such an N cannot exist, and we’re done.

Let Abe a block for G that contains a. Write H := G,. For any h € H we have
a € AN Ah

and thus, being a block, we have Ah = A. Since H fixes A setwise, we know A is a union
of orbits of H. Then |A| is a sum of these orbit sizes, and divides |Q2| = 100; the only
possibilities are |A| = 1 or |A| = 100. Thus G only has nontrivial blocks, and must be
primitive.

Now let 1 < N <G be a minimal normal subgroup, which is then transitive so that
G = NH. Since H is simple, as in the previous problem we have NN H = H (and
thus N = G) or NN H = {1}, and N is regular. But this latter case can’t happen, since
then [N| = 100, and a Sylow 5-subgroup P would be normal in N, hence also in G,
contradicting minimality. So the only case that happens is N = G, and we’ve shown G is
simple.

This problem is not correct as stated: the setwise stabilizer of 3 points has a normal
subgroup (of index 3! = 6) given by the pointwise stabilizer of those 3 points. We in-
stead correct the hypothesis to be: the pointwise stabilizer L of 3 points {«, 8,7} is sim-
ple.

Let K be the pointwise stabilizer of {«, 8}, so that L < K and K is 3-transitive on 02\ {«, B}
Let 1 < N <K be a minimal normal subgroup, which is transitive and hence K = NL.
Simplicity implies NN L = L (and then K = N) or NN L = {1} (and N is a regular normal
subgroup). We show the latter case can’t happen to conclude K is simple. But a group
of order |N| = 22 has a normal Sylow 11-subgroup, which would then be normal in K,
contradicting minimality. So K is indeed simple.

Let H be the stabilizer of «, so that K < H and H is 4-transitive. Let 1 < N <1 H be a
minimal normal subgroup; then as above either N = H or NN K = {1} and N is a regular
normal subgroup. But then K acts 3-transitively via conjugation on N \ {1}, and Lemma
8.8 then shows |N| = 4, which contradicts |N| = 23. So we must have N = H and H is also
simple.

Finally let 1 < N < G be a minimal normal subgroup, and as above we show the case N
a regular normal subgroup gives a contradiction. But H would then be acting 4-transitively
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via automorphisms on N \ {1}, which by Lemma 8.8 cannot happen. So G is, yet again,
simple.

The problem is not correct as stated. We restrict attention to finite Abelian groups
(note Aut(Z) = C; is simple), and instead show: A is cyclic of order {3,4,6}, or A is an
elementary Abelian 2-group of order at least 8. We will need the following easy fact: let
K < Z(G) for G a finite group, and suppose we have a homomorphism ¢ : G/K — K. Then
the map ¢ : G — G given by ¢(g) = g¢(g) is an automorphism. To see this, we use the fact
K is central:

¥(gh) = ghe(gh) = ghd(Z)p(h) = gp(Z)hp(h) = () (h)

Also, if gp(3) =1, then ¢ = ¢(3) ! € K, so that ¢ = 1, and thus g = (g) = 1. This shows
Y is injective, and since G is finite, it is also surjective. Thus ¢ is indeed an automorphism
of G, as claimed.

Let ¢ be the inversion automorphism on A. Then for ¢ € Aut(A) we have

pi(a) = p(a™") = ¢p(a)"" = 1p(a)

Thus ¢ is central in Aut(A). Since Aut(A) is simple, this means either (i) ¢ is trivial, or (ii)
Aut(A) = (1) = {1,1}. In case (i), every element is its own inverse, so A is an elementary
Abelian 2-group, and Aut(A) = GL(n,2) = SL(n,2) = PSL(n,2). This is trivial when
n =1, is non-simple (=2 S3) when n = 2, and is simple when n > 3. Thus in case (i) Aut(A)
is simple precisely when A is elementary Abelian of order at least 8, so we can focus on the
case (ii) for the rest of the solution.

If A is non-cyclic, it can be written as A = B x C with B cyclic and some prime p dividing
both |B| and |C|. Let B = (b) and let x € C have order p. Then the map b — x defines
a homomorphism ¢ : B — C, and as above it lifts to an automorphism ¢ of A. Note
that ¢(b) = bx ¢ B, so ¢ € Aut(A) \ {1,¢}, and that is a contradiction. Thus A must
be cyclic. Since then we have 2 = | Aut(A)| = ¢(]|A]), we see that A must have order in
(3,4,6).

8D

Suppose my; = 2. As shown in [8B.6], a point stabilizer G, would have order 2. Since it
tixes no other point of (2 besides «, all of its orbits on (2 must have size 2, so that m; = 2
fori > 1.

Let {my,...,m,} the subdegrees for G, noting that Y m; = 8. If my = 2 then m; = 2 for
all i > 1 by the previous problem, so that



[8D.3]

[8D.4]

[8D.5]

[8D.6]

8D

This represents 8 as an odd number, which is ridiculous, so my > 2. The only possible
partitions of the number 8 then are {1,3,4} and {1,7}. The first case cannot happen because
3 > 1 is coprime to the largest subdegree 4, contradicting Theorem 8.38. So we must have
subdegrees {1,7}, showing that G has rank 2 and is thus 2-transitive.

Let {mj, ..., m,} be the subdegrees of G. Then
r
Q=Y mi <1+ (r—1)n
i—1

Letting m = 1+ (r — 1)n, we then see that G embeds in Sp), which is naturally a subgroup
of Sy, so that |G| < m!.

Let « € 2 and write K := K;,;(«) for the subgroup of G.

