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Solutions

Solutions to problems in Isaacs’s Algebra book.

Chapter 1

Let G be a transitive Abelian permutation group. If it’s not regular, then there’s a point
x € X with two distinct elements ¢, h € G with xg = xh. Then gh~! fixes x. For any y € X,
let k € G be such that xk = y. Then

y(gh™") = xk(gh™") = x(gh Nk =xk =y

where we’ve used that G is Abelian. Thus ¢h~! fixes every point of X, and so is the identity:
g = h. This contradiction shows G is regular.

We have to show each 7, and [, is a bijection on G. But this is obvious, as

Also, (8)rxry = (8)rxy and (g)Ixly = (8)lyx, so function composition is an binary operation
for R and L, with inverses as noted above. Both r; and [; serve as the identity. Thus both R
and L are permutation groups on the set G. The maps

x =1y — (1)ry

Yy — ly_l — [(1)ly_1]_1

give the required isomorphisms with G.

Letl, € L,and ry € R and ¢ € G be arbitrary. Then of course

(8)7’ny = Yygx = (g)lyrx

Now let f be an arbitrary permutation of G that commutes with all R, and let y = (1)f.
Then note that

() f = (Wref = (V) fre = yx
and thus f =1,
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(a) We work with the set X = {1,2,3}, and define G = {f, g} where

(f(1),£(2),f(3)) = (1,1,3)
(8(1),8(2),8(3)) = (3,3,1)

Then f?> = ¢*> = f, and fg = ¢ = g¢f. So G is a group, but neither element is a
permutation.

(b) Let h € G be an injective function. We want to show all elements of G are injective
and surjective. If e € G is serving as the identity, then he = h = eh and the fact that
h is injective implies e is injective as well. But because ¢? = e, ¢ must be surjective
too: if x & e(X), then from e(x) € e(X) = ¢?(X), there’s a y # x with y € ¢(X) and
e(y) = e(x), contradicting injectivity. Finally, for any ¢ € G, we have gg! = e = ¢~ ¢
and so each ¢ must also be injective and surjective.

Flipping, then rotating clockwise, is the same as rotating counterclockwise, then flipping.
This is exactly the statement trt = r~1 since t = t~ 1. If n is odd, then r % = trkt =k is
impossible, since it implies 2k divides n. Likewise, t7* can’t be centralized by t, since that’s
equivalent to rk being centralized by t. Thus no element of D,, is centralized by t, so the
group has trivial center.

D4 has an element of order 6, as is easy to verify (thinking of it as the symmetries of a
regular 12-gon). However, the rotation group of the cube has no element of order 6. Every
rotation is through an axis, and that axis can go through a side or a diagonal. The former
has order dividing 4, while the latter has order dividing 3.

An element ¢ € GL(n,q) takes a fixed basis to a basis, and it uniquely determined (by
linearity) by which basis. So if {¢;} is the standard basis, then there are (4" — 1) choices for
where to send e; [everything but 0]. g(e;) generates a subspace of order g, and to preserve
linear independence, g(ep) cannot be in this subspace. Thus there are 4" — g choices for
where to send e;. Similar reasoning shows there are g" — qi choices for where to send ¢; 1,
once {g(e1),...,g(e;)} have been chosen. Thus the number of bases, and hence the number
of elements of GL(n,q), is given by

N
[
—_

(7" —q)
=0
We have
(ab)? =1
abab =1
ab=b"1g71
ab = ba

Where the last line follows because b and a are involutions too.



Chapter 2

[1.9] Here is the multiplication table:
1 (i |j |k |=1|—i|—j|—k
1 /1 i |j |k |-1|—=i|—j|—k
i i | =1|k |—j|—=i|1 |—=k]|j
ol | —=k|-1|i |—j|k |1 |—i
k |k |j |—=i|-1|—-k|—j|i |1

1
=ik |1 | =i|j | —k|-1]i
k| —k|—j|i |1 |k |]

The above table shows we have an identity (1), as well as that composition is closed, and
each element has an inverse (every row and column has a 1 in it). Associativity is a tedious
check, but it works. Thus Qg is a group. The only nontrivial element that squares to the
identity above is —1, so it is the unique involution.

Chapter 2

[2.1]  This is obvious if H < K or K < H. But this has to be the case: otherwise, let h € H \ K
and k € K\ H. Then if hk € H, we have k € H; similarly if hk € K. So hk ¢ HUK = G,
which is absurd.

[2.2] Choose the three elements x, y, xy. If x commutes with y we’re done. If x commutes with
xy, then xy € Cg(x), so that y € Cg(x), and x and y commute. Similarly if y commutes
with xy. So in all cases, x commutes with y. Since there were arbitrary elements of G, it is
an Abelian group.

[2.3]

(a) Because ¢ is an automorphism, we have

yly t=o(x)e(y) =o(xy) =y 'x7!

And this is equivalent to xy = yx, so G is Abelian.
(b) Consider the mapping x — x~!¢(x). This map is injective: otherwise,
xlo(x) =y lo(y)
yx ! = o(y)o(x)
= o(yx)

-1
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Since 0 (z) # z for all z # 1 in G, it must be that y = x. So we have an injective map
on a finite group G, which is therefore surjective as well. Then for any ¢ € G, we can
write it as x "1o(x) for some x € G, and we see that

o(g) = U(xila(x)) — (T(x)*lx

Here we're using 0> = 1. This shows that ¢(g) = ¢~ !, and so by part (a) G is Abelian.

Take an element g # 1 in G, then we must have (¢) = G since G is the only non-trivial
subgroup. If ¢ has order m, then for any prime p dividing m, (g7) is a proper subgroup, so
that ¢ =1 and G has order p.

Take a g € G\ M, so that (§) = G. If ¢ has order m, then for any prime p dividing m,
we have that (¢"/?) is a subgroup of index p, hence maximal by Lagrange’s theorem. Since
there is only one maximal subgroup M, there is only one possibility for [G : M], so there is
only one prime dividing m.

Let g € G\ H. Then {H,gH} are the left cosets, where ¢H contains all elements of G not
in H. Similarly {H, Hg} is the set of right cosets, and Hg contains all elements of G \ H. It
must then be that gH = Hg and so by theorem 2.25(iii) H is normal.

If x is a non-generator for G, then for any maximal subgroup M < G, it must be that
(x, M) # G, since otherwise we would have (M) = G, which is absurd. Since M <
(x, M) < G, we then have that (x, M) = M and x € M. Since M was arbitrary, x €
P (G).

Conversely, let x € @(G). Suppose S is a subset of G with (x,S) = G, but (S) . Then

(5) # G
(S) < M for some maximal subgroup of M, which also contains x, so (x,S) < M # G. This
contradiction shows (S) = G, and x is thus a non-generator.

(a) Let T be a traversal for H in G. For every s € S, define t; € T as the element where
s € Ht,, and replace each such t; with s. This is still a transversal, since if s1, s, both
mapped to f;, then s1s, l'¢ HNK, and because S is a transversal for HN K in K, we
would have s; = s5.

(b) If T = S then G C HS C HK, so G = HK. Conversely, let t € T be given by t = hk.
Then there’'sans € S C T where k = h='t € (HNK)s. Then st~! € H, and since T is
a transversal, t = s. But t was arbitrary, so T = S.

(c) This is a combination of the above two parts, since [K: HNK] = |S| and [G : H| = |T|.
Note we need [G : H] finite, so that T (and thus S) are finite, allowing |S| = |T| to
imply S =T.

(d) If G = HK is finite, then from the previous part we have

Gl _ K
H] ~ [HNK]
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and our desired formula holds by multiplying both sides of this by |H].
[2.9] For | € L we have

HICK < e HK=K < le€LNK
So HLNK = H(LNK).
[2.10] Assume that |H| > |K| > |L|. Note that none of these three groups is contained in the

other two, because of [2.1]. Suppose [G : H| > 3, so that |H| < 1|G|. Then we would
have

G| < [H[ + [K| +[L[ -1

_l6l, gl , 16l
3 3 3
<G|

which is absurd. Here we are using that H is the biggest of the three subgroups. So we have
|G : H] = 2. By [2.6] H is normal, and thus by Corollary 2.28 HK is a subgroup of G, with

H < HK < G. Thus G = HK, and by part (c) of [2.8] we have [K : HN K] = 2, meaning
|K\ H| = |K|, and all of this holds for L as well. Then we have

G| < |H|+[K\ H|+|L\ H]
= 2/Gl +3K] + 3L
G| < K| +[L]
And since |L| < |K|< 3|G|, we must have equality throughout, so that
L] = K| = |H| = 5IG|

[2.11] We have

(G:HNK] =[G: H|[H: HNK]
—[G:K|[K: HNK]
]

By the gcd condition, we must have [G : H] dividing [K : H N K]. By part (c) of [2.8] then,
we must have [G : H] = [K: HN K] so that G = HK.

[2.12]
(a)
[ y)[y, x] = x Ty ayy I lyx =1
(b)
[xy, 8] =y 'x'g xyg
=y 'x g N agyy g ayg

=y (g )y (v g yg)
=[x, &y, 8]
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(©)

oy Lzl =y L x)z  xy 2y

= xilyflxzflelyxyflzy
— ¥ (xz) yxz!
Writing all three of these out then we have

1 1 X —x(

y~* (xz) " hyx[2 27V (yx) Ty [t (2y) Tazyt =

(@) If H C Cg(K), then for any h € H and k € K, we have [h,k] = 1. Since these
commutators generate [H, K], we have [H,K] = 1. Conversely, if [H,K] = 1, then
[h,k] =1 for arbitrary h and k, again showing H C Cg(K).

(b) If H C Ng(K), then for any h € H and k € K, we have
k] =k "k e K

which shows [H, K] C K. Conversely, if [H,K] C K, then k~"k € K for any & € H and
k € K, implying k" € K and so H C Ng(K).

(c) By part (b), [H,K] C HNK =1, and so by part (a) we have H C Cg(K).

(a) Since [h,k] = [k,h]~! € [K, H] by [2.12] part (a), we have [H,K] C [K, H]. The same
reasoning shows the reverse containment, so that [H, K] = [K, H].

(b) For g,h € H we have
[h, k)8 = [ng,K][g, k] € [H,K]

where the equality follows from [2.12] part (b). So the arbitrary ¢ € Ng([H,K]), and
thus H normalizes [H, K].

(a) To see 6 is well-defined, let y € Hx, so that y = hx. Then
y 'H=x'"w'H=x"'1H

So 0 is well-defined, and it has a well-defined inverse (by similar reasoning): 0~!(zH) =
Hz L.
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(b) For this to be well-defined, for y € Hx we must have x € yH, which implies y € xH.
Since y was arbitrary, we have Hx C xH,and the reverse containment follows from the
well-definedness of ¢ 1. So every left coset is a right coset, and by Theorem 2.25(iii)
H is normal.

Let ¢ € G generate the quotient G/Z. Then every element of G belongs to some coset
"Z(G), so can be written as "z with z € Z(G). But every element of this form is central,
since it centralized by both Z(G) and g. So G is Abelian.

By Lagrange’s theorem, the only subgroup orders are 1, 2, 4, and 8. The trivial subgroups
are normal, and we shows in [1.9] that there is a unique subgroup of order 2, so that is
normal. Every subgroup of order 4 has index 2, so by [2.6] it is also normal, and that covers
all subgroups.

Let {N1, Ny, ..., N;} be the normal 7t-subgroups of G, arranged by order: |N;| < |Nji1].
Note the cases of r = 0 and r = 1 are trivial. Then N;N; is a normal subgroup of G by
Corollary 2.31, and by [2.8] part (d) applied to N;N,, we have that |[N;N,| divides |N;| - [Ny|,
which is a product of primes in 7. In other words, N;N; is a normal rr-subgroup of G. By
the choice of N, we have

|Nr| < ’NiNr| < ’Nr|

so that N;N, = N,. Since i was arbitrary, N; < N, for all i, and N; is the unique largest
normal 7r-subgroup of G.

As in the hint, taking B = C in Theorem 2.11 gives ¢(n) automorphisms of C with
itself. If a and B are two automorphisms, with C = (g), then we have a(g) = ¢” and
a(g) = g’ for some integers a and b, and these completely determine the automorphism.
Finally,

gtxﬁ — gab — gba — gﬁtx

so aff = B and Aut(C) is Abelian.

Let C be cyclic of order n. Then for any divisor d of 1, there is exactly one subgroup of
order d in C, and it has ¢(d) generators. Every element of C has order a divisor of 7, so this

gives a partition of C, and
n=|C| =) ¢(d)
dn

Because A is Abelian, AN H < A, since all subgroups of A are normal. Because H
normalizes both A and H, it also normalizes A N H. Thus both A and H are in Ng(A N H),
and then so is G = AH, meaning AN H < G.

Let H= {x+0b | b € Z}, which is a subgroup (isomorphic to Z). Let g be the element
x +— 2x. Then we have
§ 'Hg={x+20|beZ}

which is a proper subgroup of H (it misses x — x 4 1 for example).
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Define ¢ : G — Aut(G) by ¢(g)(x) = x8. This is a homomorphism, and the kernel is Z(G).
So we get the inner automorphisms are isomorphic to G/Z(G). By [2.16], it’s not possible
for G/Z(G) to be a nontrivial cyclic group.

Suppose G/Z(G) = Qg. Note that Qg has two cyclic subgroups of index 2, and hence
by [2.16] G has two Abelian subgroups A and B of index 2, both of which are then normal.
Their intersection AN B = N is a normal subgroup of index 4 in G; since it is centralized
by both A and B and G = AB, we see that N < Z(G), contradicting [G : Z(G)] =

8.

(a)

(b)

(a)

(b)

(a)

(b)

Let K be the kernel of ¢. Then
9(C) : ¢(H)] = [G/K : H/(HNK)] = [G/K: HK/K] = [G : HK]

and since [G : H] = [G : HK][HK : K], we have that [¢(G) : ¢(H)] divides [G : H].

(p(H)| = [H : (HNK)] by the above, and this is a divisor of |H|.

By part (a) of [3.3], we have that [¢(G) : ¢(H)] divides [G : H], and thus is a 7’
number. By part (b) of the same exercise, |¢p(H)| divides |H|, and so is a 77 number.
Thus ¢(H) is a Hall subgroup of ¢(G).

If $(G) is a 7 group, then by part (a) ¢(G) = ¢(H), so by the correspondence theorem
G = HN. Conversely, if G = HN, then ¢(G) = ¢(H), so again by part (a) $(G) isa 7
group.

Suppose N; and N, are normal subgroups of G such that G/N; is a 7t group. Then
[G : Ni] and [N1N; : N;| are 7w numbers, the latter because NN, /N, < G/Nj. By the
diamond theorem then

[G : (N1 N Nz)] == [G : Nl][Nl : N1 N Nz] == [G : Nl][NlNz : Nz]

is a 7t number, so G/ (N; N Ny) is a 7t group. By induction, if {N;} is the finite set of
normal subgroups of G such that G/N; is a 7T group, then G/ N N; is also a 7t group,
and clearly this normal subgroup is the smallest with that property.

Let 6 be a homomorphism to a 7t group. Since 0(G) is a 7t group, then K = ker(6) is
a normal subgroup of G such that G/K is a 7t group. By part (a), we have N < K, so
that

0 =10

where 6 is the canonical projection from G/N to (G/N)/(K/N) = G/K.
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To show this diagram is composed of two diamonds, we need to show X = UNB
and A = UB. For the first we have X = UNV C ANV = B, so that X C UN B. But
UNB C UNV = X, so we have containment in both directions. For the second we already
have UB C A; by Dedekind’s lemma

A=UVNA=UVNA)=UB

We want to show ANV = B and A = UB. If we show the first, we also get the second,
since then
UBC A=UNCUB

To show the first, we have by Dedekind’s lemma
ANV =NUNV=NUNV)=NX=B

Here we use that N is normal to conclude that (N, X) = NX.
Let K = ker(¢). Now if ¢ € Cg(x), we have [x,g] = 1, and thus [¢(x), ¢(g)] = 1, so that
$(Cs(x)) C Cy(p(x)). If instead ¢(g) € Chy(¢(x)), then
[x,g] e KNN =1

so g € Cg(x), and we have containment in both directions: Cg(x) = Cy(¢(x)).

Define a homomorphism ¢ : Ng(H) — Aut(H) by ¢(g)(h) = h8. Then the kernel of this
map is Cg(H), so Ng(H)/Cg(H) is isomorphic to a subgroup of Aut(H).

(a) If G is metabelian, then there is A << G Abelian, with G/A Abelian as well. By
Corollary 3.11, G’ < A, and thus G’ is Abelian, so that G is trivial. Conversely, if G”
is trivial, then G’ is Abelian, and of course G/ G’ is always Abelian, so G is metabelian.

(b) Suppose A <1 G makes G metabelian. Then G/ AK, as a quotient of G/ A, is Abelian,
and AK/K =2 A/(ANK) is Abelian as a quotient of A. Thus G/K is metabelian by
the subgroup AK/K.

(c) Since H' < G’ and thus H” < G” =1, we have by part (a) that H is metabelian.

(a) By [3.9], we have that G/Cg(G") is isomorphic to a subgroup of Aut(G”), which by
[2.19] is Abelian. Thus by Corollary 3.11, G’ < C5(G”) and so G" < Z(G').

(b) If G'/G" is cyclic, then by part (a) and [2.16], G’ is Abelian, so G" = 1.
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Let ¢(x) = h, and let |x| = p™d, where d is relatively prime to p, and |h| is a power
of p. Then ¢(x%) = h? is also a generator of (h), so choose r with 1% = h. Now we
have

(") =h
xdr c <xd>
Since |x?| = p™, we have that x" has p-power order.

We work via induction of |G|, being trivial when G has order 1. Now if G has no proper
nontrivial subgroups, then by [2.4] G has prime order, and any generator will have order p.
Otherwise, let 1 < H < G be a proper nontrivial (normal) subgroup. Since |G| = |H|[G : H],
at least one of H and G/ H has order divisible by p.

If H has order divisible by p, then by induction it has an element of order p, and thus
so does G. If G/ H has order divisible by p, then by induction it has an element of order
p, and then by the previous problem G has an element of p-power order, which then also
implies G has an element of order p.

We work via induction on |G|, being trivial when G has order 1 or when m = 1. Let p be
a prime dividing m, then by the previous problem, G has an element i € G of order p; let
H = (h). Since m/p divides G/ H, by induction G/H has a subgroup M/H of order m/p.
By the correspondence theorem, M < G has order m.

Chapter 4

Let O be the orbits of G, on (2, and let P be the orbits of G on (2 x (2. Define a map
c:0 — P by

o([f]) = [(w B)]

To see this is well-defined, note that if v = Bg for ¢ € G,, then («,B)g = («,7). This is
injective, since if there exists x € G with (&, f)x = (a,7), then x € G, so [B] = [7y]. Finally,
it is surjective: for any (v, ), choose x € G with yx = a. Then

o([6x]) = [(a,6x)] = [(ax™1,8)] = [(,0)]

Let n be the number of orbits of G on (2 x (2. Note that the number of elements ¢ € G
fixes is equal to x(g)?, since there are x(g) choices for each of the two coordinates. By
Cauchy-Frobenius then,

n= % Y x(g)?

If that sum is 2, then G is doubly transitive, because G has at least one orbit contained
in the diagonal A = {(a,a) : « € O}, since (v, a)g = (ag,ag) € A. Soif n = 2, then G

10
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acts transitively on A (so transitively on (2), and then also transitively on 2 x 02\ A, as
desired.

We let K act on the right cosets of H in G. Now HgK is the orbit of K acting on the
element Hg. Since HS is the stabilizer of Hg, we see this orbit has [K : (KN H?)] elements,
each of size |Hg| = |H|, so we get

_ _|HJ[K]

Let C = ¢~ (Cy(¢(g))). Then g € C and and K = ker(¢) < C. Now the conjugacy class
of ¢ in C is contained in Kg, because ¢(c'gc) = ¢(g), since ¢(c) € Cy(¢(g)). Since the
conjugacy class of g in C is bounded by |K|, we then have that

ICa(8)l = [Calg) NCl = [Cc(g)l = [C: K] = |Ch(¢(g))]

There are |G|? different pairs of elements from G. Fixing a first coordinate g, there are
precisely Cg(g) choices for the second coordinate so that the pair commutes. Then the

probability is
k
Co(g 1Cc(9)] | = 7=
e L Cols \Gr<|6\g§ ) G

where we’ve used the Cauchy-Frobenius formula for k.

We let S4 act on the cube by orientation-preserving isometries. Let the side of the cube
facing us be called A, the back be called B, and the four other sides C; through Cy4. First
consider rotation by a quarter turn through the axis formed by A and B, call that map
0. So we have an order 4 subgroup {1,c,0?,0°}. The number of colorings fixed by these
is {n® n3,n*, n3}. Now consider a rotation that takes C; to A, the side facing us. We can
compose that rotation with each of the ¢/, and we see the number of fixed colorings is
{n n?,n%,n}. Finally consider the half turn that takes B to A, and then composing with a
o/. The number of colorings fixed is {n* n3,n* n%}. By the Cauchy-Frobenius formula then,
the number of distinct colorings is

n® + 3n* + 1213 + 8n2
24

We let the cyclic group C = (o) of order r act on the necklace by rotations. For every d
dividing r, rotation by ¢’/ divides the beads into g orbits, so there are n'/* fixed colorings
for that rotation, and this is true for any such element of order 4 in C. By the Cauchy-
Frobenius formula then, together with the the decomposition of a cyclic group based on
element order, the number of distinct necklaces is

% Z¢(d)nr/d

dlr

11
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If we consider coloring each element of (2 with one of x colors, then by the Cauchy-
Frobenius formula, fgn(x) is the number of distinct colorings up to the action of G.
This is clearly an integer. Note that a polynomial that takes integer values on infinitely
many inputs must itself have integer coefficients, and so the NOTE of the problem is also
true.

Let G be a counterexample of minimal possible order. Then for any g ¢ Z(G), we must
have that |Cs(g)| is not divisible by p, otherwise by the minimality of |G| we would have
an element of order p in C5(g). Thus the conjugacy class of ¢ must have order divisible
by p. Since |G| =0 (mod p), the class equation shows |Z(G)| =0 (mod p) as well. Since
Z(G) is Abelian, [3.13] shows Z(G) has an element of order p then, and this contradiction
shows no counterexample exists.

Chapter 5

Let T < N be a Sylow p-subgroup of N, then T < P for some Sylow subgroup P of G. But
P = S8 for some ¢ € G, so that by normality of N,

T=PNN=SNN=5nNNS=(SNN)S

Thus SN N is itself a Sylow subgroup of N.

(a) By [3.3], ¢(P) is a p-subgroup of H, and [H : ¢(P)] is not divisble by p, so ¢(P) is a
Sylow subgroup.

(b) Let L = ¢~ 1(Q), so that [G : L] is not divisible by p. Let P be a Sylow subgroup of L,
which is then a Sylow subgroup of G as well. By part (a), ¢(P) is a Sylow subgroup
of H, contained in Q, so we have ¢(P) = Q.

(c) The previous two parts show that ¢ is a surjective map from the Sylow p-subgroups
of G to those of H.

Let P < H be a Sylow subgroup of H. Then there’s a Sylow subgroup S < G
with
SNH=P
By picking such an S for each P, we get an injective map from the Sylow p-subgroups of H
to those of G.

Let P < H be a Sylow p-subgroup of H, and choose a Sylow subgroup S of G such that
SN H = P. Let x € Z(S) be non-trivial.. Then for y € P nontrivial, we have x € C5(y) C H,
so that S C Cg(x) C H, and thus S = P. So for every prime p dividing |H|, we have that p
does not divide [G : H], and thus |H| and |G : H]| are relatively prime.

Let P be a Sylow p-subgroup of H, and S a Sylow p-subgroup of G with SN H = P. If
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Chapter 5

P # S, then P < Ng(P) < Ng(P) < H, and since Ng(P) is a p-group, this contradicts P
being a Sylow subgroup of H. So P = S.

If p divides |G|, then let Q2 be the set of Sylow p-subgroups of G. P acts on (2, so
that
Q| =|0Q|=1 (mod p)

and thus there’s a fixed Sylow subgroup Q.

If p does not divide |G|, then let g be any prime that does, and let (2 be the set of Sylow
g-subgroups. Because |(2| divides |G|, we have

Q7| =[Q[£0 (mod p)

so there’s a fixed Sylow g-subgroup Q.

Suppose G doesn’t have a normal Sylow p-subgroup. Then n, > p and divides 4, so
since § < p it must be that n, = g°. But we also have 4> = n, = 1 (mod p), so that
p divides g> —1 = (g —1)(q + 1). Again since ¢ < p this implies p = g+ 1, and thus
. =132}

Let N = Ng(P), and suppose ¢ € G normalized N. Then PS8 is a Sylow p-subgroup
of N, and hence P8 = P; this is exactly the condition that ¢ € N. Thus Ng(N) =
N.

We know the case of |G| = p® and |G| = p?q already (Corollary 5.22 and Theorem
5.27). So we can assume p > g > r are distinct primes. Assume G is simple, then 7, > p
must divide gr, and since both g and r are smaller than p, we have n, = qr. There are
thus gr(p — 1) elements of order p in G. Since n; > 1 and g > r, there are at least
r Sylow g-subgroups. That gives at least r(q — 1) elements of order g in G, leaving at
most

par—qr(p—1) —r(g-1) -1=r-1
elements of order r, and that means there is only one Sylow r-subgroup, which is normal.
This is the contradiction, and so G cannot be simple.

We can remove all groups whose order has the form p™, p“q, and pgr (by Corollary 5.22,
Theorem 5.27, and the previous problem). This leaves the following possible orders for a
simple group:

* |G| = 36. There must be 4 Sylow 3-subgroups, and then Lemma 5.16 shows 36 would
need to divide 4! = 24, which is absurd.

* |G| = 60. This case is allowed by the problem (and we’ll see As is order 60 and
simple).

e |G| = 72. There must be 4 Sylow 3-subgroups, and then Lemma 5.16 shows 72 would
need to divide 4! = 24, which is absurd.
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Chapter 5

* |G| = 84. The only possibility for n; = 1 (mod 7) to divide 12 is n; = 1, so G isn’t
simple.

* |G| = 90. Since n5 = 1 (mod 5) needs to divide 18, it must be that ns = 6. This
gives 6(5 — 1) = 24 elements of order 5. Similarly n3 = 10, and so there must be
two Sylow 3-subgroups P and Q that intersect non-trivially (otherwise there would be

80 > 90 — 24 elements of order 3 or 9). If H = PN Q, then |H| = 3 and its normalizer
contains both P and Q, so has order at least

Pl-1Ql
PAQ

Since |Ng(H)| divides 90 and is divisible by 9, we have |[Ng(H)| = 45 or 90. In the
first case, Ng(H) is normal in G; in the second, H is normal in G. In both cases, G is
not simple.

27

|PQ| =

e |G| = 100. Isn’t simple by [5.7].

We show G has a subgroup of index 5, so that the right action on the cosets of that
subgroup gives an injective homomorphism G — Ss. This shows G is unique up to isomor-
phism, since any such subgroup of S5 is normal, and if there are two (say G and H), then
G N H would be a nontrivial normal subgroup of the simple group G.

Now ny € {3,5,15}. np = 3 is ruled out by Lemma 5.16. If n, = 5, then the normalizer
of a Sylow 2-subgroup is our subgroup of index 5. If n, = 15, then since 15 # 1 (mod 4),
there are Sylow 2-subgroups P and Q with |P N Q| = 2, by Theorem 5.11. Since both P and
Q are in Ng(P N Q), we see that

[P|-]Q|
Nc(PN > = =8
’ G( Q)l el | PN Q|
and since |Ng(P N Q)| divides G and is divisible by 4, we must have |[Ng(P N Q)| > 12.
However, this is the largest size it can have in G by Lemma 5.16. Thus Ng(P N Q) is our
subgroup of index 5.

Suppose G is simple, so that n; = 8. If P is a Sylow 7-subgroup, then N (P) has order 35.
If Q is a Sylow 5-subgroup contained in Ng(P), then it is normal there by Sylow’s theorems.
Thus 35 divides |[Ng(Q)|, so that 8 divides ns. The only possibility is then n5 = 1, so that Q
is normal, and G is not simple.

Clearly G as a set has order pg. We now show these maps are permutations on P, and
that G is non-Abelian. First we have that

p(a,0) =gl o)

and of course ¢(1,1) is the identity, so that G C Sp. Now if (xa)o = (xa)¢ for all x € P, we
want to show 2 = 4 and 0 = ¢. If x = a~!, then we have

1= (ata)o
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Chapter 5

so that @ = 4. Then since xa runs through P as x runs through P, we also have ¢ =

A

o.

Finally, note that if ; is the inversion map, then

(D¢(a, (L) =a~t #a= (1)p(1,0)p(a,1)

as long as a # a~!, which we can do by taking a to generate P.

If n, = 1, then of course a subgroup of order p is normal. So suppose n, = p + 1, the
only other option. Then there are (p +1)(p — 1) = p?> — 1 elements of order p, so there are
p elements of order not 1 or p. Let x be such an element. Since x ¢ Cg(P) < Ng(P) = P,
we know that PN Cg(x) = {1}, so that x has at least p conjugates. But there are only p
elements that could have the same order as x, so that |Cg(x)| = p + 1. Since no element of
order p is in Cg(x), it must be exactly those elements not of order p in G, and that is clearly
normal.

Let Q < P, where P is a Sylow p-subgroup of G, which is a T.L. set by assumption (being
a T.L set is clearly invariant under conjugation, so it’s fine if this P isn’t the same P as in
the problem). Suppose that

Q"NQ#Q
for h € H. Then P" # P, so that

Q"nQcrPnp=1

Let O = {¢g € G: g = 1}, and let S be a Sylow p-subgroup of G. S acts on (2 via
conjugation, and so by the fundamental counting lemma

2| =|02°]  (mod p)

Now we have
Q% =0QNCe(S) ={x€Z(S):xF =1}

This last equality happens because if x € Q2N Cg(S), then (x, S) is a p-subgroup of G, hence
we must have x € S. This shows that Q° is a subgroup of S, and it is non-trivial by Cauchy’s
theorem, since S (and hence Z(S)) is non-trivial. We thus have that |Q2| = 0 (mod p), as
desired.

Suppose S < G is not normal, and there is a maximal subgroup S < M < G; we can
choose M so that it also contains Ng(S) < G. Letr = [M : Ng(S)] and s = [G : M]. We
have

r=rs=1 (mod p)

and we know s > 1. If r > 1, then as in the hint, [G : Ng(S)] = rs > (p+1)? >
kp + 1, which is a contradiction. So r = 1 and M = Ng(S). Now let t = :
that

st=kp+1=1 (mod p)
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Chapter 6

Just as before then, since s > 1, we must have t = 1, so that M = S, and S is maxi-
mal.

Since Z(P) # 1, the only possibility is Z(P) = P (so P is Abelian) or [P : Z(P)] = p. But
then by [2.16] P is also Abelian.

(a) We have P < Cg(Z(P)). For any Sylow g-subgroup Q of G with g # p, we have
QN Z(P) = {1}, and since both are normal, we also have Q < Cg(Z(P)). This
implies |G| divides |Cg(Z(P))]|, so that Z(P) is central in G.

(b) Let p be a prime dividing |N|. Then since G has a unique Sylow p-subgroup, we must
have N N P < P non-trivial. By Theorem 5.21 NN Z(P) < NN Z(G) is also non-trivial,
the containment following from part (a).

Let C = Cp(A), and suppose that C > A, so that C/ A is a non-trivial normal subgroup
of P/ A. By Theorem 5.21, this implies C/A N Z(P/A) is non-trivial. Taking an element of
order p in the intersection, the correspondence theorem gives a normal subgroup B > A
with [B : A] = p. Since A < Z(C), [2.16] shows B is Abelian. This then contradicts the
maximality of A, and so it must be that C = A.

Chapter 6

Suppose x normalizes P and fixes two points a # b in an orbit of P. Let ¢ € P be such that
g(a) = b, and note that ¢ generates P. Also note that g is the only element of P that sends
a to b; otherwise, if h € P did the same, then k! ¢ would fix a4, and if h # g then it would
generate P, showing a is fixed by P. This contradiction shows g is unique, and thus ¢* = g,
so that x centralizes (g) = P.

Suppose G is simple of order 760. By Sylow’s theorems, G has 20 Sylow 19-subgroups.
The action of G on these Sylow subgroups gives an embedding of G into Ay. Let P be
a Sylow 19-subgroup and ¢ € Ng(P) an element of order 2 (since [Ng(P)| = 38). If ¢
centralized P, then G would have an element of order 38, which does not exist in Syy. So g
fixes at least one point (corresponding to P), and by the previous problem g can fix at most
one point in the orbits of P. But P has two orbits: it fixes itself, and permutes the remaining
19 Sylow subgroups. Thus g fixes exactly 2 points, and is the product of 9 transpositions,
which means g ¢ Ayp. This contradiction shows G doesn’t exist.

The conjugacy class of x is smaller precisely when Cg(x) < A,, with G = S,. To see
this, we know [xC| = [G : Cg(x)], and we also know [Cg(x) : Cg(x) N A,] < 2. Since
[G : A,] = 2 the conjugacy class is smaller precisely when

CG(x) = CG(x) N Ap
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Chapter 6

Now suppose that Cg(x) < A,. Then the cycle decomposition for x cannot have any
even cycles, since such an even cycle c is not contained in A, but centralizes x. If there are
two cycles of odd length k in the cycle decomposition of x, then there is a product ¢ of k
transpositions that interchanges them, and hence centralizes x. Since o ¢ A,, it must be
that s(k) < 1.

Conversely, if the cycle decomposition of x has the desired structure function, then let
g centralize x. Then g must send each cycle to itself. If c is a k-cycle, then g leaves
the orbit of ¢ invariant, and so its restriction to the orbit of c gives some of the cycle
decomposition of g. Since g centralizes ¢, by [6.7] its restriction must be a power of c.
Since this works for all cycles in the decomposition of x, g is a product of powers of cycles
comprising x. Since each cycle is even by hypothesis, § € A;; since g was arbitrary, we see
CG (x) < An.

By the above, the classes that splitin Ajpare1-9 and 3-7.
We have
(1,2,...,n)7%1,2)(1,2,...,n)f = (k+ 1,k +2)
so by Lemma 6.16 we are done.
Letx =(1,2,...,m)and y = (1,2,...,n). We show that [x,y] = (2,1, m +1). To that end,
let2 <i<mandm+1<j<n. Using [x,y] = x 'y lxy we have
1w m—m-1— m—m+1
24— 1 ne N 1
m+le—m+l— m— 1 2
i =1 i—-2—i—1 i
j— j—=j=1—=j—-1~ j

Use x and vy as in the previous problem, and let G = (x,y). Consider disjoint subsets
{Bs, ..., By} partitioning {1,...,n} and such that G permutes these B,. Since G is transitive,
all B; must have the same size, and let B be the one containing 1. We suppose a € B with
a # 1, and show B = {1,...,n}, which implies G is primitive.

If a > m, then (a)x = a, and since then a € B N Bx, we must have B = Bx. Since
(I)x = 2, we must have 2 € BN By, so that B = By. Since y is transitive, we have
B={1,...,n}.

If 1 <a<m, Then (a)x "'y = 4, and so as above B = Bx~1y. Since (1)x 'y = m+1, we
have m +1 € B, and we are in the same situation as the previous paragraph. So in all cases,
G is primitive.

As noted after the problem, Jordan’s theorem implies G = A, or G = S;,. We have

G < A, precisely when x,y € A;, which happens precisely when both m and n are
odd.
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Chapter 6

There are (n — 1)! ways to cyclically order n elements, and thus a has this many conju-
gates; hence

[Co(a)] =

Since a € Cg(a) and |a| = n, we are done.

We induct on |T|, the case T is empty being obvious. Suppose we know that G = (T)
has at most n — |T| orbits, and let T = (a,b) be another transposition. If 4 and b are in
the same G orbit, then (T, T) has the same orbits as G. If 4 and b are in different G orbits,
then 7 fuses them so that (T, T) has one less orbit than G. This completes the inductive
step.

Let T = {t1,...,t} as a set, so there are no duplicates, with |T| = r. By the previous
problem, there are at least n — r orbits of G = (T). Since ¢ € G, we know there are at most
n — m + 1 orbits, so that

n—-r<n—-m-+1
m—1<rvr

Let G act on G via right multiplication, and let ¢ be a generator of a Sylow 2-subgroup
of G, with order 2€. If |G| = 2¥m with m odd, then g has m orbits of length 2¥ in this
action, and so is an odd permutation. So if p : G — Sg is the regular representation, then
H = p~!(Ag) is an index 2 subgroup of G.

Note that H is normal in G, and also has cyclic Sylow 2-subgroups (since subgroups of
cyclic groups are cyclic). By induction on k, H has a characteristic subgroup K of order
m. Since K consists precisely of the elements of odd order in G, it is also characteristic in

G.

Let G act on the cosets of M. If Mxt = Mx, then xtx~! € M, contradicting the problem
statement. Thus t fixes no coset, and hence acts as a product of [G : H] transpositions.
It is thus acting as an odd permutation, and as in the previous problem, G has a normal
subgroup of order 2.

Let s = (a,b), and choose k such that gk = (a,b,...). Relabing a — 1, b — 2, etc., we
have by [6.4] that
Sp=(s,8") = (s,8)
This last equality relies on p being prime.

If n < 3, then A, is trivial. When n = 3, |A,| = 3 so is of course Abelian. Suppose
o € Z(Ay) for n > 3, and suppose (a)0 = b with a # b. If ¢,d are distinct elements besides
a and b, then we have

(b)or'obe) = ¢
(b)) = g

a,b,c) a,b,d)

Since o = ol = 0, we have a contradiction. So Z(Aj) is trivial.
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Chapter 7

Let N be a normal subgroup of G = U x V. Since m1(N) < U is a normal subgroup,
if the image is nontrivial, then 711(N) = U, so that NV = G. If NN U is trivial, then
N < Cg(U) = V, which is a contradiction. Since U is simple, we must have NNU = U.
Similar reasoning shows what happens with 77,(N) and V. We thus have three possible
normal subgroups: U, V, and G. If both 7r1(N) and 71,(N) are trivial, then of course N is
trivial as well.

If $ : M — N is an isomorphism, then

D=1{(s9(g):g€M}
is a diagonal subgroup. Conversely, if a diagonal subgroup D exists, then we have

M~G/N=DN/N=D/(NND)2D=~D/(MND)~DM/M~G/M=N

Let ¢; : G — G/ M, be the canonical homomorphism. Then

H(PiZG—>HG/Mi

is a homomorphism, whose kernel is D = NM,;.

Let {N;} be all the normal subgroups such that G/N; € X, and let N = NN;. By (iii)
[IG/N;isin X, and by (i-ii) and the previous problem G/N € X. Clearly N is the unique
minimal such normal subgroup.

(@) Choose a maximal subset R of the M; such that their product K is a direct product. If
M € {M;} \ R, then we cannot have M N K trivial, since by Theorem 7.5 MK would
be a direct product, contradicting maximality of R. Since M is a minimal normal
subgroup, we must have M N K = M. Since M was arbitrary, we see that N < K, and
of course K < N, so that N = K is a direct product.

(b) Part (a) shows N is a direct product of some subset R of the M;. If M ¢ R, then for
every factor N; of N, by minimality we have N; "M = {1}. Thus M is central in N,
contradicting the fact it is nonabelian. So no such M exists.

By the previous problem, the socle is a direct product of some subset of minimal normal
subgroups. By Theorem 7.8 each of these factors is a direct product of simple groups, so
that by Lemma 7.11 the socle is a direct product of simple groups.

Suppose D < L for some subgroup L of G. Then

L=DNNL=D(NNL)
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shows that L N N is non-trivial, and since M centralizes N, we see that both L and M
normalize L N N, so that G = LM normalizes L N N. Since N is simple, LN N = N.
Similarly, LN M = M, so that L = G.

Let ¢ : U/M — V/N be an isomorphism, witha : U — U/M and : V — V/N the
canonical homomorphisms. Define G C U X V as
G ={(u,0): pa(u) = p(v)}
Of course (1,1) € G, and if (4,b) and (¢, d) are in G, then from

pu(a~'c) = pa(a )pa(c) = B(b~1)B(d) = (b~ "d)
we have that (a,b) !(c,d) € G, so that G is a subgroup.

Now define My = GNU and Ny = GNV, so that clearly My N N is trivial. From the
definition of G, we have

MoZMX{l}
No= {1} xN

So clearly My = M and Ny = N. Finally define the map ¢ : G — U /M via

p(u,0) = a(u)

This is a surjective map, since for any u € U we know that B~ '¢a(u) is non-empty. The
kernel is precisely those elements (u#,v) with u € M. This implies B(v) = 1, so that v € N.
In particular, the kernel is M x N = MyN), as desired.

Let ¢ : M — N be an isomorphism. Let H = U x V and define a normal subgroup
R < H by
R = {(1,0) : $(u) = 0}
Since ¢ is a homomorphism, R is a subgroup; it’s normal since it’s central. We will
let

G=H/R
K =UR/R
L=VR/R

Obviously K and L are normal in G, with KL = G. Since ¢ is an isomorphism, we have
RNU=RNV={1},sothat K=Uand L=V.

Now note that UR = U x N and similarly VR = M x V. Since M and N are central, we
have [UR, VR] = {1}, so the same is true for [K, L]. Finally, URN VR = M x N. Define a
map ¢ : M x N — N by

p(m,n) = p(m)n~"
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Chapter 7

Since M and N are Abelian, this is a homomorphism, and is clearly surjective. The kernel
is precisely R, so we have

KNL=(URNVR)/REN=M

Y

[7.10] Write G; = G as the normal subgroup of the semidirect product, and G, = G as the
complement acting via conjugation on G;. Let

H={(g,¢1):8€G} CG %Gy
We have (1,1) € H, and also

(88 ) (x,x") = (gx%,87"x7") = (xg,(xg) ") € H
Finally, (¢,¢!)™' = (¢71,¢) € H, so H is a subgroup. We also have

() g g D y) = (xYy (g e ) (xy)
= (x7g¥, (gy) ") (x,y)
— (xfygyxgy, gfy)
=(g%.87Y)
Thus H <1 G; x Gy. The above calculation also shows that G; (where y = 1) centralizes H,
and of course G; N H is trivial. Since

(%) = (gx,1)(x"!,x) € GiH

we have that G; x G, = G; x H. To finish, the map ¢ : H — G sending (g,¢~!) — ¢! is
an isomorphism, by the product calculation in H above.

[7.11] If P=Z(P) x Q, Then Z(Q) is centralized by both Q and Z(P), hence is central in P; in
other words, Z(Q) < Z(P) N Q, which only makes sense if Z(Q) = 1, so that Q is trivial
and P is Abelian.

[7.12]

(a) Since G = NH, it's enough to show that for n € N nontrivial, H N H" is trivial.
Suppose that & € H N H". Then from nhn~! € H we have that n" € Hn; since n" € N,
this implies n" = n, so that (since n # 1) h = 1.

(b) We know from part (a) that H" N H* = {1} for n # k € N. This implies Ng(H) = H
and so there are |N| conjugates, all intersecting trivially. That implies that

U H

= [N|-[H| = (N[ = 1)

neN
Since H* "N = (HN N)" = {1}, we then have that
NUlJ H"=G
neN

by counting elements.
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Chapter 7

[7.13] We assume G # {1} and thus via [5.6] we know there’s a Sylow g-subgroup Q < G
fixed by the action of P. Since QP > P, maximality implies G = Q. Since P fixes the
characteristic subgroup Z(Q) # {1}, again maximality shows Q = Z(Q), so that G is an
Abelian g-group.

[7.14] Let ¢ € G\ A, and let m be the least integer with ¢ € A. Choose ag € A with ag' = g™,
so that ga;l has order m, and

(gaghynA = {1}
If we pick {g1,...,gn} to represent the cyclic factors of the finite Abelian group G/ A, then

the above shows U = (glagfll,. ey gnagnl> is a subgroup isomorphic to G/A and trivially
intersecting A, so that G = A x U.

[7.15]
(a) Let G = A x B, and suppose (ab)" = a"b" € A. This implies b" = 1, so that
a" = (ab)"
and thus A is pure.

(b) Let ¢" € U. By hypothesis, there’s a u € U with u"g™" = (ug~!)" € A. Since A is
pure, there’s a € A with a" = (ug™!)". Thus

so that U is pure (since A < U).
(c) The proof of [7.14] only relied on A being pure, so works here too.

[7.16] The key fact is that for e > 1, we have

gle) —gle—1) = [{ei | & > e}
To prove this, note that

g(E) = Zmin(eil 6)

since if (g1,. .-, gn)f’e =1, then gf -1 for each i; that holds for every element in Z,.; if

pei
e; < e, and holds for exactly p® elements in Zpei if e; > e. Thus
g(e) —g(e—1) =) ‘min(e;, e) — min(e;, e —1)
i

and the only terms that contribute a non-zero entry are when e; > ¢, in which case it
contributes exactly 1. We then have

(g(e) —gle—1)) = (gle+1) —g(e)) = [{ei [ e+ 1> ¢ > e}
= f(e)
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Chapter 8

[7.17] Define ¢; : Z,, — Zy; by sending a generator to a generator, say ¢ to g;. We then

have
[1¢:i:Zw—=T1]2Zm

The kernel of this map consists of elements g* such that k = 0 (mod ;) for all m;. By the
relatively prime assumption, this implies m divides k, so that g¢ = 1. Thus our product map
is injective, and order considerations show it is in fact an isomorphism.

Chapter 8

[8.1] Suppose M < G with H <t M. By the Frattini argument,
M= N¢g(P)H=H

with the last equality following since Ng(P) < H.

[8.2]

(a) Since N is not contained in M, M < MN so that G = MN. Since G is solvable,
N is Abelian, and thus M N N is normalized by both M and N, hence MN N < G.
Minimality implies M NN = {1}.

(b) Note that for m € M we have
Cm(N)™ = Cu(N™) = Cm(N)
Since N centralizes Cy;(N), we have Cp(N) << G. Since M is core-free, Cp;(N) is

trivial.

(c) N is Abelian, so N < Cg(N). But if mn € Cg(N), then m € Cyp(N), which is trivial
by part (b). So Cg(N) = N.

(d) If K is another minimal normal subgroup, then KN N is trivial, so that K < Cg(N) =
N, and thus K cannot exist.

[8.3] If G is nilpotent, then it is a product of Sylow subgroups:

G:HQP

for primes p dividing |G|. So if |x| and |y| are coprime, then we can write

x:pr
y=T1w»

where if x, # 1 then y, = 1 and vice versa. This is true since otherwise p divides both |x|
and |y|. Thus x and y commute factorwise.
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Conversely, let x be an element of a Sylow p-subgroup P of G. If y € Q for a Sylow
g-subgroup of G (with p # q), then y € Cg(x). This is true for all y € Q and x € P, so that
Q < Cg(P) < Ng(P). Since obviously P < Ng(P), order considerations show Ng(P) = G.
This is true for any Sylow subgroup, so G is nilpotent.

If M and N are normal solvable subgroups of G, then N <t MN is solvable, while
MN/N = M/(MNN) is solvable as a quotient of M, so MN is solvable as well. Thus by
induction, the product of all normal solvable subgroups of G is the largest normal solvable
subgroup.

Note that ¢(G) is solvable, and hence ¢(G)/¢(N) is solvable. As an image of G/N, it is
perfect as well by Lemma 8.2. Thus ¢(G)/¢(N) is trivial, so ¢(G) = ¢(N).

G/Z(G) is solvable and nontrivial; let N/Z(G) be a minimal normal subgroup of
G/Z(G). Then N/Z(G) is an elementary Abelian p-group, so it has a nontrivial center
C/Z(G), which is nilpotent, since C/Z(C) is a quotient of C/Z(G) and is thus Abelian.
Hence C < F(G) and since C # Z(G) we have the strict inequality we want.

Note that H = Cg(F(G)) < G. If it's Abelian, then of course H < F(G). If it’s non-
Abelian, then the previous problem shows Z(H) < F(H). Since F(H) is normal and
nilpotent, we then have

HNF(G) < Z(H) < F(H) < HNF(G) (1)

The strict inequality is thus a contradiction, and H must be Abelian (and in particular
H < F(G)).

Let U < H be a Sylow p-subgroup of H, and let S < G be a Sylow p-subgroup of G
containing U. Similarly define V < Kand T < G. We can write S8 = T, with ¢ = hk. Then

S" contains U" < H and yk! < K. Thus by Lemma 8.22 we have

sh = vk

We prove this by induction on |G|. If N < @(G), then G is nilpotent by Theorem 8.24, so
we can take H = G. If N is not contained in ¢(G), then there’s a maximal subgroup M < G
not containing N, so that G = MN. By induction, since M/ (M N N) is nilpotent, there’s a
nilpotent subgroup H < M with

M=H(NNM)=HNNM

with the last equality following by Dedekind’s lemma. We then have M, N < HN, so
G = HN.

Let G be a finite nilpotent group. Then we can write

1=20<Z1<--- <2y =G
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where Z;1/Z; is central in G/Z;. Thus every subgroup of Z;,/Z; is normal in G/ Z;; since
each Z;1/Z; is a finite Abelian group, we can refine this series to

1:ZO<N1,1<N1,2<"'<Z1<N2,1<"'<Z2<"'<Zn:G

where the factors are finite cyclic. This means G is supersolvable.