(a) We know k; = 1 when m = 1, so we consider the case m > 1. Let A(a) be the orbit of
G, with size m, and let B € A(«) be distinct from «; note that Gg < K by definition.
Then we have

_ Kl |Ga G| _ |Ggl
1Ga| = [Gul |G N Gg|

km :[G‘B:GKHG‘B]:[G“:G[XQGIB]ZM

Where we’ve used that |Gg| = |Gy|.

(b) If kjy = m, then we have equality in the above equation, so that |K| = [G,Gg|, and thus
K = GuGg is a subgroup of G. Note that this works for any orbital A with subdegree
m, and any B € A(a), so this holds true for all m-arrows a — .

(c) Note that m > 1 implies G is non-trivial. Suppose that k,, < m, and we reach a
contradiction. By the above, we must have k;;, = m and that G,Gg is a subgroup for
an m-arrow &« — . But m > 1 implies § # a and G acting primitively implies G,
is maximal, so G, < GuGp < G means G = G,Gp. However Gg is conjugate to Gy
because G is transitive, so that by [1A.4] we have G = G,, giving the contradiction
that G = {1}. We've thus shown that k,, > m.

By Theorem 8.42 we have that k; divides n; we complete the solution by showing
km =m+1. But ky, = [Kin(a) : G| divides 1+m +n = |Q| = [G : G,], implying that ki,
divides |Q2| —n = m + 1. By the previous problem k,, > m > 1, and thus the only way to
dividem +1isif k,, = m + 1.

First let’s show the hint: let X < Y be finite groups with [Y : X] = p a prime number.
The action of Y on the cosets of X gives a map Y — Sy; let K be the kernel of this action,
the core of X. Then [X : K] divides (p — 1)!, so is coprime to p. This means O (X) < K,
and hence O?' (K) < OF'(X). But OF (K) is characteristic in K, hence normal in X (and also
in Y), and [X : O (K)] is coprime to p, meaning O (X) < O (K), and we have equality:
OF (X) = OF'(K), and the latter we’ve already said is normal in Y.
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Now let G act primitively on (2 and let « € . Since p is a subdegree, let B # «a be
an element in an orbit of size p of G,. The orbit-stabilizer theorem then shows that this
is equivalent to [Gy : Gy N Gg] = p. Writing L := OF (Gy N Gg), the previous paragraph
shows L <1 G,. Similarly, [Gg : Gy N Gg] = p since |Gy| = |Gg|, and thus by the previous
paragraph again L < Gg. But G4 # Gg and G, is maximal in G by primitivity, so L is normal
in (Gy, Gg) = G. But G, is core-free since G is faithful, and hence L = {1}. By the definition
of L, this shows G, N Gg is a p’-group, so that |G,| is only divisible by p, not p?. Since
subdegrees are indices of subgroups of G, they must divide |G,|, and hence pz divides no
subdegree.

9A

First note that if E(X) < Y < X, then every component of X is a component of Y, so
that E(X) < E(Y). If in addition Y is normal in X, then every subnormal subgroup of Y
is subnormal in X, so that every component of Y is a component of X, and we thus have
equality: E(Y) = E(X).

Now if C < H is a component of H, then [C,F(G)] < [E(H), F(G)] = 1, where the last
equality follows from F(G) being a normal solvable subgroup. If C £ E(G), then every
component D < E(G) is also a component of H distinct from C, so [C, D] = 1 as well. Thus
if C £ E(G), then C centralizes E(G) as well, so C < Cy(F*(G)) < Cg(F*(G)) < F*(G).
Thus in all cases C < F*(G). We thus have E(H) < F*(G). Since F*(G) is normal in both
H and G, as shown in the first paragraph we then have

E(H) = E(F'(G)) = E(G)

Let S < G be the socle, and let A be the Abelian minimal normal subgroups of G, and
N the non-Abelian ones. Write X = Z(S), and note that for A € A, we have that A is
centralized by all elements of A and N, so that A < X.

We also define Y := [[ycn N. Each N € N is semisimple, so is a product of normal
non-Abelian simple subgroups. For M # N in A/, we have that M centralizes N, hence
normalizes these non-Abelian simple subgroups. In other words, the minimal normal
subgroups of N are normal in Y. Since N was arbitrary, this shows Y is a product of normal
non-Abelian simple subgroups. Then Y is semisimple and normal in S as a direct product
of normal subgroups. We have X NY < Z(Y) = {1}, and also that S = XY, as the product
of all minimal normal subgroups. Hence S = X x Y.

Since G is semisimple, it is the direct product of its minimal normal subgroups, all of
which are non-Abelian simple. Let U be those minimal normal subgroups contained in N,
and V those that are not. We define U and V as products over & and V, respectively, so
that G = U x V. For every M € V, we have NN M < M, so that [N,M] < NNM = {1}.
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Thus N centralizes V, and NNV < Z(V) = 1. Because U < N, we have by Dedekind’s
Lemma
U=UWVNN)=UVNN=GNN=N

Thus N is the product of the minimal normal subgroups it contains.

First define Z := Z(E) and suppose C < NZ is a component of G. If NNC # C,
then C/(N N C) is a quasisimple group isomorphic to a subgroup of the Abelian group
NZ /N, which is a contradiction. Thus NN C = N and C is a component of G contained in
N.

Now let M be the product of all the components of G contained in N. Using overbar to
denote images in E/Z, we have that N < E, which is a semisimple group. By the previous
exercise, N is the product of all the minimal normal subgroups of E that it contains. The
minimal normal subgroups of E are precisely the C for components C of G. Thus N
is the product of components C for which C < NZ; by the first paragraph, these are
components contained in N, so that N = M. Thus N < MZ, and Dedekind’s Lemma
gives

N=MZNN=M(ZNN)

Let E := E(G). Then HNE < E, and by the previous exercise we can write H N E = MY,
where M is the product of all components contained in HNE, and Y = HN Z(E). Now
Y centralizes C, and since C is not contained in H N E < H, M also centralizes C, so
that

[HNE,C] = [MY,C] ={1}

But [H,C| < [H,E] < HNE, so that [C,H,C] = [H,C,C] = {1}. By the Three Subgroups
Lemma, we have
[C,H] = [C,C, H] = {1}

using the fact that C is perfect.

Suppose C is a component of G not contained in H. By the previous exercise, [C, H] =1
and thus C < Cg(H) < H, a contradiction. So every component of G is contained in H,
meaning E(G) < H.

First note that the X" are precisely the minimal normal subgroups of N. Since G is acting
via automorphisms, it certainly preserves the set of minimal normal subgroups, so G does
indeed act on X. Suppose YV C X is an orbit of G acting via conjugation. Then if we

define
M=]]K
Key
we have that M <1 N is preserved by the action of G, so that M <1 G. Since N is a minimal nor-
mal subgroup of G, we must have M = N. Note that, as mentioned in the problem, both N
and M are direct products of X and ), respectively. Since all elements of X have non-trivial
order, and |M| = |N|, it must be that ) = X, and G acts transitively.
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First consider the case G is Abelian. If the prime p divides |G|, then a Sylow p-subgroup
of G is characteristic, so G is a p-group. Then ®(G) < G is characteristic, hence trivial. This
shows G is an elementary Abelian p-group, so a direct product of cyclic groups of order p.
Thus the problem statement holds true when G is Abelian.

Now suppose G is non-Abelian. Let H := G x Aut(G). If N < G is normal in H, then it
is invariant under the action of Aut(G), and hence is characteristic. This implies N = {1}
or N = G, so G is a non-Abelian minimal normal subgroup of H. G is semisimple, and so is
a direct product over &, its set of minimal normal subgroups, all of which are non-Abelian
simple. By the previous problem, H acts transitively on X" via conjugation, and thus every
element of & is isomorphic.

98

Let T := Cg(S). Note that TN S < Z(S) = 1. If g € G, then it induces an automorphism of
S <1 G, so by completeness there exists s € S acting the same way. Then s !¢ € T, and thus
g € ST. We've thus shown G =S5 x T.

Suppose G < G; for i > 1. Then for & € G;, conjugation by a would induce an au-
tomorphism of G. Thus there is an element B € G, acting the same way, so that a !
centralizes G. By Lemma 9.12, this implies &« = B € G, so that G; = G,. Note this prob-
lem can be rephrased as: if G is centerless and characteristic in Aut(G), then Aut(G) is
complete.

We will apply the previous problem, and to do so we need to show that Z(G) = 1 and
that G is characteristic in A := Aut(G). G is the direct product of non-Abelian simple
groups, so of course Z(G) = 1. Let N < G be a minimal normal subgroup of G, so it is
non-Abelian simple. Then N is subnormal in A, and by Lemma 9.17 we see that N 4 s
a minimal normal subgroup of A, and N is contained in the socle of A. Since G is the
direct product of its minimal normal subgroups, we have G contained in the socle of A. If
M <1 A was a minimal normal subgroup not contained in G, then it would commute with
N4 < G for all such minimal normal subgroups N < G, implying that M centralized G.
But C4(G) = {1} by Lemma 9.11(c), and this contradicts M being non-trivial. So we see
that all minimal normal subgroups of A are contained in G, and hence G is the socle of A.
This is clearly characteristic, so we're done.

Let D be the dihedral group of order 2n, with n odd, and C <1 D the cyclic subgroup
generated by c. Note that C = D’ so that C is characteristic in D. If 1 € D \ C is an involution,
then ¢! = ¢! # ¢ (because n is odd), so C N Z(D) = {1}. Since ¢ could be any element of
D\ C, we see that no involutions are in Z(D), so it is trivial. Thus we can consider D as a
normal subgroup of Aut(D). Because C = D’, it is normal in Aut(D). Now if « € Aut(D)
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centralized C, then we could write (* = «c* for some 0 < k < n. Because 7 is odd, we can
solve 2r = k (mod n), and then

c i = 1 = ik

Thus « and ¢" € Aut(D) act the same way on D, and thus &« = ¢". This shows the
centralizer of C is contained in C, and thus Cpyyp)(C) = C. By Lemma 9.14, we have
| Aut(D)| < [C[ - [ Aut(C)].

Now let H := C x Aut(C) be the holomorph of C. We can consider D < H, where
1 € Aut(C) is the inversion map, so that D = (C, ). Now H/C = Aut(C) is Abelian, so
D/Cisnormal in H/C, implying D < H. If h € H centralized D, then it would centralize C,
and thus its image in H/C would be trivial. But then & € Cy(D) N D = Z(D) = 1. By the
N/C theorem, we have an injective homomorphism H — Aut(D). But

[H| = |C|- | Aut(C)| > | Aut(D)|

So this map is an isomorphism, and H = Aut(D). Note this impies Z(H) = 1 because
Z(D) =1.