[8.11] Write
1=No<Ni1 <---<G

for a normal series of G with cyclic factors. Choose the largest i with N; < M; let L = N;
and K = N;;1. Then L < M, MK = G, and K/L is cyclic. We now work in G/L, writing
S for the image of S in G/L. First we have that M N K is a maximal subgroup of K: if
MNK < H<K, by Dedekind’s lemma we would have

= B(MAR) = AMAR = K
where the last equality happens because HM is a subgroup of G properly containing M,
and thus is all of G. [It’s a subgroup because all subgroups of K are characteristic, hence
normal in G.] Since K is cyclic, a maximal subgroup must have prime index p. We then
have
[G:M]=[G:M]=[MK:M]=[K:MnNK]=p
[8.12]
(a) Let P be a Sylow p-subgroup of G. If P is not normal, then let Ng(P) < M < G for M
a maximal subgroup. Then [G : M] = g for some prime g, and

1=[G:Ng(P)]=[G:M][M:Ng(P)]=¢gq-1 (mod p)

This is a contradiction since g < p, thus P is normal in G.

(b) We can prove this by induction on |G|. From part (a), there’s a normal Sylow subgroup
P < G; since the maximal subgroups of G/P come from the maximal subgroups of G
containing P, by induction G/ P is solvable. Since P is nilpotent (hence solvable), G is
solvable too.

[8.13] For x,y € H and z € K we have by [2.12]

[x, 2]V =[xy, 2]y, 2]~

which proves that H normalizes [H, K]. Since [h, k]! = [k, k], a similar argument shows K
normalizes [H, K], and thus (H, K) normalizes (and contains) [H, K].

[8.14] As in the hint, I' = G x H is such that K< I and thus H < Cp(K) <T. So [g,h] =
h=8h € Cr(K), while since H < Nr(G), we also have [g,h] € G. Thus

[G,H] < GNCr(K) = Cg(K) <K
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We then have that [H, G, H|] = [G, H, H] < [K, H] = 1, so by the Three Subgroups lemma
[H, H, G] = 1. Since H acts faithfully, we must have [H, H] = 1, so that H is Abelian.

Since G is nilpotent, we must have [N, G,...,G| < [G,G,...,G] = 1 for some number
k of G on the right. Choose k > 0 to be minimal so that [N,G,...,G] = 1, and let
R =|[N,G,...,G]withk—1G. Then R # {1} and R < N since N is normal. But [R,G| =1
so that R < Z(G) as well, and we're done.

Write
1=Npo<N;<---<N,=6G

for a normal series of G with cyclic factors, and let M be a minimal normal subgroup of
G. We proceed by induction on 1, the case n = 0 being trivial. If M < Nj, then of course
M is cyclic since Nj is cyclic. If M is not contained in Nj, then MN N; = {1} and then
M = MN;/Nj is a normal subgroup of G/Nj. If we can show this is a minimal normal
subgroup, then by induction M is cyclic.

By the Correspondence theorem, we need to show if K <1 G with N; < K < MNj, thenK =
Nj or K = MN;. Since MK = MNj, by Dedekind’s lemma we can show

K=NMNK = N;(MnNK)

If N; < K then this implies M N K > {1} so by minimality of M we have M N K = M and
so K = MN;.

Let E be a finite elementary Abelian p-group. Then @(E) = {0}. To see this, let E = Cy
and let x # 0 be an element with x; # 0. Then M; = {y € E : y; = 0} is a subgroup of index
p in E, hence maximal, and it does not contain x.

Now let {Mjy, ..., My, } be the maximal subgroups of P. Then M; < Pisnormal, and P/ M,;
is cyclic of order p. By [7.3], P/ ®(P) is isomorphic to a subgroup of [](P/M;), and hence
is an elementary Abelian p-group. If N < @(P) is normal in P, and P/N is elementary
Abelian, then by the first paragraph

®(P)/N = (NM;)/N = N(M;/N) = {1}

so that N = @(P).

Chapter 9

By Burnside’s Transfer Theorem, we have G = K x P for a complement K. Since P is central,
it is normal as well, so that G is actually the direct product K x P.
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(a) Let x € G, a € A, and v be the transfer map. Let T be a transversal for Ain T. S = T*
is also a transversal for A¥ = A, and since A is normal, t lat € A for all t € T. Then

we have
v(a)* = [Tt tat)* = []s71a"s = v(a*) = v(a)"™ = v(a)

teT seS

where the last equality relies on A being Abelian. So v(a) € Z(G).

(b) The condition implies A is a Hall subgroup. From [3.4] we have v(G) = v(A), and
from part (a) we have v(A) < ANZ(G). Meanwhile, if a € AN Z(G), choose integers
m,n with

mo(a) +n[G: Al =1

which is possible since o(a) divides |A| so is coprime to [G : A]. Then

V(an) _ an[G:A] _ al—mo(a) —

so we have AN Z(G) <v(A).

(c) We know from part (b) that v(G) = AN Z(G) <G, and of course ker(v) < G. For
a € ANZ(G) we have v(a) = alG4] #£ 1, so that v(G) Nker(v) = {1}. Since we of
course have [G : ker(v)] = v(G), we have shown G = v(G) X ker(v).

As in the hint, first assume P <t G. Then we are in the case of part (b) of the previous
problem, so we can write G = v(P) x ker(v). Let P = (x), and write x = (a,b) with a €
v(P) < P and b € ker(v). Since x,a € P we must have b € P, and thus

x = x"x°

with x” € v(P) and x° € ker(v). We cannot have p dividing both r and s, so in particular
either P < v(P) or P < ker(v). Since by assumption

1<G NP <ker(v)NP

we must have P < ker(v), which is contained in G’ by the Focal Subgroup theorem. Thus p
cannot divide [G : G'].

In the general case, we have P < Ng(P). From Corollary 9.15, we have 1 < PN N/ (P). So
by the previous paragraph we must have P < N (P) < G’ as well.

This problem is not true. Let K = C4 x Cy4, and let A < GL(2,4) be a non-Abelian group
of automorphisms of K of order 6. The semidirect product G = K x A is a counterexample.
Specifically, let K = (u,v) and A = (x,y) with

(7o)
v=(% 1)
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In this case P = (x, K) is a Sylow 2-subgroup, and Ng(P) = P. We also have

G' = (y,K)
P = (uv™')
Z(P) = (uv)

Now z =uv € PNZ(N) = Z(P),but z ¢ P'. However, z € K < G'.

Suppose P = Q x C was a Sylow 2-subgroup of the finite simple group G. Consider the
transfer map v: G — P/ P’. Now P has three elements x, y, xy of order 2, with x € Q and
y € C. All three are in Z(P), so by Burnside’s Lemma their fusion is controlled in Ng(P).
But x is the only involution in Z(P) N P’ < Ng(P), so x is not conjugate to either y or xy.
Let T be a transversal for P in G; by the Transfer Evaluation Lemma, choose Tp C T for vy,

so that we have
v(y) =[]t 'y"t (mod P')
teTy

But x € P/, so that y = xy (mod P’), and we must have + 'yt € {1,y,xy}. Since Y n; =
[G : P] is odd, there are an odd number of n; = 1. Thus we have

v(y) =y (mod P)

Buty ¢ P/, so that y ¢ ker(v), and this implies G/G’ is non-trivial, contradicting that G is
simple.

As in the hint, let M be a maximal subgroup of G and let P and Q be nontrivial
Sylow subgroups of M for the primes p and q. Now M is nilpotent, so P, Q < M. Since
PN Q = {1}, we have P < C;(Q). So if x,y € P are conjugate in G, they are conjugate in
Ng(Q) by Burnside’s Transfer Lemma. Since G is simple, we must have Ng(Q) < M, since
otherwise M < Ng(Q) and we’d have Q << G. Thus x and y are conjugate in M. We then
have

Focg(P) = Focy(P) =PNM' =P <P

This means the transfer map G — P/P’ is not trivial, contradicting G being simple. Thus
M must be a p-group.

Suppose M8 = N. Then both P and P$ are contained in Ng(N), so there’s an element
n € Ng(N) with P8" = P. Thus gn € Ng(P) and M8" = N" = N.

Write Z for Z(P). Suppose Z8 < P. Then Z <\ P ' by hypothesis, so Z¢ <I P. By the previ-
ous exercise, Z and Z¢ are conjugate in Ng(P). But Z < Ng(P) so Z8 = Z.

(a) Let x8 = y. Then both W and W¢ are contained in C(y), and in particular both are
contained in Sylow p-subgroups of Cs(y). Choose ¢ € Cs(y) such that W3¢ and W
are contained in the same Sylow subgroup of C;(y), and hence contained in the same
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Sylow subgroup Q of G. Finally, choose h € G with Q" = P. Since W is weakly closed,
we have
Wgch — Wh — W

so that W8¢ = W, and gc € Ng(W), with x8° = y¢ = y.

(b) From part (a) we have

G' NP = Focg(P) = Focy(P) = N'NP

Let P be of class at most 2, and note this means P’ < Z(P) < P, so that every subgroup of
P containing Z = Z(P) is normal in P. Suppose Q is another Sylow p-subgroup containing
Z, and let M = PN Q. From what was just said, P < Ng(M); meanwhile, normalizers
grow in Q, so P < Ng(M) and thus M <1 G, contradicting simplicity of G. Thus Z is only
contained in P. Since P = Ng(Z) by simplicity and maximality, we have by [9.8] and
[9.9]

Focg(P) =P’

This shows the transfer map G — P /P’ is non-trivial, contradicting simplicity. Thus P must
be class at least 3.

As in the hint, let T be a transversal for H in G, let
Y = {tx(t-x)"1}

for a finite set X with G = (X), and define K = (Y), so that K is finitely generated and
contained in H. We show T is also a transversal for K in G, implying (since K < H) that
K = H, as desired.

Let x € X and t € T, and note that
Ktx = K(t - x)

from the definition of Y. Thus {Kt : t € T} is invariant under x, and hence under G = (X).
Since G acts transitively on the right cosets of K, these must be all of them.

Let (G : Z(G)] = m. Then the transfer map ¢ — g™ is a homomorphism into the
Abelian group Z(G), and hence G’ is in the kernel: every h € G’ is such that i =
1. Let T be a transversal for Z(G) in G. Then we compute for x,y € Z(G) and s,t €
T

[xs, yt] =[x, ytl°[s,yt] = [x, t]°[x,y]%[s, 4] [, 9)" = [s,t]
since all commutators involving an element of Z(G) are trivial. Thus G’ = ([s,t] : s,t € T)
is a finitely generated group (since T is finite). Since [G’' : G'NZ(G)] < [G : Z(G)], by the
previous problem G’ N Z(G) is a finitely generated Abelian group where every element has
order dividing m. This means G’ N Z(G) is finite, and hence G’ is finite.
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(a) Suppose x and y are conjugate in G, with x8 = y. Then y € H N H¢, so either y = 1
or ¢ € H. Thus no two non-trivial elements of H are conjugate in G, unless they’re
conjugate in H already, so there’s no fusion.

(b) If x #1 € Hand x8 = x, then x € HN HS, s0 ¢ € H. Thus Cs(x) < H, and [5.4]
shows H is a Hall subgroup.

(c) From parts (a) and (b), the Focal Subgroup Theorem shows v(H) < v(G) is nontrivial,
where v: G — H/H' is the transfer map. Since v(G) is an image of G/G’, and H/H’
is a 7t-group, we must have some prime in 7 dividing [G : G'].

(d) Let N = O(G), the minimal normal subgroup such that G/N is a rt-group. [3.4]
already shows that G = HN, so we just need to show H N N is trivial. Butif n € N is
such that

(NNH)N(NNH)"=NNHNH" # {1}

then since H is a Frobenius complement in G, we must have n € H. So HN N is a
Frobenius complement in N. If H N N is non-trivial, then solvability of H and part (c)
shows [N : N'] is divisible by some prime in 7r. Then O™ (N) < N while O™"(N) < G,
contradicting the minimality of N. Hence H N N is trivial as desired.

Chapter 10

For any endomophism ¢ of G, we have ¢([a,b]) = [¢p(a),$(b)]. Thus ¢(G’') C G/, and so
for any set X of endomorphisms we have G’ is an X-subgroup.

Let u € Dg be a non-central involution. Then with ¢ € Dg and C; = (c), define the
endomorphism x as

§=g
(8e)* =g"u
Since ¢ € Z(G), but c* =u ¢ Z(G), Z(G) is not an X-subgroup.

If there exists an X-composition series for G with Abelian factors, each subgroup of
the series is normal in G, and hence G is solvable by definition. Note that there is an
X-composition series since G is of finite length.

Conversely, suppose G is solvable. We proceed by induction on the derived length of G,
the case of G = {1} being trivial. By [10.1] G’ is a normal X-subgroup of G, so there is
an X-composition series containing G’ as a member. All factors above G’ are Abelian. By
induction, all factors below G’ are Abelian as well. By the Jordan-Holder theorem, every
X-composition series then for G has Abelian factors.

Let N; and N, be two normal subgroups of G such that G/N; is an S-group. If K/N; <
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G/ Nj, then Corollary 10.4 and the Jordan-Holder theorem shows both K/N; and G/K is an
S-group. Define N = Nj N Np, and note

(G/N)/(Ny/N) = G/Ny
N1/N = NiN,/ N,

Thus both the groups on the left are S-groups, since the groups on the right are. By Corollary
10.4 (applied to N;/N) and Jordan-Holder again, G/ N is an S-group as well. Inductively, if
we define N as the intersection of all such N; (there are finitely many), then G/ N is still an
S-group, so N is clearly the unique minimal such normal subgroup.

Now if both Nj and N, are S-groups, then as before, from
NiN»/Np = N1/ (N1 N Np)

we have that the group on the left is an S-group, since the one on the right is. Then
again by Corollary 10.4 and the Jordan-Holder theorem, NN, is an S-group. Just as above,
inductively if we define N as the product of all such Nj, then N is an S-group, and is clearly
the unique maximal such normal subgroup.

Let1 = Gp < G1 < -+ < G < G be a chief series for G, such that every factor is either
a p-group or a p’-group, as in (i). Since G,/G,_1 is a p-group or a p’-group, all (normal)
subgroups are also p-groups or p’-groups. A composition series for G,/G,_1 is then as in
(ii). Piecing these together (using Corollary 10.4), we have a composition series for G where
each factor is a p-group or p’-group, so (i) implies (ii).

Conversely, let 1 = Gy < G; < ---G¢ < G be a composition series as in (ii). Let P
be the set of all finite simple groups that are p-groups (there is only one), and let P’ be
the set of all finite simple groups that are p’-groups. As in the previous exercise, let N,
be smallest normal subgroup such that G/N, is a P-group, and N, the smallest normal
subgroup such that G/ N,y is a P’-group. Since G/ Gy is either a simple p-group or simple
p'-group, we have either N, or N,y is a proper normal subgroup of G (contained in Gy).
Write Ny for this characteristic subgroup. By Corollary 10.4 and Jordan-Holder, N has a
composition series as in (ii). Thus the same reasoning constructs a characteristic subgroup
Ny_1 < N, which is then normal in G. Continuing this way, we eventually reach a normal
series

1=No<Ni1 < --- <N <G

where each factor is either a p-group or a p’-group. Now with X = G acting by conjuga-
tion, inductively refine this to a chief series by considering N,/N,_; << G/N,_; and using
Corollary 10.4. Just as in the previous paragraph, the factors of this X-composition series
(which is just a chief series for G) are subquotients of the factors N;/N,_;, and hence are
all p-groups or p’-groups. Thus (ii) implies (i).

If G is solvable, then it has a composition series where each factor is simple and Abelian,
hence cyclic of prime order. Thus condition (ii) from the previous exercise is satisfied
for all primes p. Now supppose condition (ii) is satisfied for all primes, and consider a
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composition series for G. No factor can have order divisible by two different primes p and g,
since then G is not p-solvable (nor g-solvable). Thus each factor is a simple p-group, hence
cyclic of prime order. Thus all factors are Abelian and G is solvable.

This is just the Jordan-Holder theorem when X = G is acting by conjugation. For any
two chief series, the factors are X-isomorphic, and a factor is central precisely when X acts
trivially on it.

If G has a normal p-complement N, build a chief series containing N. Then all the
factors below N are p’-groups, and the factors above N give a chief series for G/N, a p-
group. Since minimal normal subgroups of p-groups are central, all the factors above N are
central.

Now assume G does not have a normal p-complement, and choose N <1 G maximal such
that H = G/N does not have a p-complement. Let K be a minimal normal subgroup
of H. We must have |K| divisible by p, since otherwise a normal p-complement in H/K
corresponds to a normal p-complement in H. Assume K is central, so that by minimality
|K| = p. Let P be any p-subgroup of H, and let § € Ny (P) be such that 0(g) is coprime to
p. Then in H/K, gK centralizes PK/K by Frobenius’s theorem. For every x € P then, we
have

x8 = xk
for some k € K. Since k is central, repeated application shows x8 = xk/, and thus g”
centralizes x. Since 0(g) is coprime to p, this means ¢ € Cy(x). Since x was arbitrary,
¢ € Cy(P). Thus Ny (P)/Cyg(P) is a p-group, so again by Frobenius’s theorem, H has a
normal p-complement. This contradiction shows K is not central in H.

Thusif 1 <--- < N <K < --- < G is a chief series for G containing N, then K/N has
order divisible by p, but is not central.

b a

Write N = HN]- and M = H My for indecomposable X-groups, and we procced by
j=1 k=1

induction on a + b. Via factor replacement on N; we have that

b a
G=H x[[N;x ] M
j=2 k=1

where we’ve renumbered the H; so that the factor we pull out is H;. Now we have

b a n
L:=T[Njx[[Mx=Cg(H)=]]H;
j=2 k=1 i=2

where the last equality follows as in the problem’s hint. From the above equality we also
have that H; and N; centralize L. We have an isomorphism N; — G/L = H; given by
projection. Let n € Ny map to h € Hj under this map. If n # h, then nh~! € L and it
centralizes L, so that nh~! € Z(G) = 1. So we must have n = h, and thus N; < Hj. Since
the isomorphism is surjective, we actually have N; = H;. Replacing G by L, by induction
on a + b we see that M and N are products of the H;.
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Note that the poset of subgroups of G/G’, via the correspondence theorem, also satisfies
both chain conditions. Thus G/G’ is an Abelian group that is both Noetherian and Artinian.
By Theorem 11.3 then, G/G’ has finite composition length. Since the only simple Abelian
groups are finite, this implies G/G’ is finite. By induction on the derived length of G, G’ is
finite as well (note that the poset of subgroups of G’ is a subset of the poset for G), so that
G is finite.

(a) If X is an initial segment of L, then we can write X = L” for some a € L. Then if x € X
and y € X, then
y>a>x

So X is a cut.

(b) Suppose every proper cut is an initial segment, and let P C L be any nonempty subset.

Define
X=[)L"
aeP

By part (a) this is an intersection of cuts, hence a cut. Since X N P = @, we see that X
is proper, so by hypothesis, X = L’ for some b € L. If a € P is such that a < b, then
a € X, and in particular, a € L%, which is absurd. Thus b < a for all 2 € P. But if
b ¢ P, then by definition b € X = L, which is also absurd. Thus b € P and b < a for
all a € P, so P has a minimal element.

Conversely, assume L is well-ordered, and let X be a proper cut. Then L\ X is
nonempty, so has a minimal element a. Then X C L?, butif y < a, theny ¢ L\ X, so
y € X, and so we have X = L” as desired.

Let £ be the poset of all linearly ordered subsets of P, ordered by containment. Then
the union of any chain in £ is also a linearly ordered subset of P, so we can apply Zorn's
lemma to £ to get a maximal linearly ordered subset of P.

Suppose P is linearly ordered, and let A be an antichain with 4,b € A. Then we have
eithera <borb<a,soa=>, and A has at most one element.

Now suppose every antichain has at most one element. If x,y € P are incompara-
ble, then {x,y} is an antichain. Thus x must be comparable to y, so P is linearly or-
dered.

Let P be the set of all finite intersections of maximal X-subgroups of M. Since M is
Artinian, there is a minimal element of P, say K = K; N ---NK,. It must be the case
this intersection is {0}; if not, by hypothesis there would be a maximal X-subgroup L not
containing K, and then KN L would be a smaller finite intersection.
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So NK; = {0}, and we have M/K; is simple for each K;. By Corollary 11.13 then, M is
completely reducible.

Let A < M be an X-subgroup of M isomorphic to S. Then ¢(A), as a quotient of A, is
either {0} or isomorphic to A. Either way, ¢(A) is contained in the S-isotypic component
of N. Since A was arbitrary, this shows the S-isotypic component of M is mapped into the
S-isotypic component of N.

We must assume S is finite (Q as a vector space over itself is an infinite counterexample).
Then let p be a prime dividing |S|. Then the set of elements of order p in S is nonempty
(Cauchy’s theorem), and is X-invariant (since it’s invariant under any endomorphism of S).
Thus the subgroup consisting of elements with order dividing p is a non-trivial X-subgroup
of S, and so is all of S.

Assume G is not finitely generated. Let S be the set of all subgroups H < G such that
(HUY) # G for all finite subsets Y C G. By assumption, {1} € S, so it is non-empty.
Let {H,} C S be a linearly ordered subset of S. Now all the H, are proper subgroups,
so by hypothesis so is H = UH,. If (HUY) = G for some finite subset Y C G, then
from

(HUY) = J(H.UY)

the hypothesis again implies there is some a with (H, UY) = G, contradicting H, € S. So
H € S, and Zorn’s lemma then gives a maximal element M € S. But this is a contradiction:
since (MU Q) # G for any ¢ € G\ M, and since

(MUgUY) = (MU (gUY))

we see that (M U g) > M also belongs to S, contradicting maximality. Thus G is finitely
generated.

Let {B,} C P be a linearly ordered subset of linearly independent sets of V. Then
B = UB, is also linearly independent: for any finite subset {b;...,b,} C B, there is a B,
containing all the b;, and so we know they are linearly independent. Since any one-element
subset of V is linearly independent, P is non-empty, and so by Zorn’s lemma there is a
maximal linearly independent set X of V. Then for any v € V \ X, XU {v} must be linearly
dependent, so there exists constants with

av +Za,~xi =0

We must have a # 0, since otherwise the x; would be linearly dependent. Thus we can
write v as a linear combination of elements of X, so X spans V.

If M is Noetherian and completely reducible, then Theorems 11.11 and 11.12 show M
can be written as a finite sum of simple X-subgroups. Conversely, suppose M is Noetherian

and can be written as a sum of simple X-subgroups, say M = )_S, for some indexing set
A. Let

B={YSs:pCAlBl <o)
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Then there is a maximal element N € B. If some S, ¢ N, then (N+S,) € B con-
tradicts maximality. Thus all S, C N, so that M = )’ S, C N. In other words, M
is a finite sum of simple X-subgroups. By Theorem 11.12 again, M is completely re-
ducible.

(a) We know FN M <M, and since F is nilpotent, normalizers grow. Thus we have
M < Ng(F N M), so by maximality F N M <1 G. Suppose FNM < N < F with N 1 G.
Then by Dedekind’s lemma

F=GNF=NMNF=N(MNF)=N

Thus F/(F N M) is G-simple. Since G/(F N M) is solvable (as G is), and F/(F N M) is
a minimal normal subgroup, it is Abelian.

(b) By part (a), for every maximal subgroup M < G not containing F, F/(F N M) is
G-simple. Let M be the maximal subgroups not containing F, and C the maximal
subgroups containing F. Then by hypothesis

{1}=@G)=()Cn (\ MDFNn () M= () (FNM)

ceC MeM MeM MeM

If M = {My,...,M,}, then write K; = FN M;. We thus have a finite set of G-
subgroups of F, the {K;}, such that the quotient of each is G-simple, and their inter-
section is trivial. Since F embeds in [J(F/K;), and each factor is Abelian by part (a), F
is Abelian. Then Corollary 11.13 shows F is completely reducible as a G-group.

Write K = F(G) N G'. By the previous exercise, F(G) is Abelian, and there is a normal
subgroup A < G with F(G) = AK and ANK = {1}. Since AN G’ is trivial, we have for
a € Aand g c G that

lg,al € ANG' = {1}

Thus A is central, so A = {1} and F(G) = K < G'.

First consider the case of a finite simple Abelian G-group S. Since S is finite, it
has an N-composition series, so let T < S be a simple N-subgroup. Then T¢ is also
a simple N-subgroup for all ¢ € G (isomorphic to T with n-t§ = (gng~!-t)%), and

thus
X=) T8
g€G

is an N-subgroup of S that is a sum of simple N-subgroups. But X is a G-subgroup, and so
by simplicity we must have X = S. Then S is a finite sum of simple N-subgroups.

Now consider the case A is completely reducible as a G-group, so that by Theorem 11.12

we can write
n
A=EPs;
i=1
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for simple G-groups S;. By the previous paragraph, each of these is a finite sum of N-simple
N-subgroups, so A is also such a finite sum. Again by Theorem 11.12, A is completely
reducible as an N-group.

Chapter 12

Let R be a division ring. If rs = 0, and s # 0, then

0=(rs)s '=r(ss)=rl=r

Conversely, suppose R is a finite ring where rs = 0 implies either r = 0 or s = 0. Pick
an element u € R with u nonzero. Consider left multiplication on R by u. If ur = us, then
u(r —s) = 0, and thus r = s. In other words, this left multiplication is injective, and so since
R is finite it is surjective. There is thus an element v € R with uv = 1. Similarly we can find
a left inverse of u by multiplying on the right. Since u was arbitrary, every nonzero element
of R has an inverse.