Finally, let A := Aut(H), and identify H < A with the inner automorphisms. We show
that H = A, so that the automorphism tower of D has at most two groups, namely D and
H. [When n = 3 then H = D = S3.] Because H/C is Abelian, and C = D’ is contained
in H’, we have C = H’ is characteristic in H, hence normal in A. Choose « € A, and note
it induces an automorphism on C. There is thus € Aut(C) < H such that af € C4(C).
Then *P € H acts by inversion on C, exactly as ¢ does, and thus

P ecy(Ci=CicD

Thus D*f = D, and so we can find h € H = Aut(D) with aBh centralizing D. But Lemma
9.12 shows C4(D) = {1}, and thus « = (Bh)~! € H. Since « € A was arbitrary, we've
successfully shown H = A.

There is another way to approach this problem, without giving the exact structure of
Aut(D). We again write H := Aut(D) and A := Aut(H). Our goal is to show D is normal
in A, so that by [9B.2] we have H = A as above. Since C = D/, it is characteristic in D,
so normal in H. In the first paragraph we showed Cy(C) = C, so the N/C theorem gives
an injective mapping H/C — Aut(C). But Aut(C) is Abelian, so H' < C = D' < H’, and
we have C = H' is characteristic in H, hence normal in A. For a € A, we have that for
ceC

TN — (Cz)oc — (C—l)a — (Ca)—l
Thus (* is acting by inversion on C* = C, so that [«, (] = 1% centralizes C. But then
[Dé,l] € HNCy(C) =Cy(C)=C

So that i* € (C,1) = D. Thus « € Ny(D), and since « was arbitrary, we have D < A as
desired.
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Since A/ (A N G®) is isomorphic to a subgroup of the nilpotent group G/G®, it is also
nilpotent, showing that A® < G*; similar reasoning works for B*, so that we always have
A®B® < G™. If A = G or B = G, clearly this is an equality, so we can assume throughout
that A and B are proper subnormal subgroups of G, and we work to show G* < A®B%.
First we handle the case where both A and B are normal in G. Then A®B*® < G, and in
the quotient we have G = A B. Both subgroups on the right-hand side are quotients of
nilpotent groups, hence nilpotent; this shows Gis nilpotent as well, and thus G* < A*B%,
as desired.

Now we work via induction on |G|. Choose proper normal subgroups A < M <1 G and
B < N <G. Note that G = MN and by the previous paragraph we have G* = M*N®. But
Dedekind’s Lemma shows M = A(B N M), and both of those are subnormal in M. Since
|M| < |G|, induction shows
M* = A®(BNM)*

Note that (BN M)® < B*, so that (BN M)®B® = B®. Now M® <G, and thus M®B® =
A®B® is a subgroup containing M*. Similarly, N® is contained in B*A%* = A*B%, and
thus

G® = M®N® < A®B®

9C

First, suppose K < H in the context of Theorem 9.24. Then D = H N K = K, and no non-
trivial subgroup of K is normal in H. Then M =1, so U,V < M are also trivial, which is
what we're trying to show here. Thus we can assume that neither H nor K contain the other
group, and in particular that both H and K are proper subgroups of G.

Suppose that U > 1 and V > 1 are both non-trivial. Then H = Ng(U) and K = Ng(V)
by the hypotheses of Theorem 9.24. By the conclusion of that theorem, either U or V is
a non-trivial p-group; without loss of generality we assume it is U. Then U is subnormal
and nilpotent, so U < F(G), implying that 1 < U < O,(G), and thus Z := Z(0,(G))
is non-trivial. But then Z centralizes U, so Z < Ng(U) = H. If V is a p-group, then
V < Oy(G) as well, so that Z < Ng(V) = K. If V is not a p-group, then OF(V) > 1, and
by Corollary 9.27 we have that Z normalizes OF (V) because V is subnormal. But again,
the hypotheses of Theorem 9.24 imply K = Ng(OF(V)), so that Z < K in this case as
well.

We’ve thus shown that Z < HNK = D isnormal in G, and that contradicts the hypotheses
of Theorem 9.24. Thus it must be that U =1 or V = 1.

Write G for G/OP(G), and we'll use the overbar as the homomorphism to this quotient
group. Then A and B are p-groups, so we have OP(A) and OP(B) are both contained
in OP(G). Thus we always have O?(A)OF(B) < OF(G), and we're trying to show the
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reverse containment. Note this is trivial if A = G or B = G, so we assume both are proper
subgroups.

If A and B are both normal in G, then so is O (A)OP(B), and now using overbar for the
homomorphism G — G/ (OP(A)OP(B)), we see that G = A B is a product of two (normal) p-
groups, hence also a p-group. Thus OF(G) < OP(A)OP(B), as desired.

We finish via induction on |G|. Choose normal subgroups A < M <G and B < N<G.
By the previous paragraph, we have O (G) = OF(M)OP(N). By Dedekind’s Lemma we
have M = A(B N M), and both of those are subnormal subgroups of M. By induction
then

OP(M) = OP(A)OP(BN M)
The first paragraph showed O (BN M) < OF(B). Since OP (M) is normal in G, we have that
OP(M)OP(B) = OP(A)OPF(B) is a subgroup of G containing OP (M). Similarly, we see that
OF(N) is contained in O (B)OF(A) = OP(A)OF(B). We thus have

OP(G) = OF(M)OP(N) < OP(A)OF(B)

We let G be a minimal counterexample, so that G = (A, B) and yet G # AB. Our contra-
diction will be in showing AB is a subgroup. We let N <t G be a minimal normal subgroup,
which is proper since A and B are subnormal proper subgroups.

(a) Write G for the group G/N, and use the overbar for the homomorphism. Then G is
generated by the subnormal subgroups A and B. Since G is a minimal counterexample
and |G| < |G|, we see that G = A B, meaning that

G = (AN)(BN) = (AN)(NB) = ANB

(b) By Theorem 2.6, N normalizes both A and B. Thus NN A and N N B are normal
subgroups of N, so their product is a subgroup. Obviously B normalizes N N B, and
if b € Band x € (NN A), the fact that B and N normalize each other shows

[x,b] € [N,B] < NNB

Thus x* € x(NNB) € (NN A)(NNB). This shows B normalizes (NN A)(N N B).
Similar arguments show A does as well.

(c) The previous part shows G = (A, B) normalizes (N N A)(N N B) < N. By minimality,
either this product is trivial, or N itself. But the latter cannot be true, since then by
part (a) we’d have

G=ANB=A(NNA)(NNB)B= AB

Thus (NN A)(NNB) = {1}, so each factor is trivial. But N and A normalize each
other, so [N, A] < NN A = {1}, showing N centralizes A; similarly N centralizes B.
From G = (A, B) we see N < Z(G), and minimality implies N has prime order; call
that prime p.

90



[9D.1]

[9D.z2]

[9D.3]

[9D 4]

9D

(d) Because [A : A’] and [B : B'] are coprime, p does not divide one of these; say p does
not divide [B : B]. Note that if O (B) < B, then B/OF(B) would be a non-trivial p-
group, which would have a non-trivial Abelianization. There would thus be a normal
subgroup OF(B) < M < B such that B/ M was an Abelian p-group. But then B’ < M
and we’d have [B : B'] divisible by [B : M], a power of p. This contradiction shows
OF(B) = B. From the previous problem we have

OF(G) = OP(A)OP(B) = OP(A)B

(e) Because OF(G) is normal in G, AOP(G) is a subgroup of G. But from the previous
part
AOP(G) = AOF(A)B = AB

This contradicts AB not being a subgroup, and thus our minimal counterexample G
does not exist.

9D

Let S be all subnormal subgroups of G contained in X. Then L := (S) is subnormal (as
a join of subnormal subgroups), and is contained in X. This is clearly the unique largest
one, since S € § implies S < L. To see L is normal in X, note that for x € X and S € S,
§* is subnormal in G and is contained in X* = X, and thus S* € S. This shows X acts by
permutations on S via conjugation, and thus preserves the subgroup generated by S; that
is, L < X.

Let X be the set of strong conjugates of X in G. For x € X, A* is the set of strong conju-
gates of X* = X. This shows X acts by permutations on X’ via conjugation, and thus X fixes
their intersection. Since X € X, we see L < X is a normal subgroup.

Now if K < G is a strong conjugate of L, then we can write K = L8 with g in (L, L8) <
(X, X8). This shows X$ is strongly conjugate to X, so that L < X$. Since K is also contained
in X8, we see that L is conjugate to K within X8. But K = L3 is normal in X¢, and thus
L = K. Since L is only strongly conjugate to itself within G, it must be subnormal (by
Bartels’s theorem or [2A.10]).

Let G = Sy and let X = ((1234)) be a cyclic subgroup of order 4. Now O,(G) = O,(Ay4)
is an elementary Abelian group of order 4, and thus X £ O,(G). However, (13)(24) is
contained in both X and O,(G), so we see that S := {1, (13)(24) } must be the subnormal
core of X (here we are using that X is a 2-group, and thus every subgroup of X that is
subnormal in G must be contained in O,(G)). But X is the only cyclic subgroup of order

4 containing (13)(24), and thus S is not the intersection of any collection of conjugates of
X.

We call S < G weakly subnormal if SN P is a Sylow subgroup of S for every Sylow
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subgroup P < G. Note that if S < H < G, then S is also weakly subnormal in H. To see
this, let Q < H be a Sylow subgroup, and choose a Sylow subgroup P of G containing Q.
Then

QNS=(HNP)NS=HN(PNS)=PNS

is a Sylow subgroup of S. Also, if K < S is subnormal in S, then K is weakly subnormal in
G as well. For if P is a Sylow subgroup of G, then (PN S) is a Sylow subgroup of S, so that
PNSNK = PNKisa Sylow subgroup of K by Lemma 9.31.

Now assume that S < G is weakly subnormal, but not subnormal. We choose the pair
(G, S) such that |G| + |S| is minimized. We let N be a minimal normal subgroup of G.
We want to show G is simple; equivalently, that N = G. Now if S < N, then S is weakly
subnormal in N, and |N| < |G| would imply S is subnormal in N. But then S is subnormal
in G, a contradiction. So S < N implies N = G. We thus will assume S £ N and reach a
contradiction.

Write G := G/N and use the overbar to denote the canonical homomorphism. All Sylow
subgroups of G look like P for a Sylow subgroup P < G by [1B.5]. Then

PNS<PNS

By hypothesis, the left-hand side is a Sylow subgroup of S, and thus we have equality and
P NS is a Sylow subgroup of S. Thus S is weakly subnormal in G, and since |[N| > 1, we
then have that S is subnormal in G. This of course means that SN is subnormal in G. If
SN < G then §, being weakly subnormal in SN, would be subnormal in SN, implying it is
subnormal in G. This contradiction shows we must have G = SN.

But then S N N, as a normal subgroup of S, is weakly subnormal by the first paragraph.
Since we're assuming S £ N, we know |SNN| < |S|, so SN N is subnormal in G. It is
thus normalized by the minimal subgroup N, and is hence normal in SN = G. Since N
is minimal normal, we have SN N = 1 or SN N = N. The latter implies G = SN = S,
which is obviously subnormal, so we must be in the case SN N = 1. Then G is really the
semidirect product N % S. This decomposition works for any minimal normal subgroup of
G. In particular, if 1 < M < S was minimal normal in G, we would have G = MS = §, a
contradiction. So S contains no non-trivial normal subgroups of G.