The argument in the previous problem that (i) implies (ii) used no finiteness conditions.
For the proof that (ii) implies (i), we replace the finiteness of R by the finite dimensionality;
it is then still true that being injective (and F-linear) implies being surjective, and the rest of
the proof remains the same.

Let S C R be a unitary subring, and r € R with rS = 0. Since 1 € S, this implies
r =11 = 0. Conversely, suppose S = 0 implies r = 0 for a generic subring S. Let e € S be
its unit, so that ¢2 = e. Then for any s € S, we have

(e—1)s=(e—1)es = (e* —e)s =0

Thus (e —1)S =0, so that e = 1, and S is unitary.

For an integer m € Z™, define mr = r+r+--- +r (m times). If m is negative, define it
as (—m)(—r). And of course Or = 0, where the left 0 is from Z and the right 0 is from R.
Now to define the multiplication on R x Z, we say that

(r,m)(s,n) = (rs + ms + nr,mn)
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To show this is a (unital) ring, note that

(r,m)((s,n)(t,p)) = (r,m)(st +nt + ps,np)
rst + nrt + prs + mst + mnt + mps + npr, mnp)
rs+ms+nr mn)(t, p)
n))(t p)
)(s+t n+p)
r(s+t)+m(s+t)+ (n+p)r,mn+p))

(7,
= (
= (
((r,
(r,
= (
((rs +ms +nr) + (rt + mt + pr), mn + mp)
= (
(
(
(
(r
= (0

(r,m) ((s,n) + (t,p))

r,m)(s,n) + (r,m)(t, p)
s+t,n+p)(r,m)

(sr +ms + nr) + (tr + mt + pr), nm + pm)
s,n)(r,m) + (£, p)(r,m)

r,m)

,1)(r,m)

((s,n) + (£, p)) (r,m)

(r,m)(0,1)

Finally, the set I = {(,0) : r € R} is a two-sided ideal, and

(r,0)(s,0) = (rs,0)

so that I is ring-isomorphic to R.

[12.5]
(a)

(b)

(©)

Note that for a € R, al is a right ideal of R as well. If al ¢ I, then by maximality we
must have al = R. So for some x € I we have ax = 1, and thus

0=(1—ax)a=a—axa=a(l— xa)

So if | is the right annihilator of 2, we have 1 — xa € J. Since | is a right ideal, ] C I,
and since xa € I, we would have 1 € I, which is a contradiction. Thus al C I. Since
this is true for all a € R, I is a two-sided ideal.

Let a € R\ I. If a doesn’t have a right inverse, then aR is a right ideal, so that
a € aR C I, which is a contradiction. So there exists b € R with ab = 1. Now we can’t
have b € I (since by part (a) it's a left ideal), so by the same reasoning there exists
c € Rwith bc = 1. Then a = ¢ so that ba = 1 and a is invertible.

Let ] be a left ideal of R. Then | cannot contain any elements of R\ I, since by part
(b) they’re all invertible. Thus | C I, so that I is the unique maximal left ideal of R.

[12.6] Let a € I and suppose ab = 1. We can’t have b is a unit, since then a is too. So b € I as

well.

Then
a(l—b)=a—ab=a—-1
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sothata = (a—1)(1 —b)~!, where (a — 1), (1 —b) ¢ I since that would imply 1 € I. Thus
a is the product of units, and hence a unit itself. This contradiction shows b does not exist.
Similarly, a has no left inverses. Thus aR and Ra must consist only of non-inverses, so both
are contained in I. This shows I is an ideal of R. Since every left/right ideal consists of
non-units, I is the unique maximal left/right ideal, and the previous problem then says R
is local.

R is clearly a subring of Q, since if p does not divide n and s, then it doesn’t divide ns,

so that m r ms + nr
—+-= €R
n S ns

And similarly for multiplication. The nonunits of R are precisely those with numerator
divisible by p. This set is closed under addtion, since

%_i_b_p_ (sa+nb)p

n S ns

By the previous problem, R is local.

(a) Define the map  : FG — F on the basis G by 6(g) = 1, and extending F-linearly.
This is a vector space homomorphism, so we only need to check it preserves the ring
product of FG:

0(ag)d(bh) = ab = 5(abgh)

Herea,b € F and g, h € G. Since every element of FG looks like ) a;g; and we already
know ¢ is F-linear, this shows it is a ring homomorphism. It is clearly unique because
it is uniquely determined (F-linearly) by what it does on the basis G.

(b) Clearly 6(1 —g) = 0, so that 1 — ¢ € A for all ¢ € G. Let’s now show that every
element of A is a linear combination of the (1 — g) with ¢ # 1, and that they are
F-linearly independent.

If Y a;g; € A, then we must have

0=0() aigi) =) 0(aigi) = ) a

We can thus write Y_a;¢; = Y —a;(1 — g;), so that {(1 — g) : ¢ € G} spans A. Suppose
now that we could write
Y ai(1—-g) =0

with each g; # 1. Then the coefficient of g;, which is 4, is 0, and hence all the a; are
zero. Thus {(1 —g) : g € G\ {1}} is an F-basis for A.

Suppose S has an element s € S with finite additive order m. If p is a prime dividing
m = pn, then ns # 0 has finite order p. Let P be the set of elements in S with additive
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order dividing p. Note that ns € P so it is non-empty. For a,b € P and r € S, we
have

p(a+b) = pa+pb

Thus P is a nonzero ideal of S, so that S = P and every nonzero element of S has additive
order p.

We apply the "usual" formula for an inverse, relying on the fact r is nilpotent:

(1—1’)_1:Zri:]+r+rz+...+r”—1
i=0

Multiplying these on the left and right shows it is an actual inverse.

If r,s € R are nilpotent (say of orders m and n), then (ra)” = r"a™ = 0 for any
a € R. Meanwhile, every term in the binomial expansion of (r 4 s)™*" contains either a
multiple of " or s”, so it is also 0. Thus the nilpotent elements form an ideal when R is
commutative.

For a counterexample with non-commutativity, consider A, B € M, (RR), with
01
=00
00
= (10)
We have A2 = B2 =0, but (A+ B)? =L

[We alter the problem to discuss "nonzero" ideals.] When G is finite, the augmentation
ideal of [12.8] is finite dimensional. Now suppose I < FG is a finite F-dimensional nonzero
ideal. Then we can write I with a finite F-basis, say {by,...,b,}, with each expressible as
an element of FG:

b= Loigi

Let S = {g;j}, which is a finite subset of G, so that I is contained in the F-span of S.
Relabel S as {s1,...,s,}, and let }_a;s; be a nonzero element of I, say with nonzero co-
efficient a1. Let ¢ € G be arbitrary, then from the fact that gs; T c 1 c (S)F, we can

write
Zaigsfls,- = Zbisi
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Since G is linearly independent, this implies the coefficient of each element of G is equal
on both sides of this equation. In particular, since gs; sy = g, we see that the coeffi-
cient on the right-hand side for ¢ is non-zero, so that g € S. Thus S = G and G is
finite.

Finally, if G is finite, let x = }_ ¢ be the sum of all elements of G. Then the set ] = (x)r is
a one-dimensional subspace, and we claim it is actually an ideal:

() aigi) bx =) abx = () _ab) x

where we’ve used that ¢;x = x, since multiplication by g; just permutes the elements
of G. Similar reasoning shows that | is also a right ideal, and hence is an ideal of
FG.

Of course eRe C eR. Now define the map eR — eRe by x — xe. This is clearly an
additive homomorphism, and also respects multiplication:

(eres)e = (ere)(ese)

Suppose er € eR is such that ere = 0. Then (er)? = 0 so that er = 0 (since R has no nonzero
nilpotents). So our map is injective. But R is finite, so then eR and eRe are finite as well, so
that we must have eR = eRe.

Let D be a division ring, and let A = D as an Abelian (additive) group, and X = D
acting via multiplication on the left. By Corollary 12.11, A is a simple X-group. Now for
any d € D, we have that right multplication p,; (given by (a)p; = ad) is an element of
Endx(A), since

(ba)pg = bad = b(a)p4

If ¢ € Endx(A) is an arbitrary endomorphism, let (1)¢ = d. Then for a # 0 we
have

d= )¢ =(a""a)p=a"'(a)¢
And thus (a)¢ = ad for all a € A. This means ¢ = p,;. So the map d — p; is surjective, and
since p;(1) = d, it is clearly injective. We also have

Pd + Px = Pd+x
PdPx = Pdx

And thus the map D — Endx(A) is an isomorphism.
Lety,z € C(X), and x € X be arbitrary. Then

(y+2z)x =yx+zx=xy+xz=x(y+2)
shows C(X) is closed under addition. We also have

(y2)x = yaz = x(yz)
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so that C(X) is closed under multiplication. Finally, 0,1 € C(X) clearly, and from xy = yx
with y # 0 we have y~!x = xy~!, so C(X) is closed under nonzero inverses, and is a
division ring.

If R is an F-algebra, then F -1 C Z(R) is isomorphic to F (since F has no nonzero ideals).

Conversely, suppose the central unitary subring S exists, with S = F. Then for s € S, we
have

s(ab) = (sa)b = a(sb)

so that R is an F-algebra. [That R is an F-vector space and uses the same addition comes
from F = S C R/]

Z(R) C R is a unitary subring. Let I < Z(R) be a nonzero ideal. Then IR = Rl is a
nonzero ideal of R, so by simplicity IR = R. In particular, there is i € I and r € R with
ir = ri = 1. Since then r = i~!, we also have r € Z(R), so that 1 = ir € I, implying
I =Z(R). So Z(R) is a simple commutative ring: a field.

If R = M,(F), then clearly al € Z(R), where I is the identity element and a € F. If

A € Z(R), then we have
Y ajjerj = e A = Ae = ) ajeji

Since the {ey;} form an F-basis of R, this equality means the coefficients of each matrix unit
on each side are equivalent. If i # j and a;; # 0, then the coefficient of e;; on the left-hand
side is nonzero, but there is no ¢;; on the right side. So for A € Z(R) we must have a;; = 0
for i # j. So the above equation simplifies to

Y aiieri = e A = Aeg; = Y ey

And so a;; = ay for all i and k. That is, A = a31l, and thus Z(R) is isomorphic to
F.

Let « € F. Define am = m(al). Note that we then have
a(ma) = (ma)al = m(anl) = m(aa) = m(ala) = (mal)a = (am)a
We also have an F-vector space structure on M:
a(m+n) = (m+n)al = mal +nal = am+ an

Finally, this is unique, since if a(ma) = m(aa), then choosing a = 1 we see that am =
m(al).

For m # 0 in M, the map a > ma is a surjective F-linear map from A to M by the
previous problem; since A is finite dimensional, so then is M. Now if « € End4 (M), then
for A € C we have

a(Am) = a(m(A1)) = a(m)A1l = Aa(m)
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so that a is C-linear. There is thus an eigenvalue { of this linear map on the finite-
dimensional vector space M. m — {m is of course an endomorphism of M, since {(ma) =
({m)a by the previouus problem. Define a new map by

We have B € End4 (M), which is a division ring by Schur’s lemma. But if n € M is an
eigenvector associated to { for &, then f(n) = 0. This implies p = 0, and so a(m) = {m for
allm € M.

The previous problem shows that End 4 (M) = C. Since A is commutative, we also have
pa € Endy (M) for every a € A, where p,(m) = ma. Thus ma = A,m for some A, € C.
So if m # 0 in M, then Cm is an A-submodule, so by simplicity is all of M, so that M is
one-dimensional.

Let A be the C-algebra generated by X and the scalar matrices. Then A is commutative
and finite-dimensional. Let M = C" be an A-module. Then every A-submodule of M is
a C vector subspace, so M is Artinian/Noetherian. Let S < M be a simple A-submodule.
By the previous problem, S is one-dimensional over C: S = Cv for some v € M. Then for
every x € X C A, we have

VX = AU

for some Ay € C, so that v is a common eigenvector for all elements of X.

(a) Since R is Artinian and Noetherian, it has a finite composition length (as a module
over itself). Let that length be k. Then R" has composition length nk. So if R" = R™,
then nk = mk, so that n = m.

(b) When I is an ideal of R, then I" < R" is an R submodule. So R"/I" = (R/I)" is an
R module, with I acting trivially, so is really an R/I module. So if R" = R", then
(R/D)" = (R/I)™ as R/I modules. When [ is a maximal ideal, R/I is a field, and
these are vector spaces of dimensions n and m. So in this case n = m.

First note we can treat B = (B,0) and C = (0,C) as R-modules, with right R-submodules
corresponding exactly to right ideals. Suppose B and C are right Artinian as rings; then
they are right Artinian as R-modules. Then if R = B © C, we have both B and R/B = C
are Artinian, so by Theorem 11.6 R is Artinian. Conversely, if R is Artinian, so are its
submodules B and C, and so B and C are Artinian as rings. The same line of reasoning
works for Noetherian.

(a) R is clearly closed under addition. Meanwhile, we have
b 0\ (b O\ [ bb 0
a c)J\a ¢) \ab+ca c¢
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Thus R is closed under multiplication. Since B and C are unitary, the identity matrix
is in R, so it is a ring.

Finally, I is an ideal because
0 0\ (/b O\ (0 O
a 0)\a ¢/ \ab 0
b 0\ (0 0y (0 O
a c)\a 0) \ca O

Consider the map R — B @ C given be sending

(0o

Part (a) shows this is a ring homomorphism, and is surjective. The kernel is precisely
I.

Consider the map ¢ : I — Ap given by sending
00 —a
a 0

This is an additive isomorphism. The map b + is an isomorphism by part

00
(a). This gives an action of B on the right of I, and part (a) shows ¢ is a B-module
homomorphism as well. Part (a) in fact shows that right R-submodules of I are
precisely the right B-submodules. Thus I is right Artinian/Noetherian precisely when
A B is.

(d) The same reasoning (mutatis mutandis) in the previous part, with C acting on the left,

works as well for c A.

As fields, all of A, B, C are Artinian/Noetherian rings. Since A = B, we have that
Ap is clearly Artinian/Noetherian as a B-module. Thus by part (c), I is a right
Artinian/Noetherian R-module. Since R/I = B @ C, the previous problem shows R/
is right Artinian/Noetherian as well, as an R/I (and hence R) module. By Theorem
11.6 then, R is right Artinian/Noetherian.

However, ¢ A is not Artinian/Noetherian as a C module, since it is infinite dimensional
over C. Thus by part (d) I is not a left Artinian/Noetherian submodule of R. This
implies R itself is not left Artinian/Noetherian.

Let { = )} a,g be an element of Z(FG). Then for any h € G, we have

C=h""Ch=Y) ags"
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Since G is linearly independent over F, equating coefficients above shows aq = a, for all
g € G. In particular, since h was arbitrary, for any conjugacy class C C G, the coefficients of
each element of C in ¢ are equal.

Let {Co,Cq...,Cn} be the conjugacy classes of G. From the above,

Zi=)Y 8

8cC;

isin Z(FG), and any element of Z(FG) can be written as an F-linear combination of the ;.
Clearly Z(FG) is closed under addition and multiplication by F, and since the conjugacy
classes of G are disjoint (and G is linearly independent over F), we have the {{;} are linearly
independent, and hence form an F-basis for Z(FG).

Write 1 =) e;, where e; € I;. Then for any x € I;, we have
x=x1=x(ey+ - +ey) = xe

and similarly with multiplication on the left. The final equality above uses that xe; €
I; N I; = {0}. Thus each ¢; is an identity element for its respective ideal. Note that for any
r,s € R, we have that

rs = (re1+---+rey)(e1s+ -+ +eus)
=) reje;s
= erei
by the same reasoning: re;ejs € [N I; = {0}. Here we have also used that ¢; is a unity for I;

to reduce
rejeis = re;s = (re;s)e; = rej(se;) = rse;

The expressions in parentheses above are elements of I;.

Now define a map ¢ : R — @I;, by sending r — @re;. This is surjective, an addi-
tive homomorphism, and preserves the identity. It is injective because ) e; = 1, and by
the previous paragraph it is a multiplicative homomorphism. Thus this is a ring isomor-
phism.

Every element of R can be written as }; ; ejja;; for a;; € D, so to show I; is a right ideal,
it’s enough show for any x € I;, we have xejaj. € I;. But we have

XCjkAjk = Xij€ikAjk = XijdjkCik

and that’s in I;. To show I, is simple, let y be an arbitrary element of I; and let x be a nonzero
element in an R-submodule of [;; suppose xj;x # 0 for some k. Then

y= Zyijeij =Y (xuxyyij)ei; = xzekj(xizlyij)
j j j

Thus any nonzero submodule of I; is all of I;, so it is simple.

44



[12.28]

[12.29]

[12.30]

[13.1]

Chapter 13

Suppose x> + y?> +z2 = —1 for x,y,z € F. Then
(I+xi+yj+zk)(1—xi—yj—zk) =1+x*>+1y*+2>=0

Thus H(F) has zero divisors, so cannot be a division ring. Conversely, if H(F) is not
a division ring, then by [12.2] there are nonzero elements r,s € H(F) with rs = 0. Let
r = a+ bi+ cj+ dk, and define 7 = a — bi — cj — dk. Then 7r = a® + b? + ¢ + d?. If this is a
nonzero element of F, then 77 is invertible, and hence from 7rs = 0 we have s = 0, which
contradicts our assumption. So we must have that 7 = 0. One of the {a,b,c,d} is non-zero
(since 7 is non-zero); assume without loss of generality it is a. Then dividing 7r by a2, we

have Py 2 ) g2
c
@) GG =
Let e € S be the unit of S. Define T = {r € R | er = re = r}, and note that S C T. In fact,
for any subring X C R such that S C X is a unitary subring, it must be that X C T. So to

complete the solution, we will show T is a ring. Obviously e functions as its identity. For
r,s € T we also have

e(r+s)=er+es=r+s=re+se=(r+s)e
to show T is closed under addition. T is also closed under multiplication:

e(rs) = (er)s =rs =r(se) = (rs)e

(a) We have x(1 —yx) = x — (xy)x = x — x = 0. Thus 1 — yx # 0 is a right annihilator of
X.

(b) Suppose x"a = 0 # x"~1a. Then we must have

n+1 n—l(

X"ya = x"(xy)a = x"a = 0 # x"la = x" Y xy)a = x"ya

So ya annihilates x"*! but not x".

(c) If yx # 1, then parts (a) and (b) give an infinite ascending sequence of right ideals (this
is by induction, the base case for part (b) being n = 1). Since R is right Noetherian,
that is impossible. So we must have yx = 1.

Chapter 13

Let | be a maximal right ideal of R containing I, and let U = R/] be a simple right
R-module. Then anng(U) is an ideal of R, and if we show I < anng(U), then maximality
shows I = anng(U). So let x € I and let u € U, represented as Jy for some y € R. Then
yx €I <], soux=0.
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If I is a primitive ideal of R, let it be anng(U) for some simple module U. Let u € U be
non-zero, and | > I be anng(u). J is a maximal ideal of R by Lemma 13.1. Butif y € J and
r € R, then ury = (uy)r = 0. Since uR = U, we see that y € I, implying | < Isothat ] =1
is maximal.

Suppose a € J(R), so that ba € J(R) as well, such that ba is quasiregular by The-
orem 13.4. Since a(l —ba) = a—aba = 0, and (1 — ba) is invertible, we have that
a=0.

()

(b)

(a)

Let v € V be non-zero, and write v = (ay,...,4,), assuming a; # 0 for some i. Then

(bl, el bn) = vZai_lbjeij
j

Thus for the arbitrary v # 0, we have vR = V, and so V is simple.

let ¢ : V. — V be an R-module homomorphism, and let v; = (1,0,...,0). If we let
$(v1) = (ay,...,a,), then from
$(v1) = p(v1e11) = p(v1)e11 = (a1,0,...,0) = ayvq

we have that ¢(v1r) = (a1v1)r = a1(v17), and since v1R = V it must be that ¢ is just
multiplication (on the left) by a; € D. Conversely, for any a € D, left multiplication is
an element of Endg(V), since

(av)r = a(ovr)

Thus E is precisely left multiplication by elements of D.

Consider the additive subgroups A = { (g 8) 1a € R} and B = { <8 2) :be R}.

The following shows A < S is a right ideal, and B < S is a left ideal:

a 0\ (c 0\ [fac O

0 0/\r d/ \O0 O

c 0\ /0 0y (0 O

r d)\0 b) \0 db
Now for any x, € ANJ(S) (having a in the upper left corner), we know that x, is
quasiregular, so that in particular 1 — a is invertible. The set A = {a € R : x, €
ANJ(S)} is a right ideal of R, with all elements quasiregular, and hence A < J(R).

All that’s left to do is show that if some y € J(S), then if a is the upper-left corner of
y, we have x, € ANJ(S), since this implies a € J(R). For that we have

x_lO aO_x
W=\o o)\r o) =7

The preceding arguments work just as well for B swapping "left" and "right".
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al 0\ /a 0\ (1 0\ [(a 0\ /al 0
x b 1) \r b)) \0 1) \r b x b1
where x = —b~lra— 1.

(c) Note that

(b) We have

=% i) =

is an ideal of S. For each x € |, we have that I — x has invertible elements along the
diagonal, so by part (b) I — x is invertible in S. Thus every element of | is quasiregular,

so ] <J(S).
Note this problem shows, in the language of part (c), that ] = J(S).

We work by induction on |G|, the case of |G| = 1 being obvious. For |G| > 1,letz € Z(G)
be an element of order p, generating a central subgroup Z. Consider the ring homomor-
phism A — F(G/Z) given by sending group elements to their representatives in G/Z. Sup-
pose }_a,¢ is in the kernel of this map; then for every ¢ € G, we have

Zahzo

hegZ

If we relabel the coefficients above as a; for gz', then it is straightforward to see (using

ra;=0)
(1—2z) Z (Z@) gz = Zakgz

Doing this for each coset of Z shows that every element in the kernel is a multiple of (1 —z),
so that the kernel must in fact be (1 — z)A. Since (1 —z)? = 0 and z is central, we have by
Corollary 13.5 that (1 —z) € J(A), so that our whole kernel is in J(A). By Corollary 13.2
then, the image of J(A) is equal to J(F(G/Z)). The induction hypothesis shows J(F(G/Z))
has codimension 1, and so then too does J(A).

We know from [12.7] that L, is local. So there is only one maximal ideal of L, consisting
of all non-units, and so J(L,) (as an intersection of the maximal ideals) is precisely these
non-units.

(a) This is untrue; see [13.5] to see that if S is the lower triangular matrices of M (RR), then
J(S) consists of all matrices with zeroes everywhere except the lower left. Meanwhile
M;(R) is simple and has trivial Jacobson radical.

(b) This is also untrue; let S = Z and R = L, from the previous problem. Then J(S) = {0}
while pZ C J(R).
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(a) Assume Ue # {0}. Let ue,ve € Ue with ue # 0. Since U is simple, we know there is
an r € R with uer = ve. Then

(ue)(ere) = (ue)(re) = (ve)e = ve

Thus (ue)eRe = Ue and Ue is simple.

(b) Suppose ere € eRe annihilated each simple eRe module. If U is any simple R module,
then from part (a) we know (Ue)(ere) = 0. Since e is idempotent, this means U (ere) =
0. Because U was an arbitrary simple R module, we have ere € J(R). Thus J(eRe) C

J(R).

[13.10] Since e is the identity of eRe, the previous problem implies J(eRe) C eJ(R)e. Now
suppose x € eJ(R)e C J(R). Then x is quasiregular, so that there exists y € R with
(1-x)y=1=y(1—x). Then we have

(e —x)(eye) = eye — exye = e(y — xy)e = e

Here we have used ex = x = xe. Similarly, we see that (eye)(e — x) = e. Thus eye is an
inverse for (e — x) € eRe. Since e¢J(R)e is an ideal of eRe, and we’ve just shown it contains
all quasiregular elements, we have eJ(R)e C J(eRe).

[13.11] If dim(V) = n < oo, then R = M, (D°?) by Lemma 13.19, so is of course simple. If
dim(V) is infinite, consider the subset I C R of elements « € R where a(V) is contained in
a finite dimensional subspace of V. Note that I is a proper additive subgroup of R. If € R,
then from af(V) C a(V) we see that I is a right ideal; if (V) C W with dim(W) < oo,
then Ba(V) C B(W) with the latter finite-dimensional, so I is a left ideal as well. Thus I is
a proper ideal of R, so R is not simple.

[13.12]

(a) Since R is primitive, it has a faithful simple module U. Since a submodule of R* is
just a right ideal, Lemma 13.25 shows all minimal right ideals of R are isomorphic to
U, and hence to each other.

(b) Let ] be a minimal right ideal of R, which by part (a) is a faithful simple module for
R. Then JI C ] is a right R-module, so by simplicity and faithfulness we must have
J = JI. But since I is an ideal, JI C I.

[13.13] Lets+x = 1withs € Sand x € J(R). Also lete € S be its unit. Then

e=ce(s+x)
=s+ex
e(l—x)=s

=(1-x)

Since 1 — x is invertible, this shows e = 1, so S is unitary.
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Define U as
U={uceR|uRe={0}}
Note that for # € U and r € R, we have (ur)Re C uRe = {0}, so ur € U and U is a right

R-submodule. Since ue = 0 for any u € U, and U C eR, we of course have U?> = {0}.
What's left to show is that eR/U is simple.

To that end, let er,es € eR\ U. There is thus an a € R with erae # 0. Since eRe is a
division ring, there’s an inverse x € eRe to this element, and then

(er)(aexs) = (erae)x(s) = es

This shows that for any two non-zero elements in eR /U, there’s an element of R taking one
to the other, and thus eR/U is simple.

Let V = XR be the submodule of U generated by X. The hypothesis of the problem
then shows that V maps onto U/U]J, so by the correspondence theorem U = V + U]. By
Nakayama’s lemma, V = U.

If x € U(R), then there exists y € R with xy = 1 = yx, and that still holds in R/J(R),
so we have a well-defined map from U(R) to U(R/J(R)). Now let x + J(R) be a unit in
R/J(R), so that there exists y € R with 1 — xy € J(R). Since this element is quasi-regular,
there is a z € R with

1=(1-(1-xy))z=xyz

so that x has a right inverse. Similarly it has a left inverse, so x € U(R) and x maps (of
course) to x + J(R).

Let M be a simple A-module, which (as a quotient of A) is finite-dimensional as a C
vector space. (Note M exists because any minimal right ideal of A is simple.) By [12.19] we
see that End 4 (M) = C. Because A is simple, its image in End (M) is isomorphic to A. Then
since A is Artinian, by the double centralizer theorem, we have

M,,(C) = End¢ (M) = A

where n = dim¢ (M).

Chapter 14

We prove this by induction on |X|, the case X being empty the trivial base case. Now
suppose |X| =n+1, and let xg € X with Xy = X \ {x0}. The inductive hypothesis implies
Xo C J with ] nilpotent, and of course I = (xg) is nilpotent because x( is and R is commu-
tative. Suppose I = {0} = J". Then for a € [ and b € ] we have

(Ll + b)m+n — min (m 2— 1’1) akbm+nfk
k=0
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and in each of those terms on the right-hand side, either k > m and/or m +n —k > n.
So every term is zero, and thus (a + b)™*" = 0. Since a and b were arbitrary, this shows
(I 4 J)™*t" = {0}, and since X C I + | we are done.

Assume x is such that Ix = {0} but xI # {0}. Then R being semiprime implies for the
right ideal xI that

{0} # (x1)* = x(Ix)I = {0}
this contradiction shows every right annihilator is a left annihilator; the reverse argument
shows we have two-way containment, hence equality.

(a) We define the a4; inductively, with a; = a. Suppose we’ve defined a; for i < n. Since
R is semiprime and a, # 0, we know that a,Ra, # {0}, so we can take a,11 € a,Ray.
By construction a4, is in a,Ra,, and the inductive hypothesis implies for j < n that

ant1 € anRay C (ajRa;)R(a;Ra;) C ajRa;

so our induction is complete.

(b) Suppose 4; € [ and a; € ], and without loss of generality assume i < j. Then we know
aj € ajRa; C I. So we have a; in both I and . Then a;Ra; C I] so that aj, 1 € I].

(c) Suppose A,B > P, so that by maximality ANS and BN S are non-empty. By the
previous part, ABN S # @, but since P is disjoint from S, this implies AB £ P. This
is the contrapositive definition of being a prime ideal.

Suppose first the intersection of prime ideals is zero. If P is an arbitrary prime ideal, and
I is nilpotent, then I" = {0} < P, so that by primeness I < P. Since P was arbitrary, [ is con-
tained in every prime ideal, so we have I = {0}. Thus R is semiprime.

Conversely, let R be semiprime. For 0 # a € R, build the set S as in the previous
problem. If an ascending chain {I,} of ideals intersects S trivially, then UI, is an ideal that
also intersects S trivially. Zorn’s lemma then implies a maximal such ideal P such that
PNS = @. The previous problem shows P is prime, and a € S, so a ¢ P. Since a was
an arbitrary nonzero element, we see that the intersection of all prime ideals contains no
nonzero elements, and is thus {0}.

(a) Let M = Ry x {0} < R® be a submodule of the regular module, and similarly define
N. Since | = {0} x R, < R acts trivially on M, and is an ideal of R, we see that M is
really a module over R/] = Ry, and as such it is isomorphic to the regular module
R?, hence Artinian. Similarly, N is a module over R; and is Artinian. Then R* is the
sum of two Artinian submodules, hence Artinian.
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(b) Let I = Ry x {0} and | = {0} x Ry be ideals of R. Let K < R be an ideal with
K? = {0}. The map R — R/I sends K to an ideal of R/I = R, which is nilpotent;
since R, is semiprime, we see that the image of K is zero, so that K < I. Similarly
K <J,and thus K < InNJ = {0}. So R is semiprime.

By Theorem 14.2, J(R) is nilpotent. If M < R is a maximal ideal, then the image of
J(R) in R/M is also nilpotent. But the only ideals of R/M are the trivial ones, so the
image of J(R) must be the zero ideal; in other words, J(R) < M. Since this holds for all
maximal ideals, we can count the maximal ideals of R by counting them in R/J(R). This is
a Wedderburn ring, so by Lemma 14.16 it has only finitely many ideals, so certainly only
finitely many maximal ideals.

Suppose first that e is not primitive, so we can write e = f + ¢ for two orthogonal idempo-
tents f and g. Thennote f = ef € eR, and similarly g € eR, so that fR+ gR < eR. Of course,
since f 4+ ¢ = e, we see that fR 4 gR = eR. Also, if x = fr = gs, then

0=(fg)s=fx=f(fr)=fr=x
Thus fRNgR = {0}, and eR = fR & gR shows it is decomposable.

Conversely, suppose eR = M @ N, and let e = m 4 n. Since m € eR and e is idempotent,
we know that
m=em = (m+n)m=m>+ nm

But then m — m? = m(1 —m) = nm is in mR C M and nR C N, so is 0; that is, m = m?.

From the equation above this implies nm = 0. Similarly, n = n?> and mn = 0. So m and n
are orthogonal idempotents with e = m 4 n, so e is not primitive.

Let e be an idempotent, and we show it is the finite sum of mutually orthogonal primitive
idempotents. Since R is Artinian, it is also Noetherian (Theorem 14.11). Since eR is a finitely
generated R-module, it is also Artinian and Noetherian (Corollary 11.8), so has finite
composition length (Theorem 11.3). This means we can write eR as a finite direct sum of
indecomposable right ideals contained in eR (Lemma 10.9).

Now we mimic the proof for the previous problem. Write eR = M; @ - - - © M for inde-
composable right ideals M;. Let e = }_m; for m; € M;. We know that

m; = em; = () m;) m; = mi + ) mjm;
j#i

Then 0 = (m; — mlz) — Yj4imjm;. By the direct sum decomposition, we have m; = ml2 and
mjm; = 0 for j # i. This works for all i, so we see that our decomposition has expressed e
as a sum of mutually orthogonal idempotents.

The final piece is to show M; = m;R, since then the previous problem shows then that each
of the m; is primitive. To that end, note that since m;R < M; and M; is indecomposable, the
Peirce decomposition (Lemma 14.8) shows we cannot have m;R < M,;.
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Let U= (U+J(R))/J(R) < R/J(R). Then R/J(R) is a Wedderburn ring, so by Lemma
14.16 there is an ideal V < R/J(R) such that U+ V = R/J(R), and UNV = {0}. Up
in R, this means there’s an ideal V containing J(R) such that (U + J(R)) +V = R and
(U4 J(R)) NV < J(R). Since J(R) <V, this means U 4+ V = R, and since U < U + J(R),
we also have UNV < J(R).

Let 1 = uj + vy be a representation of 1 € R. Also, let r = u, + v, be a representation
of the inverse of v in R/U: 1 —rv € U. Then we have for x = 1 — (11 + v;)(u1 + v) the
following equivalent expressions:

1— (uq +0,)(ug +0) = (1 —00) — (vu; + 1o+ u?)
1— (u1+9)(ug +0) = (1 —u?) — (vyuy + 110 + v,0)

Since 1 —rv € U, that implies 1 — v,v € U; thus the first line above shows x € U. Since
also 12 = u% + (w101 + vqup + U%), we see that 1 — u% € V; thus the second line above shows
x € V.Sowehave x € UNV C J(R), and hence (u1 4+ v;)(uy + v) is invertible. This means
that 11 + v has a left inverse. Similarly, by reversing the product order in the expression for

x, we see it has a right inverse, and thus u; + v is invertible, as desired.

If u € R is invertible, so that vu = 1 = uv, then vu = 1 = uo in R/I, so the units of
R map to units of R/I. Now suppose x € R/I is invertible. Choose an ideal | such that
I+]=Rand IN] <J(R), by [14.9]. Then the previous problem shows there is some y € I
with x + y invertible in R. But x + y = ¥ and we're done.

Since R/J(R) is Wedderburn, Theorem 14.13 shows there’s an a € R witha € R/J(R)
idempotent, and K/J(R) = @(R/J(R)). Since K = I + J(R), we can suppose a € I. Note
thatal < [ is a right ideal. If we can show K = al + J(R), then the minimality implies al = I
and hence by Lemma 14.32 we have I = ¢R for an idempotent ¢ € R.

Let x € K be arbitrary, and note we can write X = ar = aar in K/J(R) from what we
showed above (remembering that @ is idempotent). Thus

x € aaR + J(R) C al + J(R)

Since x was arbitrary, and al 4+ J(R) < I 4+ J(R) = K, we have containment both ways, and
thus K = al + J(R).

First, suppose SI # 0. Then there is some s € S with sI # 0, and since this is a
submodule and S is simple, we have sI = S. The map 6 : I — S given by 6(x) = sx is a
surjective homomorphism.

Conversely suppose we have this surjective homomorphism 6 : I — S. Corollary 14.33
shows I = eR for an idempotent e. Let s = 6(e). We can’t have s = 0, since then 0(I) =
6(e)R = {0}. But then we have

0#s=20(e) =0(ee) =0(e)e = se

Sos € SI.
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We prove the following, which implies the problem statement: if U is of finite com-
position length and I is a minimally potent right ideal of R, then U has I/M(I) as a
composition factor if and only if UI # 0. This suffices because every simple module is a
quotient I/ M(I) for some minimally potent right ideal, by Theorem 14.31 and Corollary

14.37.

If U has two submodules N < W with W/N = I/M(I), then WI ¢ N by the previous
problem, so we must have UI # 0.

To prove the converse, we induct on the composition length of U. The case where U is
simple is exactly the previous problem. Now let /(U) = n + 1, and assume our result is
true for composition lengths < n.

If Ul # 0, then let N < U be a maximal submodule. If NI # 0, then the inductive
hypothesis shows N (and hence U) has a composition factor isomorphic to I/M(I). If
NI = 0, but (U/N)I # 0, then we're back in the simple case of the previous problem,
showing U/N = I/M(I). If NI = (U/N)I = 0, then with I = eR, we have Uee C
Ne = {0}. Since e is idempotent, we have Ue = {0}, but then Ul = UeR = {0}, a
contradiction.

It seems likely that we need to assume R is right Artinian, so we do that.

(a) Note that IA,IB C I, but since R = A + B, we have in fact I[A 4+ IB = [. Since
IA C A and IB C B, this is actually a direct sum decomposition: I = IA @ IB. But I
is minimally potent, hence indecomposable, so either IA = 0 or IB = 0. In the first
case | = IB C B, and the second case similarly yields I C A.

(b) By the previous problem, for A and B to have a composition factor in common, there
would have to be a minimally potent ideal I with AI # 0 and BI # 0. By part (a),
either ] C A or I C B. In the first case, B C AN B = {0}, and the second case yields
a similar result. Thus A and B have no composition factor in common.

Let uy € U be the matrix with x in the upper-right corner, and similarly define v, € V,

for x € K. We have

0 x\ [fa b\ (0 xd

0 0/\0 d/ \0 O

0 0\ (fa by (0 O

0 x)\0 d/ \0 xd
This shows U and V are right ideals, and that the map u, — vy is an R-module isomorphism.
Note there can’t be any non-zero right ideals | contained in V: v,v, = vy, so if vy € | with
x # 0, then since K is a field, all of V is contained in J. Now v} = v; for alln > 0, so V

cannot be nilpotent, and so it is minimally potent. But u,u, = 0 for every uy, u, € U, so
U? = 0 and U is nilpotent.
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[15.1]
(@ If 8 : G —+ G/N is the canonical homomorphism, and ¥ is the representation of
G/ N affording the character ¢, then 6% is a representation of G. If x is the character
afforded by this representation, we have
x(g) = Te(¥(6(g))) = Tr(¥(Ng)) = p(Ng)
(b) Now that we know (x is a character of G, we can just compute its inner product with
itself (T C G is a transversal of N in G):
1 -
(X x) = €] x(g)x(g)
g€G
1 -
1G] L v(Ng)p(Ng)
6l &
]N
CE2ARY
D DR IOrTEy
[ ’ ] xeG/N
= (¥.¥)e/N
Since this inner product is 1 precisely when y is irreducible, we are done.
[15.2] Let X be a representation of G affording x. As in the proof of Lemma 15.17, we know
N is contained in ker(x) = ker(X), and thus there is an induced homomorphism ¥ on
G/N, with ¥(Ng) = X(g). We can now compute the character of this representation on
G/N:
p(Ng) = Tr(¥(Ng)) = Tr(X(g)) = x(g)
[15.3] The previous two problems have established there is an one-to-one correspondence
between N and Irr(G/N), given by mapping x € N to the character ¢ of G/N, with
Y(Ng) = x(8)-

(a) Of course, by definition N is contained in the kernel of every character in V. Suppose
¢ € G was contained in the kernel of every element of /. Then Ng is contained in
the kernel of every element of Irr(G/N), and hence Ng = N; that is, ¢ € N.

(b) We have

Y x1)?= )} $(N)*=|G/N|=[G:N]

XEN ypelrr(G/N)
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First, suppose z € Z(x) for every x € Irr(G). Then we have from Lemma 15.17 that zK €
Z(G/K) for K = ker(x) for every such x. By Corollary 15.18, the intersection of all these K
is trivial, and thus we have a canonical injective homomorphism G — [T crr(g) G/ ker(x).
Since z ends up in the center of this product, it certainly commutes will all elements of (the
embedded) G, so that z € Z(G).

Conversely, let x € Irr(G), and X be a representation affording x. By Lemma 15.10, X
maps CG onto M, (C). Thus for z € Z(G), X(z) commutes with all of M, (C), and hence it
is a scalar matrix eI. We thus have |x(z)| = n = x(1) so that z € Z(x).

If G is Abelian, then CG is Abelian. Let x € Irr(G) and X be a representation affording
X. Since X : CG — M,(C) is onto by Lemma 15.10 (with n = x(1)), we must have that
M,,(C) is Abelian. Hence n = 1 and the arbitrary character yx is linear.

Conversely, suppose x(1) = 1 for all x € Irr(G). Then g € Z(x) for all ¢ € G.
By the previous problem, since xy was arbitrary, we have that Z(G) = G, so that G is
Abelian.

If x is a linear character of G, then G’ < ker() since M;(C) = C* is Abelian. Meanwhile,
if G’ < ker(), then by [15.2] we have an induced character on G/G’, which must be linear
by the previous problem. Thus we have that £, the linear characters of G, are precisely those
with G’ < ker(x). By [15.3] part (b) we have that (noting x(1)? = 1 for a linear character)
G: G =|L]

We write x = ) a;1; as a linear combination of irreducible characters, and compute

<X1X> = 2“12

relying on the fact the {;} are an orthonormal set. Because our group is Abelian, we have
$i(1) = 1 for all 7, and hence x(1) = Y_a;. Since x is a character, the a; are non-negative
integers, so that oczz > w«; for all i, and we are done.

Let D = H x C, where H = (h) is cyclic of order n, and C = (c) is cyclic of order
2, with h° = h~!. There are thus ”T“ conjugacy classes contained in H: 1 for the iden-
tity, and then ”T_l of size 2, all looking like {a,a’l}. Since c is self-centralizing, it has
[D : C] = n conjugates, so the elements of D \ H form one conjugacy class, and we have

113 altogether.

Because [c, ] = h?, and n is odd, we see that H < D’. Of course, D/ H is Abelian (of order
2),s0 H = D'. By [15.6], D has 2 linear characters. The other ”51 irreducible characters
have degree at least 2; but

n—1

o
and thus by Corollary 15.7 it must be that all non-linear irreducible characters of D have
degree exactly 2.

22 — 2

2+

Let 6° be the extension of 6 to G, sending everything in G\ H to 0. Forx € Gand h € H,
note that hxh~! € H precisely when x € H, and thus (since @ is a class function on H) we
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always have 0°(hxh~1) = 0°(x). This allows us to write (with T a right transversal of H in
G):

‘ )_\

6 (x) = 6°(gxg™")

ZZ (htxt~th™ 1)
€HteT

0° (txt™ 1)

s

|~ I\H
m
()

=

=
T
— =

(txt™ ")

[}

0

)ﬂ

€

Since |6(h)| < 6(1), we certainly have [6°(x)| < 6(1). Thus

Yo oo(txtt)

teT

16€(x)| = < Yo jee(txt™h)| < |TJO(1) = 6°(1)

teT

For equality to hold (so that x € Z(6%)), we must have |6°(txt~!)| = 6(1) for each t € T. In
particular, for t € T N H, we then have

|6°(txt )| = [6°(x)| = 6(1) > 0
so that x € H.

We first prove a result about the different ways to write an element ¢ € G = HK
as a product hk. To that end, let the group H x K act on the set HK on the right,
via

x-(hk)=h"txk
Then this action is transitive, and the stabilizer of 1 € HK is the diagonal subgroup D of
(HNK) x (HNK). Thus the ways to write ¢ = hk are given by the right coset D(h~!, k),
which has |D| = |[HN K| elements, and in particular all the ways to write ¢ are as (ha ) (ak)
fora € HNK.

Now let x € K, and we compute:

Z (gxg~"

geG

= (AR leqZZ(p (hkexk™'h™1)

heH keK

= [H[-[HAK| AT AR L, L9 ek

heH keK

Z‘P (kxk™1

|Hm<| Py
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Now since kxk~! € K, we know that kxk~! € H if and only if kxk~! € HNK, and thus
¢° (kxk™1) = ¢ (kxk™1). So the above expression is nothing more than ¢K . (x), as
desired.

[15.11] Let X be a representation affording the character x, with n = x(1). Since x is irreducible,
we know by Lemma 15.10 that X : CG — M, (C) is onto, and thus X(z) is a scalar matrix,
say €1, for every z € Z(G). For g € G then, we have

x(82)]* = | Tr(X(g2))|* = | Te(X(8)X(2)) * = | Te(e=X () |* = le= Tr(X(g))I* = [x(g)

where the last equality follows because € is a root of unity. If T is a transversal of H in G,
such that T C Z(G), then we can thus compute

1
(X X)G = Wg;; Ix(g)?

Since xp is a character of H, and (x,x)c = 1 by hypothesis, we see that xp is irre-
ducible.

[15.12]
(a) We have

1 1 1
(X x)c = @gg x(9)* = @h;{ x()? = mh;{ X(m)? = 3 xm)n

(b) If H is Abelian, then we know from [15.7] that

x(1) =xu(1) < Xu xu)Hw < n{x, x)c =n
with the last equality following because x € Irr(G).

(c) We ignore the case |G| = 1 since that’s trivially true. If equality holds in the above,
then we must have (xy, xg)g = n. Equality must also hold in part (a), and from the
fact |x(g)|?> > 0 for all ¢ € G, we know that x(g) = 0 for ¢ ¢ H. If we set N to be
the subgroup (of H) generated by elements 1 € H with x(h) # 0, then N is the union
of conjugacy classes (since y is a class function), hence normal. It is also contained
in H, hence Abelian. It is not trivial, since otherwise we would have x(g) = 0 for all
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non-trivial ¢ € G, so that x is a multiple of the permutation character, which is not
irreducible for non-trivial G.

However, the problem statement is wrong, in that H need not be normal in G. A
counterexample is when G is of order 54, written as a semidirect product P x C, with
P a non-Abelian group of order 27 and exponent 3, and C a group of order 2 acting
on P. Specifically, let

P=(xyz|@=y=2=1yl=zlxz=1lz=1)

Then C = (c | ¢> = 1) with the non-trivial ¢ acting by swapping x and y. This also
means z¢ = z2. The presentation above also shows x¥ = xz and y* = yz2. If we let
H = (x,z), then H is elementary Abelian of order 9. Let x be the character of H with
Xx(z) = A and x(x) = 1, with A a primitive third root of unity. It can be checked that
)(G is actually irreducible, of degree 6 = [G : H|. However, H is not normal in G,
because x € H but x° = y ¢ H. In this case, the N constructed in the solution above
is (z) = Z(P).

To see the statement about x©, note that since P <1 G, we have x¢(g) = 0 for ¢ € P.
Now every element of P can be written as x"‘yﬁZV with 0 < a,B,7 <3. Let SUT be
a transversal for H in G, with S = {1,y,y?} and T = {c, cy, cy*}. Since S fixes y, and
y ¢ H, it can be checked that

0 0
Y x(s 7 wtyPas) = iy B7
= AT AT 4 A2 B =0

Since ¢ swaps x and y, a similar statement holds for T and a:

0 x #0
o=l a B vs) —
teZ%X (¢ x"yrzTt) {A27+/\,3+27_|_)\25+27 a=0

Of course, if & # 0, then A7 + A*T7 + A2%+7 = ( (and a similar statement holds for
B). Meanwhile, if « = 0, then the above sum is just 3A7. Together with the fact that
A7 + A%7 = —1 when 7 # 0, we finally have

(0 wr0£p

0 a=0,8%0

xC (x*yPz7) = Y. X xyPzr)y =0 a#£0,8=0
reSuT -3 0€=0:[3,’)/750

(6 a=p=7=0

We can then compute

1
(X x%) == Y x%(g) = =1
Gl & 54

so that x© is irreducible.
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Let [G : H| = n. Then from part (b) of the previous problem, we have x(1) < n for all
X € Irr(G). Thus we have

Gl= ) x(1)*<n’[Ir(G)
Xx€lrr(G)

This shows | Irr(G)| > |H|?/|G|; since | Irr(G)| is the number of conjugacy classes, we're
done.

Chapter 16

Consider the map ¢ : Z[x] — C given by sending x — «. If we can show R = {a + ba |
a,b € Z} is a ring, then R is in the image of ¢, but ¢(x) € R, so we actually have R is the
image of ¢ as desired.

R is clearly closed under addition, and it inherits associativity and distributivity from C.
So we only need to show it’s closed under products. But

(a+ba)(c+da) = (ac+ bdn) + (ad + bc)a € R

For a + biv/5 = r € R, we have |r|?> = a®> + 5b*> € Z. Note that |r| = 1 implies r = +1 (in
particular 7 is a unit), and there are no r € R with |r|* € {2,3]}.

Since 6 = 2-3 = (1+iv/5)(1 — iy/5), we can show R is not a UFD by showing these are
two distinct irreducible decompositions of 6. We have

2> = 4
3] =9
I1+iV5)2 =6

I1—-iV5> =6

So all of these are irreducible. For example, if 1 + iv/5 = uv, then since the norm is
multiplicative, we must have |u|? and |0|? divide 6. From the previous paragraph that
implies one has norm 6, and thus the other has norm 1, so is a unit.

To finish showing R is not a UFD, we need to show these primes aren’t associates (related
by units). But 2 has the smallest norm, so can’t be divisible by any of the other elements, so
we’re done.

We know we can write « = a/b for a,b € R. Let

a:uplPZ...pm
b:vqlq2...qn
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If g1 divides a, then it divides one of the p;, which we can assume is p;. By uniqueness of
factorizations, we can modify the unit u so that p; = g;. We then proceed with a/p; and
b/q1, continuing this process until none of the remaining gq; divide a. Suppose after this
process p; = q; for i < k. Define

= UPks1- - Pm

:qu+1...qn

S

Then since ab = ba, we see that « = /b, and these are coprime.

Write « = a/b where a and b are coprime, as in the last problem. If f(x) = x" +
ch1x" 1+ 440, then from f(a) = 0 we have (after clearing denominators)

0=a"+c,_1ba" 1+ 4 cob" =a" +b(---)

This implies b divides a". If p is a prime dividing b, then p divides a, contradicting
our coprime assumption. So no prime divides b, and it is then a unit, so « = ab~! €
R.

Suppose for contradiction that the irreducibles of F[x] all had degree at most n. Since
there are only finitely many polynomials in F[x] of degree at most  (this uses that F is finite),
we can form their product p(x), which is still a polynomial. Then p(x) + 1 is not divisible
by any irreducible, but it has positive degree, so it cannot be a unit. This contradicts F|[x]
being a UFD, so there must be irreducibles of arbitrarily high degree.