Choose a prime p dividing |S|, and let Q be a Sylow p-subgroup of S. Note that O,(N) =
1 or Op(N) = N. In the latter case, replace p by another prime dividing |S|; this exists
because otherwise G = SN is a p-group, where every subgroup is subnormal, and that is
a contradiction. If R is a Sylow p-subgroup of QN, then order considerations show R is
a Sylow p-subgroup of G (since |G| = |[N] - |S|). Then RN S is a Sylow p-subgroup of S,
but
RNS<QNNS=Q(NNS)=Q

Thus Q is contained in every Sylow p-subgroup of QN, meaning that Q < O,(QN). Since
Op(QN) is a p-group, we see that Q is subnormal in QN. From [9C.2] we then have
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that
Op(QN) = 0,(Q)0y(N) = Q
So N < QN normalizes Q. But then [Q,N] < QNN < SNN = {1}. Thus Q < Cg(N). But

Cs(N) is normal in S, and is of course normalized by N, so Cs(N) <t G. From the previous
paragraph, we have Cs(N) = {1}, and this is our final contradiction.

So we’ve shown G is simple. Since all subgroups are (sub)normal in an Abelian group, G
must be non-Abelian. If 1 < M <5, then from the first paragraph M is weakly subnormal in
G, so that if M < S we would have M subnormal in G. But G is simple, so this is impossible.
Then M = S and we see S is simple as well. If S was Abelian, it would be of order p for
some prime p. Then by hypothesis S would be contained in every Sylow p-subgroup of G,
implying O,(G) > 1. Thus we must have that S is non-Abelian as well.

10A

Assume the result is false, and let P be a non-Abelian regular 2-group such that |P| is
minimized. We reach a contradiction to show the result is true.

First note that quotients of regular groups are regular. To see this, let P be a quotient of
P, and let X,y € P, with x,y € P. If we write H := (x, y), then by the regularity of P there is
an element ¢ € [H, H| with (xy)? = xPyPc?. But H = (x,¥), and ¢ € [H, H| = [H, H]. Since
(xy)? = xPyPcP in P, we see P is regular.

Back to our minimal counterexample P. If N is any non-trivial normal subgroup of P,
then P/N is regular, and from |P/N| < |P| we see that P/N is Abelian. In particular,
P’ < N. If we take N < Z(P) of order 2, this shows |P’| < 2. Since P is non-Abelian, we
have P’ of order 2. But then, for x,y € P, regularity implies

(xy)z — x2y2c2 — x2y2

where the last equality follows because ¢ € P’ has order dividing |P’| = 2. But this equation
shows

yx =2y =T (Y)Y =y
Thus P is actually Abelian, and that’s our contradiction.

Assume the result is false, and let P be a regular p-group where K(P) = {x € P | x = 1}
is not a subgroup. Choose P such that |P| is minimized over all counterexamples. We will
reach a contradiction, establishing the result is true.

First, note that subgroups of regular groups are regular. This follows because if x,y &
H < P, then (x,y) < H as well, showing that there exists ¢ € (x,y)" with (xy)P = xPyPc?.
The minimality of |P| then means that K(H) is a subgroup of H for all proper subgroups
H <P.
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Let x € K(P). Then for any y € P, we have that x and x¥ are contained in a proper
subgroup of P; to see this, note that if x € M for a maximal subgroup M < P, then
x¥ € M as well. So the only way this can fail is if x is contained in no maximal subgroup,
implying P = (x) is cyclic, in which case K(P) is clearly a subgroup. Thus we have
x,x¥ € H < P, and since x,x¥ € K(H), we have that [x,y] = x 'Y € K(H) as well. Thus
all such commutators have order p, and thus all belong to K(P’), which is a subgroup since
P’ < P.

Now let x,y € K(P). If L := (x,y) < P, then x,y € K(L), and since it’s a subgroup,
we have xy € K(L), so that (xy)? = 1 and thus xy € K(P). Since we're assuming K(P)
is not a subgroup, we must have x,y € K(P) with P = (x,y), and (xy)? # 1. By the
previous paragraph establishing K(P’) as a subgroup, and the commutator identity [ab, c] =
[a,c]b[b, c], we see that all commutators in P are of order p, so that P’ = K(P’). But then by
regularity we have ¢ € P’ with

1 # (xy)P = xPyPcl =P =1

where the last equality follows from ¢ € P’ = K(P'). This is our contradiction.

By hypothesis, we can write A = Z(P) x Q for a subgroup Q < A. [10A.5] shows that P
is isomorphic to a subgroup of H := C, ! C,. Now note that P’ < H’, which is elementary
Abelian. Lemma 4.6 says

P2 A/(ANZ(P)) = A/Z(P) = Q

Thus Q is elementary Abelian, and so is A.

Let Qs = (i,j) and C; = {(c). Then ®(P) = P’ = (i?) and Z := Z(P) = (i%,c). In
particular, note that [Z : P'] = 2. Since |P| = 16 and Dg = C; ! C; has order 8, we can show
P doesn’t have Dg as a quotient by looking at P/M for all normal sugroups M of order 2.
This means M < Z(P), and we see

e P/P’is Abelian, so not isomorphic to Dg;
* P/Cy = Qg is not isomorphic to Dg;
e P/(i%c) has a unique element of order 2, so is not isomorphic to Ds.

Thus P does not have Dg as a quotient, so by Yoshida’s Transfer theorem, N := Ng(P) < G
controls 2-transfer. Thus, to show G’ < G, it is enough to show that A>(N) < N. The
benefit of shifting to N is that P <t N.