Let I be an ideal of R; we want to show it is principal. We prove this by induction on the
number of generators of I, the base case of I already principal being trivial. Assuming the
induction hypothesis, let I be generated by n + 1 generators, with all ideals generated by
at most n generators being principal. If a,b € I are two of those generators, write both as
products of primes, and let ¢ be the product of the common primes (as in [16.3]). Then by
hypothesis there exists u and v such that

(E> u—+ (é> v=1
c c
But then au + bv = ¢, and since ¢ divides both a and b, we have (a,b) = (¢). Thus I

can be generated by n elements (replace 2 and b by c), and so by induction I is princi-
pal.

(a) Write « = a/b for coprime a and b (as in [16.3]). Then Lemma 16.29 implies there
exists u, v € R with au + bv = 1. This implies

1
E:ocu—HJES

60



[16.8]

[16.9]

[16.10]

[16.11]

[16.12]

Chapter 16

(b) Let I be an ideal of S. Since I N R is an ideal of R, it is principal, say generated by
reR. Let]=(r) <S,sothat ] <I. Now ifa/b € I, we have a = (a/b)b € INR, so
that a € J. But then a(1/b) € ] by part (a), so that I < J and we’re done.

Write a = bx and b = ay. Thus a = axy and a(1 — xy) = 0. If M is the unique maximal
ideal of R, then if 1 — xy € M, we must have xy ¢ M (since otherwise 1 € M), so that xy is
a unit, implying y is also a unit, and we’re done. If instead 1 — xy ¢ M, then it’s a unit, and
hence a(1 — xy) = 0 implies a = 0. This means b = 0, and so of course b = 14, and we're
again done.

f(x) and g(x) are clearly continuous. We have f = gh and ¢ = fh with
1 -

h(x) =<2x —
1

|/\ N— =
= IA A
IN = =
R VAN VAN
Nl |
NI

N—

Suppose ¢ = uf for u(x) a unit; this means u(x) is never zero, so by continuity it is
always positive or always negative. If it's always positive, then we would have g(—1) =
u(—1)f(—1) < 0, which is a contradiction. A similar contradiction holds (for g(1)) if u(x)
is assumed always negative.

Write f(X) = a(X)b(X) with a,b € E[X]. By Gauss’s Lemma, we can write f(X) =
A(X)B(X) for A,B € F[Y]|[X] = F[X,Y], with A(X) = a-a(X) and B(X) = B-b(X) for
a, B € E. Since deg, f = 1, it must be that one of A(X) or B(X) has no Y terms. Then A(X)

divides both ¢(X) and h(X) in F[X], so it is in fact a constant in F. Then a(x) is a constant
in E. This shows f(x) is irreducible in E[X].

(a) Since (b) is invertible in S, We certainly have {0(a)/6(b) | a € P,b ¢ P} C Q. But the
former is an an ideal of S containing 0(P), so is equal to Q. To see it’s an ideal, note

6(a)/0(b) +6(c)/0(d) = 6(ad + bc)/6(bd)
0(a)/0(b) - 6(c)/0(d) = 0(ac)/0(bd)

and ad + bc, ac € P since it’s an ideal, and bd ¢ P since b,d ¢ P and P is prime.

(b) If a,b € R withab = 0and b ¢ P, then a € P because P is prime. This shows
ker(0) < P. Now suppose 0(a)/0(b) € Q is invertible in S. That means we have r € R
and d € M such that 6(ar) = 6(bd). But ar € P and bd ¢ P, and that contradicts the
fact ar — bd € ker(6) < P. So no element of Q is invertible. Meanwhile, an element
6(r)/0(d) with r,d ¢ P is invertible, with inverse 6(d)/6(r). So Q is the ideal of all
non-units, and hence the unique maximal ideal.

(a) Let x € R be its unit, so that x2 = x. In E, this implies x = 0 or x = 1, and R is not the
zero ring, so x = 1 and R is unitary.
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(b) Consider the set F = {rs~! | r,s € R,s # 0} C E. This is a subring of E via the usual
ideas (and unitary by part (a)):

rs 4 uvt = (ro + us)(sv) !
rs 1 uv™t = (ru)(sv) !
Every nonzero element of F is invertible in E (and that inverse is contained in F), so F
is a field. Its construction shows it is a field of fractions for R. To show F is unique,
note that for any subfield K < E that contains R, it must necessarily also contain F.
Thus F is the unique smallest subfield of E containing R.

Let T € S,. Define a map ¢ : R — R by sending X; to X;(;) and fixing F pointwise. This
is a ring homomorphism, since it just sends f(Xy,..., Xn) — f(XT(l), .. ,XT(H)). It is an
isomorphism since it’s invertible (just use T~!). By Theorem 16.24, ¢ extends to a (unique)
isomorphism ¢ : E — E, which fixes F and permutes the X;.

Chapter 17

(a) The map « +— a” is an additive group homomorphism since (« + p)? = af + BF. It is
then injective since a” = 0 implies « = 0. If F is finite, the map must also be surjective.

(b) Suppose X = af for a € F(X). This implies

8
Xg(XP) = f(XP)
pdeg(g) +1 = pdeg(f)

And this last line is impossible (modulo p). Thus X is not a pth power in F(X), so it
is not a perfect field.

Let L D E be a field containing a root « of f(x). If f(x) is not irreducible over E|x], then
it is the product of several irreducibles all of degree < p, so that [E[a] : E] < p. If [E : F] is
not divisible by p, then neither is

[Ela] - E] - [E: F] = [E[a] : F] = [E[a] : Fla]] - [Fla] : F]

And this is a contradiction because [F[a] : F] = deg(f) = p. This contradiction shows p
does divide [E : F].
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(a) Let K D L contain B € K such that f(B) = 0. If we write g(x) € F[x] as the minimal
polynomial of «, then f(x) divides g(x) in E[x], so ¢(B) = 0. Thus S is algebraic over
F.

(b) Let K as above be a splitting field for f(x). Then part (a) shows the roots ag, o, . ..
are algebraic over F, and thus M := F[ap, aq,...] is a finite extension of F. But the
coefficients are combinations of these roots, and so live in M, and hence are algebraic
over F.

[17.4] Let L D E be a splitting field for f(x) over E. Then if « € L is a root of f(x), we can let
¢(x) € E[x] be the minimal polynomial for « over E. Since f(a) = 0, part (b) of the previous
problem shows all the coefficients of g(x) are algebraic over F. Since F C E is totally
transcendental, this implies all the coefficents of g(x) are in F, so that g(x) € F[x]. Since
g(x) divides f(x), irreducibility implies ¢(x) = ¢f(x) for some c € F. Since g(x) € E[x] is
irreducible, this shows f(x) is irreducible over E[x] as well.

[17.5] Write g(x) = f(x)h(x) for h(x) € E[x]. We have

k

- Lo

m

- L b

n

- L

We must have m = n + k. Now the coefficient of x"** in ¢(x) = f(x)h(x) is then b,, = aic,.
This shows that ¢, = by, /a; € F. Suppose we’ve shown that ¢; € F for n > j > r. Then the
coefficient of x" ¥ in g(x) is

byyk = crax + (Cry185—1+ -+ + Gryk—nCn)

The expression in parentheses is in F, and so is b,y and a; # 0. This implies ¢, € F, and we
can continue this process all the way to r = k to conclude that 1i(x) € F[x].

[17.6]

(a) Since both & and ae are roots of f(x), we see that Q[w, €] C E. Meanwhile, {ae"} for
0 < k < p are all the roots of f(x), so we must actually have equality: E = Q|[«, €.

(b) Let g(x) = xP~1 4+ xP~2+ ... + 1. Since

1= (x—1)g(x)

and e = 1, we know that g(€) = 0. As noted, g(x) is irreducible, so it must be the
minimal polynomial for € over Q.
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(c) Because both Q[a] C E and Qle| C E, we know that both p and p — 1 divide [E : Q].
These are relatively prime, so p(p — 1) divides [E : Q]. The chain of fields

Q < Qla] < Qla]le] = E

shows [E : Q] < p(p — 1), because the minimal polynomial of € over Q|a] divides g(x),
so has degree at most p — 1. From what was shown before, we must have equality:

[E:Q]=p(p—1).
Let L D F be a splitting field for f(x). If f(«) = 0 for a € L, then since f(x) = (x —«a)?,

we see that L = Fla]. The minimal polynomial g(x) € F[x] for a divides f(x), and
[L: F] = deg(g).

If f(x) = g(x)h(x) for h(x) € F[x], then the only possible roots for i(x) are «a (since roots
of h(x) are roots of f(x)). So if h(x) is non-constant, it must be divisible by ¢(x). Unique
factorization then shows we actually have

f(x) = cg(x)*

for some c € F. Because this implies d and deg(g) divide deg(f) = p, either d =1 (so f(x)
is irreducible), or deg(g) =1, and L = F.

Choose E C C such that E D F is a splitting field for f(x). If « € E is such that f(a) =0,
then note that f(aek) = 0 for 0 < k < p. Since € € F, we have E = F[a]. If g(x) € F[x] is the
minimal polynomial for «, then [E : F] = deg(g).

If f(x) = g(x)h(x) for h(x) € F[x], then the only possible roots for /(x) look like ae.
So if h(x) is non-constant and has root ae’, then the irreducible polynomial g(e~"x) must
divide h(x). Unique factorization then shows we actually have

f(x) = cg(e x)---g(e ™x)

for some ¢ € F. Because this implies deg(g) divides deg(f) = p, we must have either
deg(g) = p (so that f(x) is irreducible) or deg(g) = 1 (so that E = F).

(a) Note that
2= (a—3)3=03+90—V3(3a>+3)
And this then implies
w®+9a —2

V3= 3(a2 +1) )
Since « € R, we know the denominator above is nonzero. This shows that /3 € Q[a],
and so of course then V2 = a — /3 € Q[a]. The other containment direction is
obvious, so Q[v/3,v/2] = Qla].
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(b) Squaring both sides of the equation (x) above, and then clearing denominators, we
see that « is a root of the polynomial

f(x) = x® —9x* — 4x3 +27x* — 36x — 23 € Q[«]

This shows that [Q[a] : Q] < 6. Since both Q[v/3] and Q[+/2] are subfields of Q[«],
and since they have degrees 2 and 3 over Q respectively, we know both 2 and 3 divide
[Q[a] : Q]. We thus have [Q[«] : Q] = 6, and since f(x) has degree 6, is monic, and has
« as a root, it must be the minimal polynomial for « over Q, and hence is irreducible.

(a) We have that a2 — 2 = v/2, and hence (squaring both sides) that a is a root of
flx) =x*—4x? 42

By Eisenstein’s criterion (with prime 2) we know that f(x) is irreducible, so that it’s
the minimal polynomial for a over Q.

(b) Note that B = /2 — /2 is also a root of f(x), since (82 —2)? is also equal to 2. So the
roots of f(x) are then {4, 4+B}. But we have that af = /2 so that

p=Y2_¥ -2 o

4 4

And this shows that the splitting field E = Q[«], so that [E : Q] = deg(f) = 4.

(a) We show containment F(«)(f) C F(B)(«), the reverse containment following via
symmetry. Now F(a)(pB) is by definition the smallest subfield of E that contains both
F(a) and B. But F(B)(«) contains F(B), and since F C F(p), it also contains F(«).

(b) We will show that if B is algebraic over F(a), then « is algebraic over F(B); the reverse
direction follows by symmetry. So suppose B is the root of a polynomial in F(«)[x];
we can then write

pm(a) " + -+ po(a) =0

where the p; are rational functions of x. After clearing denominators, we can assume
that each p;(x) € F[x]. Consider then the polynomial

fy) = pm(x)y™ + -+ po(x) € Fly, x|

degy (f) = m > 0so that f is not the zero polynomial. Because f is transcendental over
F, the map F[y, x] — F[B, x] given by setting y = B is an isomorphism, and f(x, ) # 0.
Finally, note that at least one of the p; must be non-constant, since otherwise we would
have B algebraic over F, which contradicts our hypotheses. Thus « is a root of the
polynomial f(x, 8) € F(B)[x], so is algebraic over F(p).
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Since « is a root of f(X) = X" —a” € F(a™)[X], we know that [F(«) : F(a")] < n. To
show this is an equality, we show that f(X) is irreducible. We note that a” € F[a"]
is a prime element, because F[a"|/(a") = F, a field (this follows from «a" being
transcendental, so F[a"] = F[x]); the ideal (#") is thus maximal. By Eisenstein’s
criterion, f(X) is irreducible.

First we compute [F(a, ™) : F(a™,p™)]. Note that p™ is transcendental over F by
Corollary 17.8. Now « is transcendental over F(™); if not, by the previous problem
we would have p™ algebraic over F(a), meaning B is algebraic over F(a), which
contradicts our hypotheses. So part (a) of this problem, together with the previous
problem, shows

[F(a, B) : E(a", )] = [F(B")(@) : F(B")(a")] = n

Now we compute [F(a,B) : F(a, f)]. We know by hypothesis that f is transcendental
over F(a), so that by part (a) we have

[F(a, B) : F(a, B")] = [F(a)(B) : F(a)(B")] = m

Lemma 17.6 then shows that

[Fla, p) : F(a", p")] = [F(a, B) : F(a, p7)] - [F(w, p") - F(a", )] = mn

We can write « € E as

_f2)

g(Y,Z)
Raising everything to the pth power is a ring homomorphism. So

p
h(Y,Z)F = (Zaijyfz') = Zaijfpzfp
ij ij

Letting /1 be the same polynomial as 1 but with each coefficient raised to the pth power,
we see h(Y,Z)P = h(YP,ZP). Thus

f,zyr  f(yr,zp)

o(Y,Z)r — g(vr,zry < *

af =

By the previous exercise, [E : L] = p?. But for any a € E, from the above we see that
it’s a root of x? — a? € L[x], so that

[Lla] : L] < p < p?
So L[«] # E.
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Chapter 18

We prove this by induction on n, the base case n = 1 being obvious. Now let E
be a splitting field over F of f(x), a polynomial of degree 1, and assume the problem’s
conclusion for all degrees less than n. Pick @ € E that’s a root of f(x), and over F|«]
write

flx) = (x —a)'g(x)
Since r > 1, we have deg(g) = n —r < n, and the induction hypothesis applies (replacing
F by F[a]). This relies on E being a splitting field of g(x) over F[a]: but E certainly contains
all the roots of g(x), and is generated by the roots of g(x) together with « € F[a]. Thus we

have
[E:F]=[E:Fla]] - [Fla] : F] < (n—1r)!-n < n!

Let w € L, and write f(x) € F[x] as its minimal polynomial. Let R := {«, B1,...,Bm} C L
be the roots of f(x) contained in L. Then 6(R) = {0(«),0(B1),...,0(Bm)} are roots of
8(f) = f(x) contained in (L) C L. So #(R) C R, but 6 is injective (as a homomorphism
on a field). Since R is finite, this implies 6(R) = R and thus « € 8(R) C 6(L). Since &« was
arbitrary, we see that (L) = L.

Chapter 18

First suppose E is normal over F. Then for &« € E, we know that « is algebraic over F,
so there is a minimal polynomial m,(x) € F[x]. Because E is normal and contains the
root & of my(x), this polynomial splits over E. Let F < K, be the smallest subfield of E
containing the roots of m,(x); then K, is a splitting field for m,(x). Since « was arbitrary,

and « € K,, we see that E = UK, is the union of (a subset of) intermediate splitting
fields.

Conversely, suppose E is such a union, and let f(x) € F[x] be an irreducible polynomial
with a root @ € E. E/F is automatically algebraic since every K/F is algebraic, and E is
the union of these K. We want to show f(x) splits over E. Since E is a union of splitting
tields, « € K for some intermediate splitting field K. But K/F is normal by Theorem 18.4,
and since f(x) has a root @ € K, it splits over K. This means it also splits over E, as
desired.

If E is normal, then by Theorem 18.4 every F-isomorphism of E into L maps onto E.
Now suppose the converse, that every F-isomorphism ¢ : E — L is such that ¢(E) < E.
Let « € E and m(x) € F[x] its minimal polynomial. Because L/F is normal, we know m(x)
splits over L; we want to show it splits over E as well, which is to say every root B € L of
m(x) is contained in E.

Since [E : F] is finite, we can write E = F(ay,...,a,). Write m;(x) € F[x] for the minimal
polynomial of w; over F, and let g(x) = m(x) - my(x)---my(x). Now g(x) splits over L,
and hence there is a smallest splitting field F < K < L. By Corollary 17.16, there is an
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[18.6]

Chapter 18

F-isomorphism ¢ : Fla] — F[B]. By Theorem 17.22, there is an extension ¢ : K - K < L
such that o(a«) = B. Restricting this to E < K, we get an F-isomorphism ¢ : E — L, which
by hypothesis implies ¢(E) < E. But then p = o(a) € E, as desired.

Let M be an algebraic closure for E. Note that M is normal over E (and hence F by
Corollary 17.7), and contains E. Define L < M to be the intersection of all subfields of
M which are normal over F, and contain E. Obviously L contains E, and if f(x) € F[x]
has a root in L, then it has a root in every normal extension of F containing E, and hence
f(x) splits over each of these, implying all these subfields contain the splitting subfield
of f(x) in M, and so then does L. In other words, f(x) also splits over L, so that L/F is
normal. By construction, L is the smallest subfield of M containing E that is normal over
F.

Now suppose E < L; < M; and E < Ly < M, where L; is a normal closure for E over
F, and M,; is an algebraic closure of E. The identity map on E lifts to an E-isomorphism
o : My — Mj. Since o maps splitting fields to splitting fields, [18.1] implies it maps normal
fields over F < E to normal fields over o(F) = F. In particular, c(L;) is normal over F,
and contains ¢(E) = E. By the minimality of Ly, we see that L, < ¢(L;). But the same
reasoning shows L; < 0~ !(L,), so that o(L1) = Ly, as desired.

L/F is normal because L is a splitting field for ¢(x) € F[x]. Now suppose E < K < L
is such that K is normal over F. If ¢(x) = g1(x) - - - g¢n(x) and each of the g; is irreducible,
then because each g;(x) has a root in E < K, it must be that they all split over K, and thus
g(x) splits over K. But this implies K = L then (both are generated by the roots of g(x) over
E). Thus L is a normal closure for E over F.

Write g(x) = g1(x) - - - gu(x) as above, with each g;(x) € F[x] irreducible. Because there
exists a; € E with g;j(«;) = 0, we see that g;(x) is the minimal polynomial for «; over F.
Since E is separable, g;(x) has distinct roots. Thus g(x) is separable, and by Theorem 18.13,
L/F is Galois.

Since E is separable, there is a primitive element: E = F[a], with minimal polynomial
m(x) € Flx]. Since, by [18.3], L is unique up to E-isomorphism, we can assume that L
is the splitting field of m(x), because that won’t change [L : E]. If deg(m) = n, then
m(x) has n distinct roots by separability, and then Gal(L/F) embeds in S, by Lemma 18.3.
Meanwhile we also have [E : F| = n, and we're done because [L : F] = |Gal(L/F)| divides
|Sn| = nl.

Write G; < G for the point stabilizer of i in G < S,,. Then [G : G;| = n so that the fixed
field of Gy has degree n over F. By the primitive element theorem, we can write F|a]/F for
this extension, such that the minimal polynomial m(x) € F[x] has degree n. By transitivity,
there exists 0; € G such that G; = O'i_lGlo'i. By the fundamental theorem of Galois theory,
Flo;(«)]/F is the extension corresponding to G; < G, and of course ¢;(«) has minimal
polynomial ;(m)(x) = m(x). In particular, the {o;(«)} (with o7 = 1) are the n distinct roots
of m(x). Again by the fundamental theorem of Galois theory, E/F[oy(«),...,0n(a)] has
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Chapter 18

Galois group contained in NG; = {1}, so that these fields are equal. Thus, E is the splitting
field of m(x), as desired.

If f(x) is separable, than E/F is Galois, and is in particular separable. Thus if {a1,...,a,}
are the roots of ¢(x), each of them has a separable minimal polynomial, which thus has
distinct roots (all of which are roots of g(x) as well). Since E is a splitting field for g(x), these
minimal polynomials contain all roots of g(x), so that we can write g(x) = mq(x) - - - m(x).
Each of these irreducible factors has distinct roots as mentioned, so g(x) is separable as well.
Swapping the roles of f(x) and g(x) proves the reverse direction.

E is a splitting field of a polynomial over F, hence of a polynomial over K and L. Thus
both E/K and E/L are Galois (since they are assumed to be separable extensions). Let
G,H < Gal(E/F) be the Galois groups of E/K and E/L. Now Gal(E/F) is finite, so the
subgroup N := (G, H) is finite. Let M be the fixed field of N, so that E/M is Galois. Of
course, since G, H < N, we know that M < KN L. Meanwhile, KN L is fixed by all elements
of both G and H, hence by the subgroup N they generate. So M = KNL, and E/M is
Galois, hence separable.

We know that the Galois group Gal(E/Q) is Dg, of order 8. Let K = Q[i + v/2]. Suppose
K < E; then there is a subgroup 1 < H < Dg that fixes K. Since |H| > 2, it must be that
[K : Q] < 4, so that & := i + v/2 has at most 4 conjugates (all being roots of the minimal
polynomial of « over Q). By showing there are at least 5, we have reached a contradiction,
and thus K = E.

As described in the text, Gal(E/Q) is generated by T and ¢, with 7(i) = —i and ¢(v/2) =
iv/2. The orbit of « under this group thus contains

And we're done, since this is 6 > 4 elements in the orbit of « under Gal(E/Q).

The cyclic subgroup of order 4 in Gal(E/Q) is generated by ¢ as in the text (and the
previous exercise), which sends v/2 to iv/2 and fixes i. Note that in particular, K = Q[i] is
fixed by the action of ¢. Since () has index 2 in Gal(E/Q), and [Q[i] : Q] = 2, this must
be the fixed field.

If K is fixed by H < G and L by HY, then the fundamental theorem of Galois theory shows
L = 0(K), so they are F-isomorphic. Conversely, suppose ¢ : K — L is an F-isomorphism.
Since E/F is Galois, there is a polynomial f(x) € F[x] for which E is a splitting field. Since
F is contained in K and L, E is also a splitting field for f(x) over K and L. By Theorem
17.22, and the fact o(f)(x) = f(x), we can extend ¢ to an isomorphism of E, which fixes F.
This extension then lies in Gal(E/F). If K is fixed by H < G, then again the fundamental
theorem of Galois theory shows L is fixed by H".

(a) Note that E is the splitting field for [1(x? — p;). Since this polynomial has distinct
roots, it is separable, so E/Q is Galois.
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(b) We prove this by induction. Rational irrationalities shows G := Gal(E/Q) has order

2" or 2"~1 (in the case \/pn € Q[\/P1,---,/Pn-1))- So G is a finite 2-group, and we
know by [8.17] that to show G is elementary Abelian, it is enough to show ®(G) = 1.
We will show both that |G| = 2" and @(G) = 1 by showing that G has 2" — 1 maximal
subgroups, implying [G : &(G)] = 2". To see this, note that G/®(G) has the same
number of maximal subgroups as G, and (as an elementary Abelian group) it has
2k —1, where |G/ ®(G)| = 2*.

By the fundamental theorem of Galois theory, maximal subgroups of G (those of index
2) come from quadratic extensions Q < Q[v/k] < E. So we will exhibit 2" — 1 distinct
quadratic extensions. Let k be some nonempty product of the {p;}, and r a different
such nonempty product. In particular, there is a p; that divides k but not r. We will
show Q[vk] # Ql+/7]; since both are contained in E and since there are 2" — 1 such
nonempty products, we will be done.

Suppose instead that the two fields are equal, so that vk = a + by/r with a,b € Q.
Squaring both sides, we have

20b\r =k—a®>—b*reQ

By [16.4], the left-hand side must be 0, so that 2 = 0 or b = 0. We cannot have b = 0
by the same problem [16.4], so @ = 0 and vk = b/r. This implies k = b?r, so that
p; divides b, hence p? divides k, which is a contradiction. Thus Q[V/k] # Q[v/7], as
desired.

For any 0 € G := Gal(E/Q), we must have ¢(,/p;) = £./p;- If T € G does the same
things as ¢ to these square roots, then UT‘l(\/ﬁ) = /pi for all i, and thus ot fixes
every element of E, so that o = 7. There are thus at most 2" elements of G, given by the 2
choices of sign for each ¢(,/p;). Since the previous problem showed |G| = 2", every such
choice must be reachable from a (unique) element of G; in particular, there exists 0; € G

ey ) VP T
;i P]) {\/FJ i

Now suppose }_a;,/p; = 0 for {a;} C Q. Applying 0;, to this equation, we see

TPy /Pr =0
a1VPL+ -~ tny/Fn =0
2a,/pn =0

Here the third equation comes from subtracting the first two. This last equation clearly
implies a, = 0. We can do this for all 1 <i < n, so that all 4; = 0 and the {,/p;} are linearly
independent over Q.

We exhibit 2" distinct Galois conjugates of « := ) ,/p;. Now if K := Qla] has degree
[K : Q] = k, then the minimal polynomial of this sum has degree k, and there are thus at
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most k distinct Galois conjugates of a. So we will have shown [K : Q] > [E : Q] = 2", so
that K = E.