By the Schur-Zassenhaus theorem, we can find a complement H < N to P, so that
N = PH and |H| is coprime to p. If ph € PH and g € P, then commutator identities and
the fact P’ << N show

[ph,q] = [p.q]"[n,q] € P'[H, P]
If F < P is the focal subgroup of P in N, then the above shows F = P'[H, P]. By the Focal
Subgroup theorem, if we can show F < P, then AP(N) < N.
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Now we look at H acting on P := P/P’, an elementary Abelian group of order 8. Since
Z has order 2 and is characteristic, H fixes Z, and thus fixes it pointwise. This shows
1 < Z < Cp(H). But we can write P = C3(H) X [H, P] by Theorem 4.34, and thus we must
have [H, P] is a proper subgroup. Then

F=[H,P]=[HP] <P

so that F is a proper subgroup of P, as desired.

Suppose N < Q is a non-trivial normal subgroup of P. Then since P is a p-group we
have
1<NNZP)=NNQNZ(P)<QNZ({P) =1

This contradiction shows N must be trivial, so that Q is core-free in P. The action of P on
the cosets of Q then gives an embedding of P into 5,2. Then P is contained in a Sylow
p-subgroup of S 2, which is C, 1 Cp.

Let H be the point stabilizer of & € (2. First suppose G is 2-transitive, and pick a
g € G\ H with a - ¢ = B. Now pick any element x € G. If x fixes «, then x € H. Otherwise,
let a - x = 7y (where we allow B = ). Since H is transitive on 2 \ {a}, pick an h € H with
v -h = B. Then
a-(xhg™l) =7 (hg™!) =g =
Thus xhg™! € H, so x € HgH. Because x € G was arbitrary, we have established that
G=HUHgH.

Conversely, suppose G = HU HgH. If ¢ € H, then G = H which is nonsensical as G is
transitive, and 2-transitivity only makes sense when |(2| > 1. So let « - ¢ = B. Let v # a be
arbitrary, and pick an x € G with a - x = 7. Then x € HgH and we can write x = hyghs.
But then

Yy=a-x=ua-(gh) =ua-(ghy) =p-hy
This shows that p and <y are in the same H-orbit. Since v was an arbitrary element in
0O\ {a}, we see that H acts transitively on that set, so G is 2-transitive.

Let x € P\ A be of order p, and y € P\ A have order p?. Then we can write y = xia
for0 <i < panda € A. Since x' also has order p, we can replace x with x' so that y = xa.
Finally, we let T = {x~!,--- ,x~P} be a transversal for A in P.

Let V : P — A be a pre-transfer map. By Lemma 10.6 we can write

V(a) = qxt = (xax Y (x?ax72)... (xPax"P) = (xa)Px P = (xa)?
te

Since xa has order p?, we see V(a) # 1. Since ®(A) = {1}, Lemma 10.7 then shows that
Cp 1 Cp is @ homomorphic image of P.
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Let ¢ € Aut(C) be such that x° = x!'*P. Now, by the binomial theorem, we can
write

p—1 .
gy =14 E () s
i=1

All the binomial coefficients are divisible by p, and of course p > 1, so that we’ve shown
(1+kp™)P =1 (mod p™*1). This fact, together with induction, shows

(14+p)"" =1 (mod p"*)
This implies that |o| divides p"~!, and thus is a power of p. Thus the group P = C x {(0) is
indeed a p-group.

Of course, C<1P and P/C = (o), so P is metacyclic. If y € C is such that y7 = y, then
yP = 1. Since there is a unique subgroup of order p in C, we see that C N Cp(c) has order p.
But

1<CNZ(P)<CNCp(r)

so that CN Z(P) has order p. Theorem 4.7 then shows P has nilpotence class 7.

Write S for the socle of G, and let |E| = p"; we proceed by induction on n. If n = 1, then
E is a minimal normal subgroup of G, so E is contained in S. Now assume it’s true for all
m < n. If E is minimal normal, then again E < S. Otherwise, G acts on E via conjugation,
and this action is equivalent to the one by H := G/Cg(E). If N < E is a minimal normal
subgroup of G, then Maschke’s theorem implies there’s a subgroup K < E which is H-
invariant and E = N x K. Then K < G is elementary Abelian, and |K| < |E|. The inductive
hypothesis implies K < S, and of course N < S, so E = NK < S.

10C

We first define the map 6 : Z|G] — Z[H] by
0 <Z CgS) =) cg¢(8)
geG geG

This is well-defined because G is a Z-basis for Z[G], and it is clearly a homomorphism of
additive groups. If x,y € G we have for m,n € Z

0(mxny) = 6(mnxy) = mng(xy) = mnp(x)P(y) = mp(x)nd(y) = 6(mx)6(ny)

Thus 6 preserves the multiplication, and since 6(1) = ¢(1) = 1, we see that 6 is indeed a
ring homomorphism.
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We let N := ker(¢) and ] := ker(0). Now if z := Y a,n is contained in A(N), then we
have

0(z) =0 (%a;m) = ZNancp(n) = Z;V”” =6(z) =0

Here we've used that ¢(n) = 1 for all n € N. This shows A(N) C ], and since | < Z[G] is
an ideal, we have that A(N)Z[G| and Z[G]A(N) are both contained in J. These are in fact
equal, of course, as shown by

(B) (Be) = (B o)
- £ (Eoen)s (n1g = gn)

g€G \neN

= (Z cgg> <Z anng) (N<G)
geG neN

So to finish, we show that | < A(N)Z[G]. Suppose 7 := } g is in ], so that §(r) = 0.
Now for any h € Im(¢), pick a g, € ¢! (h), which is just a right coset of N. Be-
cause H is a Z-basis for Z[H|, the coefficient of h in 6(r) is zero. But this coefficient

1S
Z Cg = Z Cngy,
gcp1(h) neN

Thus ry, := (Y cng,n)gn € A(N)Z[G]. But G is a disjoint union of these cosets as  iterates
over Im(¢), and we have

r=).c8= ), ) CugN&n= ), (chgh”>8h= X Th

g€eG helm(¢p) nEN helm(p) \neN helm(¢p)

so that r € A(N)Z[G], as desired.