By the previous problem, if I C {1,...,n}, there is a Galois automorphism o7 such

that
i(\/P) = { v
VP JEl
Letting I range over all 2" subsets, we get 2" conjugates of x. We now need to show they
are all distinct. Suppose that o7(«) = o7(a). Removing equal terms on both sides of this

equation, we're left with
2 VPi=2 ) /P

iel\] je\I

Butif I\ J or ]\ I is nonempty, then this contradicts the linear independence of the previous
problem. Thus we actually have I = | in this case, so that the 2" Galois conjugates are
distinct, as desired.

Let ¢ € Gal(E/F). Then we can restrict cx : K — E. Because K/F is normal and ¢
is an F-isomorphism, we know that ox(K) = K, so that ox € Gal(K/F). This is clearly a
homomorphism, since (t0)g(a) = To(a) = KK (00) for &« € K. We only then need to show
that every such element of Gal(K/F) can be realized this way.

For that, let ¢ € Gal(K/F). Note that E is also an algebraic closure for K by Lemma 17.24,
since any element algebraic over F is also algebraic over K. By Theorem 17.30 then, we can
extend ¢ to ¢F : E — E. Since ¢ is an F-isomorphism, so is ¢, and thus ¢F € Gal(E/F).
Finally, we obviously have (¢F)x = ¢.

Let « € E\ F, m(x) € F[x] its minimal polynomial, and F < K < E the splitting field
for m(x). Then K/F is Galois (since E/F is separable). By Lemma 18.3, Gal(K/F) acts
transitively on the roots of m(x). Because « ¢ F, we have deg(m) > 1, and so by separability
there is a root f # a in K and an element ¢ € Gal(K/F) with o(a) = B. By the previous
exercise, there is a 0 € Gal(E/F) which induces o when restricted to K, and in particular
0(a) = B # a. Thus a is not in the fixed field of Gal(E/F). This shows the fixed field is
precisely F.

Choose 1 # ¢ € G and an element « € E with o(a) # a. If m(x) € F[x] is the
minimal polynomial of «, then 2 = {f € E | m(B) = 0} is a finite nonempty subset.
By Lemma 18.3, there is a homomorphism from Gal(E/F) to S, a finite group, and the
image of ¢ is nontrivial. If K, is the kernel of this homomorphism, then K, is a finite index
normal subgroup not containing ¢. Since o was arbitrary, we can construct these K, for all
nontrivial ¢ € G := Gal(E/F). If N is the set of all finite-index normal subgroups for G,

then
NNC N K= (1}

NeN ceG*
and so G is residually finite.
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Let 0 € Aut(R). Because ¢(1) = 1, we know o(n) = n for all n € Z. Because n - Il = m,
this also implies ¢ fixes 7'; in other words, o € Gal(R/Q). Now if r > 0, it must be that
r = s for some s € R. Then o(r) = o(s)? > 0 as well. This implies ¢ preserves the order
on R:

x>y <= x—y>0 = o(x)—o(y)=0c(x—y) >0 < o(x) >0(y)

But then ¢ is actually continuous, and since it fixes the dense subset Q pointwise, it must be
the identity.

Note that F[a] C K, and hence E N Fla| = F. Also the compositum of E and F[«] in L is
just E[a]. By Corollary 18.23, we have

[Ela] : E] = [Fla] : F] = deg(f)

Thus the minimal polynomial for & over E, which divides f(x), has the same degree, and
so is in fact f(x). In particular, f(x) is irreducible over E.

Let F = Q, and «a the real root of x> — 2. Also let B be an imaginary root of the same
polynomial. If L is the splitting field of this polynomial, let E = Q[«] and K = Q]B]. The
minimal polynomial for B € K is just x> — 2. But the minimal polynomial for B over E is in
fact x% + ax + a2,

We shows in [17.10] that f(x) had degree 4, and the splitting field E was in fact just Q[«a].

This shows Gal(E/Q) has order 4. Let B = \/2 — v/2, which (as we showed) is also a root
of f(x); thus there is an element ¢ of the Galois group with o(a) = B. Since (aB)? = 2, we
see that o (a)?0(B)? = 2, so o(B) = +a. But we also have

« N\ (@ —ap)?
7)) @ -
If we suppose 0 () = «, then applying it to the left-hand side gives
2 2 _ ,B)2
(5-1) - (ﬁ(“ﬁ;) v

This shows that in fact c(8) = —a, and hence ¢?(x) # «. Since ¢ has order dividing 4, it
must have order 4, and thus Gal(E/Q) is cyclic, generated by ¢.

Let F = Q, K = Q[v2], and E = Q[v/2]. Then since K/F and E/K are both degree 2,
they are Galois. But E/F is not Galois, since the minimal polynomial of V2 is x* — 2, and
this doesn’t split over E (the splitting field is not real, but E C R).

Clearly G is a subgroup. By [16.13], the map G — S(; is surjective. But if some element
o € G is in the kernel, then it preserves each indeterminate X;. Since E is generated over F
by these indeterminates, ¢ = 1. So we have our isomorphism G — Sp.

Embed G in some S, (for example, take n = |G| and use Cayley’s theorem). Let
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Chapter 19

E = F(Xy,...,Xn). By the previous problem, Gal(E/F) has a subgroup isomorphic to S,
and hence it has a subgroup isomorphic to G. Let L be the fixed field of G, so that E/L is
Galois and Gal(E/L) = G.

[18.25] First we show that K is fixed by G. For that, note that any permutation of the X; fixes
f(X), and hence fixes its coefficients, so K is fixed. Now the full fixed field L of G is such
that [E : L] = n!. But f(X) € K[X], and since E is a splitting field for f(X) over K, [17.14]
shows [E : K] < n!. Since [E : K] = [E : L][L : K], we see that [L : K] = 1, and K is the fixed
tield of G.

Chapter 19

[19.1] Define A(a/b) via the usual quotient rule of derivatives:

bé(a) —ad(b)

Ala/b) = 2

Clearly A(r) = A(r/1) = é(r), so we just need to show this is well-defined, and a derivation.
Ifa/b=c/d, we have

Ala/b) — Al d) = 22L8) —ad(b) _ dd(c) — cd(d)

b2 a 2
_ bd%6(a) 4+ b*co(d) — ad?*5(b) — b*d5(c)
N b2d2
_ bd(dé(a) +ad(d)) —bd(cé(b) +bd(c))
- b242
_ bd(6(ad) —5(bc))
N b2d?

=0
where we have repeatedly used ad = bc. To show it is a derivation:

Alac/bd) = bdé(ac)bz—dézcé(bd)
bdad(c) — acbé(d)  bdcd(a) — acdd(b)
- ere - RrE
= (a/b)A(c/d) + (c/d)A(a/b)

[19.2] Let ¢ be the F-derivation on F[x] from Lemma 19.3. From the previous problem, there is a
derivation A on E := F(x) which agrees with ¢ on F[x], and in particular is an F-derivation.
Since A(x) = 6(x) = 1, this is a nonzero derivation.

[19.3]
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(a) Write f(x) = aux" + - - - + ap. Then we have
S(f(a)) = and(a™) +---+6(ag) = naya" 16(a) +---+0= f'(a)é(«)
where we’ve used Lemma 19.1 to simplify the expressions.

(b) We know that 6(a) =0 foralla € F,so F C K. If o, B € K, then of course §(a + ) =
0+0,and
d(ap) = ad(p) + po(a) =040

Finally, 0 = §(1) = §(aa~!) implies a~! € K as well; thus K C E is a subfield.

To see that ¢ is K-linear, we have for w € E

d(aw) = ad(w) + wd(a) = ad(w)

(c) For w € E, let f(x) be its minimal polynomial over K. From part (a) [which applies
because ¢ is a K-derivation by part (b)], we see that

0= 6(0) = 6(f(w)) = f/(w)d(w)

If w ¢ K, then this implies f’(w) = 0. By Theorem 19.4, f is not separable over K, and
since w was arbitrary, E is purely inseparable over K.

Let m = [E : F]. Define 6(a*) = ka*~! for 0 < k < m. The set {a*} spans E over F, so
we can define ¢ on all of E by extending F-linearly. Lemma 19.2 then gives us a method to
show ¢ is a derivation. In particular, when j + k < m, we have

S(thy = (j+ k)l = jl ek 4 kaf 1) = akS(af) + o/ 8 (o)

So we only need to worry about j +k = m +¢€ for e > 0. By Corollary 19.11 and
Theorem 19.10, we know that m = p’" for some r > 0, so that a™ € F. Then we
have

S(thy = am(af) = ea™a = (j+ k —m)a/ K = (j 4 k)l TR
where we’ve used the fact that m = 0 (mod p). This case then follows exactly as the

one above, and hence we have defined a derivation. Clearly 6(a«) = 1 by construc-
tion.

If E/F is separable, then by [19.3] for any F-derivation we must have
K={a€cE|é(a)=0} =E

so that 6 = 0. If E/F is inseparable, then by Theorem 19.14 there is an intermediate
subfield F < L < E such that E/L is purely inseparable, and E # L. Because it is a finite
extension, we can choose L < K < E such that E = K|a] and E/K is purely inseparable. By
Theorem 19.10, we must have a?" € K, so the previous problem applies to find a non-zero
K-derivation 6 on E. Since this is also an F-derivation, we're done.
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(a) Just compute:

(07 = t0)(ab) = o (at(b) + T(a)b) — 7 (ac(b) + o(a)b)
= [o(a)T(b) +act(b) + (a)o(b) + oT(a)b]
— [t(a)a(b) + ato(b) + o(a)T(b) + T0(a)b]
()

=a(ct—10)(b) + (0T — T0)(a)b

(b) Just compute:
da(xy) = xya — axy
= Xya — xay + xay — axy
— x(ya — ay) + (xa — ax)y
= x04(y) + da(x)y

(c) Just compute:
(065 — 640)(x) = 0(xa —ax) —o(x)a+ ac(x)
=o(x)a+xo(a) —o(a)x —ac(x) —o(x)a+ ac(x)
= xo(a) —o(a)x
= g(a) (%)
Similarly, 6,7 — T, = 5_T(,1).

[19.7] Of course [a,a] = a?> —a®? = 0. Similarly, from the distributivity of the multiplication
in R, we get distributivity for the bracket as well. Finally, we compute to prove the Jacobi
identity:

[a,b,c] + [b,c,a] + [c,a,b] = (abc — bac — cab + cba)
+ (bea — cba — abe + ach)
+ (cab — acb — bea + bac)
=0
[19.8] Write d,(x) := [x,a]. Akey factis that [a,b] = —[b, a], which follows from

0= [a+bb+a]l=][ab]+[a,a]+[bb]+[ba] =]ab]+[ba]
Then we have

Sa([x,y]) = [6a(x), y] = [x,8a(y)] = a([x,y]) + [=0a(x), y] + [ba(y), x]
=[xy al+a,xyl + [y a 4]
=0

with the last equality following from the Jacobi identity. So é, is a derivation.

[19.9]
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Chapter 19

(a) Let « € S and let f(x) € F[x] be the minimal polynomial. Since E/F is normal, f(x)
splits over E. Since « is separable over F, f(x) has distinct roots, and thus every root
of f(x) in E also belongs to S. Thus f(x) splits over S, and this implies S/F is normal.
Since it is separable by construction, S/F is Galois.

Let o € Gal(E/F). Then o(«) is also a root of f(x), and hence separable. This shows
o(S) C S, and of course since o~ !(S) C S we must have ¢(S) = S. We thus know that
olg € Gal(S/F). Let p : Gal(E/F) — Gal(S/F) be the restriction homomorphism. If
T € Gal(S/F), then by Theorems 18.4 and 17.22, we can extend it to T : E — E, such
that p(T) = 7, so that p is surjective. To see p is injective, let ¢ € Gal(E/F) be such
that | is the identity. For § € E\ S, we know from Theorem 19.10 that it has minimal
polynomial of the form x?" —b = (x — B)P". Since ¢(B) is a root of this polynomial,
we see 0(f) = B. Thus o is the identity on E, and thus p is injective.

(b) We have [E : Flsep = [S : F| = |Gal(S/F)| = |Gal(E/F)|, where the equalities follow
by definition; from the fact S/F is Galois; and from part (a).

The number of F-embeddings of L into E are just the distinct images of L under
G := Gal(E/F). Now 0,7 € G have the same image of L precisely when Ur_l{L is the
identity, which is equivalent to ¢ and T being in the same coset of H := Gal(E/L) in G.
Since by Corollary 19.21 [E : Flsep = [E : L]sep[L : Flsep, we then have from the previous
problem
[E : Flsep |G|
[E:Llsep |H|

[L: Flsep = =[G : H]

as desired.

Let L be a splitting field for f(x) over F, with roots {a; = &, a2, - - -, , }. From Lemma
17.15, for every i there is an F-isomorphism o; : Fla] — F[a;]. By Theorem 17.22, this
extends to an element 0; € Gal(L/F). Meanwhile, if ¢ € Gal(L/F), then ¢(E) = Fo(a)],
and we must have o(a) = 0;(a) for some 1 < i < m. So there are m distinct F-embeddings
of E into L, so by the previous problem [E : Flsep = m.

Let f(x) € F[x] have distinct roots. We will show that, from the roots of f(x*"), both p”

and the original roots of f(x) can be recovered. This implies that if f(x?") = g(pr) and
both original polynomials have distinct roots, then p* = p’ and f(x) and g(x) have the

same (distinct!) roots, and hence are equal (up to leading coefficient), but f(x"") = g(x”h)
implies they have the same leading coefficient, hence f(x) = g(x).

Let {ay,- -, &y} be the distinct roots of f(x) in an algebraic closure K > F. Let ; be a
root of x*" — ;. Then over K, we have the splitting

F) = ] Tx - )"

i=1
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Chapter 20

This shows that the cardinality of each repeated root of f(x”") determines p®. If {7;} are
the different roots of f(x*"), then {7/ } are the original roots of f(x). Thus the roots of
f(x?") determine both p? and the roots of f(x), as desired.

We work by induction on n, the case n = 1 being obvious. Note that all the field
extensions we consider here are purely inseparable by Corollaries 19.12 and 19.13. Suppose
n>1and a € F. Note that « is a root of x¥ — a?, so that [F[«] : F[a?]] < p. But by Theorem
19.10, & has a minimal polynomial of the form x*" — a for some r > 0 and a € F; This
shows [F[a] : F] = p" and [F[a?] : F] < p"~1, and hence [F[a] : F[a?]] = p. By induction,
if [F[aP] : F] = k, then aP¥ € F. Since pk = [F[a] : F] divides n = [E : F], we have that
a' € F.

(a) We know that & is a root of 1(x) = xP" —a = (x —a)?" over S, and thus an irreducible
factor of m(x) must look like (x — «)*. Thus the minimal polynomial m(x) is such that
h(x) = m(x)" for some r > 1. This implies m(x) = (x — a)?" and thus a”" € F. By the
minimality of n, we must have h(x) = m(x), so it’s irreducible.

(b) h(x) is irreducible over S, and hence over F[a] C S. So [F[«] : F[a]] = deg(h) = p".

(c) Let f(x) € F[x] be the minimal polynomial for « over F. From Corollary 19.9, we can
write f(x) = k(x”") for an irreducible and separable polynomial k(x) € F[x]. This
implies «”" € S, and hence by hypothesis that p° > p™. If g(x) € F[x] is the minimal
polynomial of a over F, then k(x?") = f(x) divides g(x”"). From the solution to [19.12],
this shows p° < p", so that they are equal. Then k(a) = k(a”") = f(a) = 0 shows that

k(x) = g(x).

(d) Let L := F[a] N'S; clearly F[a] C L. From part (b), [F[«] : Fla]] = p". Because F[«]/L is
purely inseparable, we know that [F[«] : L] = p°® and from the previous problem, that
aP’ € L. This shows p* > p", and hence L = F[a] by considering degrees.

From Theorem 19.10, there’s a power p" such that every coefficient of f(x)?" lies in F, but
this might not be irreducible. Let g(x) € F[x] be a monic irreducible factor of f(x)?". Then
¢(x) is a constant a € E times a power of f(x) by irreducibility in E[x]: ¢(x) = af(x)™ for
some m > 1. Since both f and g are monic, we see thata = 1 and hence f(x)" = ¢(x) € F[x]
is irreducible, as desired.

Chapter 20

First suppose that p does not divide n. We have

Xl =1 P(xP)
%) = T = 5
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so it’s true when n = 1. Assume by induction it’s true for all proper divisors of n > 1. Then
we have

[1®a(x") = —1—]—I<Pd = Pu(x)Ppn(x) J] Palx’)

d|n dln,d<n
where we’ve used Lemma 20.4 twice, and the last equality uses the induction hypothesis.

Dividing out the extremes by the proper divisor product, we see @, (xF) = @, (x)Ppu(x), as
desired.

Now suppose p | n. Then if € is a primitive pnth root of unity, clearly it is a root of
f(x) := &y(xP). But ¢(pn) = p¢p(n) = deg(f). This shows f(x) is irreducible (by Corollary
20.9), and thus we must have f(x) = ®p,(x).

$(2n) = ¢(2)¢p(n) = ¢(n) = deg(Py,). But if € is a primitive nth root of unity, then —e is
a primitive 2nth root of unity (because 7 is odd). Since —¢ is a root of @, (—x), and since it
has the right degree by the above, we must have &y, (x) = &, (—x).

Note that @1(0) = —1, but ®,(0) = 1. Assume it’s true for all values 2 < d < n. Then
we have by Lemma 20.4
0" —1=]]24(0)

dn
By induction we have —1 = @;(0)®,(0), so that ®,(0) = 1 as well.

This is obvious when nn =1, s0 let n > 1. Let f(x) := x#("/&, (1), which is a polynomial
of degree ¢(n). Note that the coefficient of x* in f(x) is ay(,)_;. If € is a primitive nth root
of unity, then so is e 1. This shows € is a root of f(x). Again, by degree considerations (and
the fact f(x) is monic by the previous problem), we must have f(x) = ®,(x). Comparing
coefficients, we have a; = a4(,)_;

(a) We have
9
@, (x") = M=) foaem(9=2) 4 o] = Z(xQ)m —im
i=1
Now because m # 0 (mod p), there’s a permutation ¢ of {0,1,...,4 — 1} such that
—im=0(i—1) (mod gq) forall 1 <i <gq. Choose ¢; > 0 such that ¢;q —im = o(i — 1),
and set d; = m — ¢;. Then we finally have

9 9 q-1 q—-1
Z m —im __ Z(xq)dixa(z’—l) _ Z(xq)diJrlxa(i) _ Z(xq)eixi
i=1 i=1 i=0 i=0
where we set ¢; = d-1(;),1-
(b) From the previous part, we see that
1+1 i=0
Dy (x™)(x — 1) Z[xq ilxt = ot :
ei_1 0<i<yg
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(c) Note that @,(x™)/P;(x) = Dy(x™)(x —1)/(x7 —1). From the expression in the
previous part, we know what the numerator looks like. And each monomial in the
expression of the previous part is divisible by x7 — 1. For example, when a; = ¢;, our
quotient is 0. If a; < ¢;, then we have

(xT)% — (x1)% = —xT% ((xq)ei—lli — 1)

so that
(1) — (x7)°
x1—1
Similarly, when e; < 4; we have

o _xqai <1 —+ xq + .o+ xq(ei_ai_l))

(x9) — (x7)°
x7—1

— x¥ei (1 x4 xq(ai—ei—l))

Note that all the monomial terms here have exponents divisible by q. When we
multiply this expression by x’, then, we get all the monomials of @, (x™)/®,(x) with
exponent equivalent to i (mod p). In other words, no powers of x coincide in our
expanded expression; since every coefficient is +1 above, we see that the non-zero
coefficients of @, (x™)/P,(x) are all £1.

(d) If m is prime, then m # q by hypothesis, so [20.1] shows
Dy (x) = Dg(x™)/ Py(x)

and by the previous part all the nonzero coefficients of this quotient are +1.

We induct on numbers of this form, the case 7 = 1 being trivial. If 2 = 1 in n = 2%pg°,
then [20.2] shows &, (x) = ®,,,2(—x), so by induction all nonzero coefficients are +1. If
a > 1, then from [20.1] we have ®,(x) = &, /2(x?), and again by induction all nonzero
coefficients are +1. So we may assume a = 0. If b > 1 then &, (x) = ®,/,(x?) (again by
[20.1]), so induction finishes the problem again; a similar argument works for ¢ > 1. We
are thus reduced to the case n = pg (the cases n = p and n = g follow immediately of
course). But then by the previous problem, ®,,(x) has all nonzero coefficients £1, and
we’re done.

Let P be the set of all primitive roots of unity, and S their sum. Since

®y(x) = [[(x=10)

lepP

we see that the coefficient of x?(")~1 (the second highest-degree term in @, (x)) will give us
S (up to sign). But because p? divides 7, [20.1] shows &, (x) = @, /p(xP). This shows the

coefficient of x?(")~1 is 0 because p > 1.

Let K = (Qy, Qu) be the compositum, and note that K = Q,,, by Theorem 20.12. By
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the same theorem, Q, N Q;;, = Q. Since everything in sight is Galois, we see by natural
irrationalities that

K= Qu] = [Qu: Q] =¢(n)
K = Q€] for a primitive nth root of unity €. This shows the minimal polynomial of

€ over Q,, has degree ¢(n), and since @,(x) has this same degree, as well as € as a
root, it must be that @, (x) is the desired minimal polynomial, and hence irreducible over

Qum.

In a cyclic group C = (1) of order n, there is an automorphism sending 7 to 7. If
D = (e) C Q, is the cyclic group generated by a primitive nth root of unity, then by
Corollary 20.10 there is a Galois automorphism corresponding to the above automorphism
of C, thus sending € to €™.

Let Q7 = Qe] for a primitive root of unity . We know that Gal(Q7/Q) is cyclic of order
6, and is in fact generated by the map 7 : € — €3 (as can be check by iterating this until
it’s the identity map). There is a unique subgroup of index 3 in this Galois group, namely
the one of order 2 generated by the inversion map ¢ : € — ¢~ 1. In particular, T := € + €° is
fixed by ¢ and thus lives in the fixed field K < Qy of (1), with [K : Q] = 3. We will show
that T ¢ Q, so that K = Q7] (since 3 is prime), and then we will compute the minimal
polynomial of T explicitly.

To show T ¢ Q, we simply note that y(7) # 7. If it did, that would imply we have
€ +€® = €3 + €*, and thus € would be a root of x® — x* — x3 + x = 0, but that polynomial
factors as x(x° — x> — x2 4+ 1), so € would have degree at most 5 over Q. Since in fact
[Qle] : Q] = ¢(7) = 6, this contradiction shows y(7) # T, as claimed. The minimal
polynomial of T will have roots transitively permuted by the Galois group (7)/(t), and in
particular those roots are {7, v(7), v*(7)}. We compute

T4+9(10)+ 94 (1) =e+ e+ +et + 2+ €

6 .
=-1+4) ¢
=0
=1
(7)) + 17 (1) + (1) (1) = (e + %) (€ + €*) + (e + €°) (2 + &) + (€ + €*) (e? + &)

(1) (7) = (e +€°) (> +e*)(e? +€)

6
:2+Zei

i=1
—1

So our minimal polynomial is x> + x% — 2x — 1.
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We will write our sum as }_a;e’ for € a primitive pth root of unity. Here the 4; are non-
negative integers. Suppose this is equal to the rational number g Clearing denominators,
we have the expression

sap_le”_1 +oodsael —r=0

This means € is a root of the polynomial f(x) = sap,lxp’l + - +sa;x —r, of degree at
most p — 1 = ¢(p). Since @,(x) has degree p — 1 and is irreducible, it must be that f(x) is
a rational multiple of ®,(x), and in particular we must have

salg_lxi’_1 +oFsax —r =sa, 4 <x7’_1 + x4+ 1)

This implies the values sa; are all the same, so that the 4; are all the same. We have thus
shown that for such a non-empty sum to be rational, every primitive root must occur (and
in fact, must occur the same number of times).

Let Gal(Q,/Q) be generated by the map +y with y(e) = € for some 0 < m < p. Then ?
generates the unique subgroup of index 2 in Gal(Q,/Q), and note that

PP
72(“) _ 2 Mt Z €(zm)
i=0 i=0

Since multiplication by m is a permutation (modulo p) of Z/pZ = {0,...,p — 1}, we see
that v?(a) = a. But a ¢ Q by the previous problem, since the map c ~ ¢? is not injective
on Z/pZ (both 1 and —1 map to 1), so the expression for « does not contain all primitive
pth roots of unity. In particular, [Q[«] : Q] = 2, and since the Galois group Gal(Q,/Q) is
cyclic, this is the unique degree 2 extension.

First note that i> — j> = (i —j)(i +j). If we write u = i —j and v = i+ j, then we
can recover i = (u+v)/2 and j = (v —u)/2. So there is a bijection then from the set
Z/pZ x Z/pZ to itself, sending (i,) to (i — j, i+ j). All this implies, as in the problem’s
hint, that

p—1p-1 p—1p-1
TR op e
i=0 j=0 u=0v=

Now aw is clearly equal to the sum on the left. Meanwhile, for the sum on the right, we
have

p—1p-1 —-1p-1 p—1p-1
Z Ze”v— Z Ze“v+ Ee = Z Ze +p= 20+p—
u=0v= u=1v= u=1v=

The key here is that when u # 0, then v — uv is a permutation of Z/ pZ, and the sum of
all pth roots of unity is 0.