Let p be a prime number, and note that A/pA is a finitely generated Abelian group
where every element has order dividing p. Thus A/pA is a finite elementary Abelian
group, say of order p". Now if {ay,--- ,a,} C A is a Z-basis for A, then {ay,--- ,dy} is
also a generating set for A/pA, so n < m. If there existed integers {c;} with 0 < ¢; < p,
and we could write

Zciﬁi =0

Then up in A that would imply the existence of integers k; such that

Y ciai =) pkia;

Since the {a;} form a Z-basis for A, this implies that ¢; = pk;, and being divisible by p
(plus the bounds for c; established above) implies c¢; = 0. This holds for all 1 <i < m, and
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thus {a;,--- , a4y} is linearly independent in A/pA, so n > m. Thus we have n = m, and
we see that the size of any Z-basis of A is determined by the basis-independent invariant
|A/pAl.

[10C.3] Let h € H. Since 6(1) = 1, and & is invertible, we see that (k) € Z is invertible, so
that 6(h) = +1. Define a map ¢ from U to U by sending u +— é(u)u, and also define
K := y(H). Since this is only potentially changing the sign of elements of H, we see that
K is still a Z-basis of Z[G]. Also, for k € K, we can write k = §(h)h for some h € H, and
then
5(k) = 6(6(hW)h) = 5(h)*> =1
All that's left then is to show H = K. Now if ¢(h1) = ¢(hy), then 6(h1)d(hy) ~1hy = hy; since

H is a Z-basis for Z|G] this already implies /1y = hy. Thus 1 is injective on H. Once we show
1 is a group homomorphism, we will then be done. For that we have

P(uv) = 6(uv)uv = 6(u)d(v)uv = é(u)ud(v)v = P(u)P(v)

[10C.4] By the previous exercise, we can assume that H is such that §(h) = 1 forall h € H. Let
I := A(G) be the kernel of the augmentation homomorphism. Then 7 —1 € [ for allh € H,
and we define a map 6 : H — I by setting 6(h) = h — 1. We compose it with the canonical
map [ — /1% to get a map ¢(h) = h — 1. To see this is a homomorphism (where I/I? is an
Abelian group under addition), we have

O(hk) = (hk—1) = (h—1D)+ (k-1 +(h—-1)(k—=1)=(h—-1)+(k—1) =0(h)+6(k) (mod I?)

Thus ¢(hk) = ¢(h) + ¢(k). Since H is a Z-basis, for x € I we can write x = }_c,h. But

then
0=05(x)=)_cd(h) =) o
heH heH

Thus we can also write x = Y c;(h — 1), showing x € 6(H). So ¢ is surjective, and by
Theorem 10.20 we know that I/12 = G/G'. So we will be done if we can show ker(¢) = H'.
Clearly H' < ker(¢); we show the reverse containment. We write H* := H \ {1}. Now
the set {(h—1) | h € H*} spans I from what was shown above, and is also Z-linearly
independent because H is a Z-basis. Thus {(h — 1) | h € H*} is a Z-basis for I, and we
can define an Abelian group homomorphism ¢ : I — H/H’ by sending (h — 1) — H'h. We
have that

W((h—=1)(k—=1)) = ((hk—1) = (h—1) — (k—=1)) = H'(hk)H'h 'H'k ' = H'[h L,k 1 = H

Since elements of the form (h — 1)(k — 1) generate I?> as an Abelian group, we see that
I? C ker(ip). Now let i € ker(¢). Then 6(h) € I?, and thus H'h = ¢(0(h)) € ¢(I?) = H'.
This shows h € H' so that ker(¢) < H' and we’re done.

[10C.5] Let e be the coefficient of 1 in a. Then e is the coefficient of g; in g« for all g; € G: to see
this, note that g;¢ = g; implies ¢ = 1. Thus the diagonal elements of M(«) are all e, so the
trace is simply e|G| = ne.
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Define the mapping = : Z[G] — Mat,(Z) by using the definition in the previous
problem: E(x) = M(x). Let M := E(a), N := E(B), and P := E(ap) for a, € Z[G]. We
also let M = {m;;} and similarly for N and P. We then compute that

gi(ap) = (Z mz’jgj) p= Z mij Z nik8k
j=1 j=1 k=1

Thus Py = Yjmjnj. But this is just (MN)y, and so P = MN. That is, E preserves
multiplication (in fact, it is a ring homomorphism). Now assuming that " = 1, we can use
this map to show I = E(a™) = M™; note this means M is an invertible matrix. Viewing
M as a matrix over C, let € be an eigenvalue of M with associated eigenvector w ¢ C".
Then

w = wM" = we™

Thus €™ = 1, and all eigenvalues of M are mth roots of unity. But if {€1,--- ,€,} are the
eigenvalues of M (counted with multiplicity), we have by the previous problem

|ne| =

Thus |e|] < 1, as desired.
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