(@) When p =1 (mod 4), then Gal(Q,/Q) has order divisible by 4. That means the Galois
group for Q[a]/Q has even order, and in particular contains the unique element of
order 2 in Gal(Qp/ Q): the inversion map. Since « is fixed by this map, we see that
a = «; by the previous problem, then, « = +,/p.
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(b) For any integer k, k? is either 0 or 1 modulo 4. In particular, i® + j> # 0 (mod p) when
p = 3 (mod 4), unless i = j = 0. This implies that if S = {i? | i € Z/pZ}, then
SN —S = {0}. Note that |S*| = pT_l; this is because the squaring map on (Z/pZ)*
has kernel of order 2. So $* N —S* = @, and Z/pZ = {0} U S* LU —S*, with every
element of S* having two preimages under the squaring map. All of this together
gives us

. . it i
a+ T = <1+2Ze]>+<1+2 ) e]) =2+2) é=2) =0
j=0

jes je—s j#0
From this and the previous problem, a = +i,/p.

Let f(x) € Q[x] be the minimal polynomial for B. Since Gal(Q,/Q) is Abelian, all
subgroups are normal, and hence all intermediate fields of Q,/Q are Galois. In particular,
K := Q, NR is Galois. By assumption, € K, so that f(x) actually has a root in K, so (by
normality) splits over K. Let v € K be any root of f(x), and let ¢ € Gal(K/Q) be such that
o(B) = . Then

Y= (p) = (") = (B")* = B
where we've used that 8" € Q is fixed by . Since B, € R, we have that both g and >
are non-negative; together with 2" = B2 this means > = 2. Of course, this is to say that
v = £p. Thus f(x) has at most 2 distinct roots over K, and since it splits over K, must have
degree at most 2. In fact, if B ¢ Q, then f(x) has degree exactly 2, and since we know the 2
roots, we see f(x) = x> — B2, so that f(x) € Q[x] implies B2 € Q. The case B € Q trivially
implies g2 € Q.

Note that i € R, so if " € Q, then (if)>" € Q. If i € Qy, then by the previous
problem, we have (i8)> = —B? € Q, so that f> € Q as well. We can ensure i € Q,
by replacing Q, with the compositum (Q,, Q[i]); this is Q, for m > n by Theorem
20.12.

(a) If C is the group of nth roots of unity in E, then we have by assumption that |C| = m,
and since Gal(E/F) will act via automorphisms on C, we have a homomorphism
Gal(E/G) — Aut(C) = U,. This map is injective since any element ¢ € Gal(E/F)
that fixes all nth roots of unity must fix all of E, as the splitting field of x" — 1. So

¢(m) = |Un| = [Gal(E/F)]

Meanwhile, |Gal(E/F)| = [E : F], and @, is irreducible over F, of degree ¢ (). Since
this is an irreducible factor of x" — 1, we see that [E : F] > ¢(n). But U,, is a quotient
of Uy, (proved next), so all the inequalities above are equalities, and ¢(m) = ¢(n). This
means U, = U, and Gal(E/F) = Uy,.

To see Uy, is a quotient of Uy, note that m divides 1, since every element of the cyclic
group C (of order m) has order dividing n. In particular, Z/nZ maps onto Z/mZ.
These rings are finite, hence Artinian. Then U, maps onto U, by [14.11].
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Since m divides n, if m =[] p;’ then n =[] pff with B; > a;. We have

) — pig(m) a; >0
P(pim) = {(Pi—l)m 6 =0

So if any B; > a; > 0, we would have ¢(n) > ¢(pjm) > ¢(m). Similarly, if p; > 2,
then B; > «; means ¢(n) > ¢(m). Since ¢p(n) = ¢(m), either a; = B; for all j (so that
n =m), or n = 2m, and m is odd.

Suppose we're in the case n # m, so n = 2m. Now if p # 2, then F has a primitive
second root of unity (namely, —1), and thus the splitting field E/F has an order 2
root of unity. Since 2 divides n, this implies that C has even order, contradicting that
|C| = m is odd. So we must have p = 2.

There are no pth roots of unity in E. So if p divides n, then C C E has order m strictly
less than n. From the previous part, this means p = 2 and n = 2m with m odd, so that
4 does not divide n.

If n # m, then from the previous parts we know p = 2 so of course ged(n,p — 1) < 2.
So for now we assume n = m. Note that E is finite, so that E* is cyclic. It thus has
a unique subgroup of order p — 1, which must be F*. So CNF is precisely those
elements of C with order dividing p — 1, and there are gcd(n, p — 1) of those. So we're
done if we show |[CNF| < 2.

Every element of C N F is fixed by every element of Gal(E/F). Since Gal(E/F) is
isomorphic to the full automorphism group of C, there is an element o € Gal(E/F)
which acts by inversion on C. The only possible fixed points of the inversion map is
the subgroup {c € C | ¢> = 1} < C. Since CN F is contained in this subgroup, and
this subgroup has order at most 2, we see that |C N F| < 2 as desired.

We suppose n > 1, the case n = 1 being trivial. Then if T = {/p, and € is a primitive nth

root of unity in C, we see that both 7 and et are roots of x"* — p, and thus their quotient
€ € E. This means F = Q[e] < E. Note E = F[1]; let p(x) € F[x| be the minimal polynomial
for T, with m = deg(p).

p(x) is an irreducible factor in F[x] of x" — p. But so is p;(x) := p(e'x) for all i. Since the

roots of x" — p are all of the form €', this shows that the {p;(x)} will all divide x" — p, and
will eventually cover all its roots. This just means that for some finite set I (we can assume
0 € I), we have

M —p=]]pix)

i€l

This means that n = m - |I|, so that m divides n. Let {7,e"7,...,€%T} be the roots of p(x).
Looking at its constant term, we see that 7"e¢* € F, wherea =} Q; and €* € F. Thus T € F.
Since ()" = p™ € Q, we know from [20.15] that we must have 72" € Q. But if pzm/ "eQ,
by [16.4] n divides 2m. So m = n or m = 5. And of course we have

[E:Q] = [E: F][F:Q] =m¢p(n)
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The case m = 4 does happen. Since E = F[7], and [F : Q] is Galois, natural irrationalities
says that [E : F] = 5 precisely when F N Q[7] is a quadratic extension of Q, for example

when ,/p € F. This happens though: Qs = Q[i, /2], and thus Qs N Q[v2] = Q[v/2]. So the
splitting field of x® — 2 has degree 16, not 32.

Of course, by Lemma 20.25, if « € K, then va € K as well, so K is closed under
taking square roots. The smallest such subfield is just the intersection of all subfields of
C closed under taking square roots. Now suppose there is a field L C K that is closed
under square roots. If & € K, Theorem 20.18 shows there is a Galois extension E/Q
with degree 2" and « € E C K. The theorem gives us a chain of quadratic extensions
Q=EyCE; C---CE,; = E. Weshow that each E; C L, and this implies « € L. Since «
was arbitrary, this shows K C L and we’re done.

We induct on i to show E; C L, the case i = 0 (and Ey = Q) being obvious. Now if E; C L,
then [E;;1 : E;] = 2, and thus there’s an element B € E; with E; 1 = E;[/B]. Since B € L and
L is closed under square roots, \/E € L, and thus E;,1 C L as desired.

Let a,b, c be the sides of a triangle, constructible by hypothesis. Heron’s formula gives
the area as

a+b+c
A—\/s(s—a)(s—b)(s—c) 8= 5
This is the square root of a constructible number, hence constructible. But then VA is

constructible as well, and we can make a square with side length V/A, hence of area
A.

Chapter 21

Let E be the splitting field over F := GF(2) of f(x) = x>+ x+ 1, with « € E a root
of f(x). f(x) is irreducible (it has no root in F), so [F[a| : F] = 3. By Corollary 21.5,
Fla] = GF(8). Since |F[a]*| = 7 is prime, every non-identity element is a generator of the
cyclic multiplicative group, so in particular F[a]* = (a), with > + a +1 = f(a) = 0. Using
the identity a®> = a + 1 and the fact the characteristic is 2, we can write the addition table of
F[a] (seen on next page).

Let E be the splitting field of f(x) = x?> — 3 over GF(5). Note f(x) is irreducible because
it has no root in GF(5). So [E : F| = 2 and by Corollary 21.5, E = GF(25). There is a root
€ € E of f(x), so €2 = 3. Because € ¢ GF(5), it must be that {1, €} is F-linearly independent,
and from [E : F] = 2 we see they form an F-basis for E. Now E* has order 24, so for an
element a € E to not be a generator, it would have to have order less than 24, but still
dividing 24 = 23 3. So if both a'? # 1 and a® # 1, then a is in fact a generator for E*. We
have

1+e)?2=1+e)%0+e)?=(1+e)1+e)?=1-e?(1+e)?=3=-1
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Table 1: Addition table of GF(8)

+‘O‘1‘o¢‘(x2‘a3‘o¢4‘(x5‘a6
O‘O‘l‘a‘az‘ag"aﬂoﬁ‘(x(’
1‘1‘0‘&3‘046‘&‘&5‘044‘&2
a | a0 |at] 1 |a®]ab]a’
o[ a® [l at | 0 |0 a1
o a1 ][a®|0]ab]a?|at
044‘044‘0(5‘0(2‘0(‘&6‘0‘1‘0&3
aS‘oc5‘ac4‘(x6‘(x3‘a2‘1‘O‘oc
a6‘a6‘a2‘a5‘1‘a4‘o¢3‘o¢‘0

Similarly, (1+¢€)8 = 2+¢€ # 1,50 1 + € has order 24 and generates E*.

Let E = GF(q") with F = GF(q) a subfield of E. Since E* is cyclic, let « be a generator.
Then if ¢(x) = ax as a map from E — E, this map is linear (by the distributive property)
and F-linear (by commutativity). It thus represents an element of GL(n, q) since [E : F] = n.
But if ¢ =1, then 1 = ¢ (1) = a™; since a has order 4" — 1, we see that so does ¢ as an
element of GL(n,q).

Let E be the splitting field of ¢, over F = GF(p). By Lemma 21.10, Gal(E/F) is cyclic;
by part (a) of [20.17], this means that U, is cyclic. If n = 27p7" - - - py’, then by Lemma 20.11
we have

Un%“uzuqul X oo X U ar
Py pr

Since Uy is isomorphic to the automorphism group of the cyclic group Cp«, whenever
p® > 2, it must contain an element of order 2: inversion. So if more than one odd prime
divides n, or r > 0 and a > 1, the above equation shows U, has more than one element of
order 2, which is impossible in a cyclic group. So either n = 2p7! or n = 2°. But Ug is not
cyclic: each element {1,3,5,7} squares to 1. Since Z/(2?) has Z/(8) as a quotient for a > 3,
[14.11] shows Uy has Ug as a quotient, and thus it also cannot be cyclic. So when n = 2°
then a < 3, and thus n divides 4.

Since x* + 1 = dg(x), the previous problem shows ®g(x) is not irreducible modulo any
prime p. Since any finite field GF(q) will contain its prime subfield GF(p), and x* + 1 isn’t
irreducible over GF(p), it cannot be irreducible over any finite field.

Any irreducible polynomial over GF(2) must have an odd number of monomial terms,
since otherwise 1 is a root. So the possibilities are:

x4+x3—|—1 x4+x2—|—1 x4+x+1 x4+x3+x2—|—x+1
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These don’t have a root over GF(2), but there is a single irreducible quadratic over GF(2):
x? + x + 1. Its square will be a reducible quartic, and its square is x* + x> + 1. Removing
that from the above list, we see there are 3 irreducible quartics over GF(2), agreeing with
Theorem 21.11.

Fix i and for every j # i, let aj + b]- = 1 in R, with aj € I and b]- € I Then we

have

1 :1;[(61]'4—17]') = (Hﬂ]’—F"‘)—i—Hb]’

j#i

where the expression in parentheses on the right-hand side belongs to I;, since each term
has at least one 4; factor. Meanwhile, []b; is a member of every [; with j # i. Write ¢;
for this product of the b;. Then 1 —¢; € [;, and so in the map of the problem with R —
(R/I))®---® (R/ILy), c; maps to the element ¢;, which has 0 in every coordinate except a
1 in the ith position. Doing this for every 1 <i < m, we see that

Zfici = (1 )

and so our map is surjective. The kernel D is elements of R in every [; that is, D = NI;. So
we have the desired isomorphism.

Suppose [F[a] : F] = n. Then F[«] has order ", and hence a9 = «. If a9" = a, then let
L < Ebe the subset L = {a € E | a9" = a}. This contains both F and «, and since it’s a field
(by Lemma 21.4), we see F[a] < L. Let |L| = ¢, so that [L : F|] = r. Then by Theorem 21.7,
n divides . If B € L* is a multiplicative generator (of order ¢" — 1), then from 7" = B, we
see that 4" — 1 divides g™ — 1; again by Theorem 21.7, this implies r divides m. Altogether
then, n divides m, as desired.

let E be a splitting field of f(x) = x7 —x —1 over F = GF(q). Note that f(x) has no roots
in F,sincea’ =aforalla € F. If « € E is a root of f(x), then a7 = a + 1, and repeatedly
raising both sides to the gth power shows a7’ = & (since p - 1 = 0). Since & ¢ F, the previous
problem shows [F[«] : F] = p. Thus the minimal polynomial of « over F has degree p; since
as « moves through all the roots of f(x), this will cover all irreducible factors of f(x), we
are done.

Since R is a finite ring, it is Artinian. Because R has no nonzero nilpotent elements, it
has no nonzero nilpotent ideals, and is thus a Wedderburn ring. By Theorem 14.15, R is
isomorphic to a direct sum of matrix rings over division rings. Every such division ring
will be finite (since R is), so by Wedderburn’s theorem is actually a field. Since M,,(F) has
nilpotent elements when n > 1 (for example, e1,), we see that R is actually a direct sum of
fields, hence commutative.

Let R = (S) < End(A) be the subring generated by S. The hypotheses of the problem
imply that A is a simple R-module, and hence Endg(A) = Cgnq(a)(R) is a division ring by
Schur’s lemma. Because A (and hence End(A)) is finite, Wedderburn’s theorem implies
Cend(a)(R) is a finite field. The nonzero elements of Cgng(4)(R) thus form a cyclic group,

say generated by 6, and Cgnq(a)(S) = Cgnd(a)(R), so every nonzero element is a power of
6.
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Of course if E is a repeated square-root extension of F, it is contained in one, so (i) implies

(ii). Similarly, a square-root extension F; over Fy has degree dividing 2, so inductively
a repeated square-root extension F, over F has degree a power of 2. If E < F,, then
[E : F] divides [F, : F|, so [E : F| is also a power of 2. All this says that (ii) implies
(iii).

Now assume [E : F] = 2", and we want to show that E is a repeated square-root extension.
We do this by induction on 7, the case n = 0 being trivial. Recalling that E/F is Galois by
hypothesis, we see the Galois group GE is a finite 2-group of order 2". It thus has a normal
subgroup of order 2 (contained in its non-trivial center), call it L < G. The corresponding
field K < E is such that [K : F] = 2"~1. By induction, K is a repeated square-root extension.
Since [E : K| = 2, there is some element « € E with f(a) = 0 for a quadratic polynomial
f(x) € K[x], and of course E = K|a]. By "completing the square" (this is where we need the
characteristic of F is not 2), we can find an element g € E with g € K and E = K[B]. Thus
E is a repeated square-root extension of F.

Let the Galois group GE = C,,, x -+ x Cy, be a decomposition into a product of finite
cyclic groups. Let H; < GE be the (normal) subgroup

Hi=]] Cn,
j#i
So Cy, X H; = GE. Finally let K; be the fixed field of H;. Then by the fundamental theorem

of Galois theory, we have Gllfi = Cy, is cyclic, of order n; dividing n. By Kummer’s theorem
then, there exists a; € K; with a;" € F and K; = F[u;].

If K= (Ky,...,K;), then the fundamental theorem shows

Gr= () Hi={1}
1<i<r
so that K = E, and thus E = Flay, - - - ,a,]. Thus E is generated over F by some roots of the
polynomial f(x) € F[x] with
f)= T (" — &)

1<i<r

Since F contains nth roots of unity, all roots of f(x) are contained in E, and hence E is a
splitting field for f(x).

(a) Let f(x) = (x?" +2)(x —2) - - - (x — 2m). Note that this polynomial has exactly m real
roots, namely {2,...,2m}. Now let g(x) = f(x) — £ for an odd positive integer k.
Qk(x) is irreducible since kg (x) satisifies Eisenstein’s criterion at the prime 2; Gauss’s
lemma ensures a factorization of gx(x) over Q[x] would yield a factorization of kg (x)
over Z|[x].
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Since gx(x) shifts the graph of f(x) in R?> down by %, it will continue to have at least
m real roots (this relies on f(x) having no repeated real roots). It won't pick up any
additional real roots as long as the graph doesn’t cross the x-axis anew after the shift.
In particular, if 2 < f(c) at all points where f'(c) = 0 and f(c) > 0, then all local
minimums of f(x) above the x-axis will remain above the x-axis after the shift. So
Qk(x) has exactly m real roots for these values of k.

In the previous part let m = p —2 and n = 1. Then gi(x) has degree p and exactly
p — 2 real roots when k is large enough. By Lemma 22.5, the splitting field of gx(x)
over Q has Galois group Sp.

[22.4] We can obviously reduce to the case F has positive characteristic p. Let n = p*m with m

not divisible by p. By Corollary 18.12 F[a™] is separable over F. Since (a™)?" € F, however,
Corollary 19.11 shows F[a™] is purely inseparable over F. This can only happen if F[a™] = F,
so that a™ € F as desired.

[22.5]

(a) We assume n is coprime to the characteristic of F, which is possible by the last problem.

(b)

Let F* = F[e], where € is a primitive nth root of unity, following Lemma 20.3. We then
have the following diagram of fields:

\
/

D
l

//\

Here we’ve labeled edges by Galois groups, with G = Gal(E/F). We have D = EN F*
and E* = (E, F*) = F*[a]. By Kummer’s theorem E*/F* is Galois with group C, cyclic
of order dividing n. By natural irrationalities (which applies since E/D is Galois), we
see that H = C is also cyclic. By Lemma 20.7 F*/F is Galois and the Galois group A
is Abelian. The fundamental theorem of Galois theory then ensures D/F is Galois,
and its Galois group must also be Abelian (let’s call it B). Again by the fundamental
theorem, we see that G/H = B is Abelian, so G’ < H. Since H is cyclic, this implies
G’ is cyclic as well.

If n is prime, then in the above diagram, |H| =1 or p. If H is trivial, then E = D and
E < F*. Since the Galois group A of F*/F is cyclic because 1 is prime, this implies
Gal(E/F) is also cyclic, as a quotient of A.

If |[H| = p, then D = F (since [E : F|] < n), and G = H is cyclic.
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[22.6]

(a) Let F = QJi] and L = Q[v/2]. Since L is real and [F : Q] = 2, we see FNL = Q.
And of course, E = (F,L). We know that v/2 satisfies x® — 2, which is irreducible by
Eisenstein’s criterion, so [L : Q] = 8. Since F/Q is Galois, natural irrationalities tells
us [E: Q] = [F:Q][L: Q] =16.

(b) We write &« = V2, and let € be a primitive 8th root of unity, which is contained in E;
to see this, note

. 1+
V2
Now E is a splitting field of f(x) = x® —2 over F, and E = F|a]. Since [E : F] = 8 we
know that f(x) is irreducible over F. Thus the identity map on F extends to a map
0 : Fla] — F|ae] by Lemma 17.15, and then extends to a map ¢ : E — E by Theorem
17.22; this means o € Gal(E/F). Of course ¢(i) = i since i € F, and also
c(V2) = o(a!) = o(a)t = -2
This implies 0(€) = —e. Note we have
o (a) = o(a)o(e)
= —ai
ot (&) = —c*(a)i
= —a
Since Gal(E/F) has order [E : F] = 8, this implies Gal(E/F) = (0) is cyclic.

(c) Let K = Q[iv/2], so that [E : K] = 8 and E = K[a]. If T is complex conjugation, then
both ¢ and 7 are in Gal(E/Q), but not in Gal(E/K). Since Gal(E/K) is a normal
index 2 subgroup of Gal(E/Q), it must be that both ¢ and o7 are in Gal(E/K). But

1(a) = o(—ai)
= —ine
oto?(a) = oT(—wi)
= o (i)
= ine
So that (02)(07) # (07)(¢?) and Gal(E/K) is non-Abelian.
[22.7]

(a) if f(x) = x* — 6x> + 7, then
flx4+1) =x*+4x° —8x +2

and this is irreducible by Eisenstein’s criterion, hence so is f(x).
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(b) The quadratic formula shows the roots of f(x) are +1/3 £+ /2. Let & = v/3 + /2 and

B = /3 — /2. All these roots are real, and hence by Theorem 22.15 [E : Q] is a power
of 2, so that Gal(E/Q) is a 2-group. If Gal(E/Q) was Abelian, then E = Q] (since
then Q] is Galois over Q by the fundamental theorem). This would mean [E : Q] = 4,
so to show Gal(E/Q) is non-Abelian, it's enough to show [E : Q] > 4, or equivalently

that E # QJa].

If E = QJa], then also E = Q[B]. Thus Q[«] = Q[p] would both be the same quadratic
extension over Q[v/2]. Now x? — a2 is an irreducible polynomial over Q[v/2], so the
non-trivial Galois automorphism sends « to —«, and must do the same thing to .
This implies a8 = V7 would be fixed by the Galois group, so that V7 e Q[\/E] Since
this is false by [18.12], we see Q[«] # Q[B] and thus [E : Q] > 4 and Gal(E/Q) is
non-Abelian.

Since n is coprime to the characteristic of F, we can adjoin a primitive nth root of unity:
F* = F[e], and similarly E* = E[e| = F*[a]. We can then form the diagram

E/E*\F*
N
\

F

Now F*/F is Galois, so natural irrationalities applies, and [E : D] = [E* : F*|. By Kummer’s
theorem, the latter index divides n, and of course [E : D] divides [E : F], so by hypothesis
[E: D] =1, and E = D. Then E is Galois over F with Abelian Galois group, by the
fundamental theorem and the fact Gal(F*/F) is Abelian.

Chapter 23

(a) Let 0 : V — F" be given by mapping a matrix to its first row. This is F-linear, and if

6(A) = 6(B), then (A — B) = 0. This means the first row of A — B € V is all zeroes,
so cannot be invertible. By hypothesis, A — B = 0 so A = B. In other words, 6 is
injective, so dim(V) < dim(F") = n.

(b) Assume dim(V) > 1, and let A, B € V be linearly independent matrices. If f(x) is

the characteristic polynomial det(x] — AB™1), then f(x) € F[x] has degree n. Now
if A € F was such that f(A) = 0, that would mean Al — AB~! was non-invertible,
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and multiplying with B on the right shows that AB — A € V is non-invertible. Again,
by hypothesis this means A = AB, and linear independence means a contradiction.
So f(x) has no linear irreducible factors; if ¢(x) is an irreducible factor of f(x), an
extension E/F with a root of ¢(x) would be such that 1 < [E : F] < n.

(c) Define p : E — M, (F) by letting p(«) be the matrix corresponding to multiplication by
« in the n-dimensional vector space E over F. This is injective (since a - 1 = 0 implies
a = 0), and since it’s F-linear the image p(E) < M, (F) is an n-dimensional F-vector
subspace.

Let L/E be an extension so that L/F is Galois. Then if G = Gal(L/F), there are
subgroups H < | < G such that Gal(L/E) = H and Gal(L/K) = J. Let U be a set of coset
representatives for H in ], and V a set of coset representatives for | in G, so that UV is a set
of coset representatives for H in G.

(a) By Corollary 23.10,

Npsp(a) = J] o« =1] <H “”) = ] Ne/k(2)” = Nk/p (Ng/x(a))

uvelV veV \ueld veV

(b) By Corollary 23.10,

uvelV veV \ueld veV

Tesp(e) = ), a'"=}) (Z “”) = ) Te/x(a)” = T/r (Te/x(@))

By [19.13], for « € E we have a” € F. Then

2

Ne/p(a)" = Ngyp(a”) = o

Since n is a power of the characteristic of F by Corollary 19.12, the above can be rewritten

as
2

0= NE/F(OC)n — Dén = (NE/F(OC) — Dén)n
And thus Ng/p(a) = a”.

First we handle the case where F has characteristic 0. Then since a” = Ng,p(«a) is
in F for all « € E, Theorem 22.19 shows E = F, so it is (trivially) a purely inseparable
extension.

Next consider the case F has characteristic p. Let S with F < § < E be the field of
separable elements of E over F. We also write r = [E : S| and s = [S : F], noting that r is a
power of p by Corollary 19.12. By the primitive element theorem we may write S = F[«] for
some element a € S. Of course (a")° = a” € F by hypothesis. But also

(@ +1) = [(a+ 1) = (@ +1)" € F
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Now F[a’] < S, but « is a root of f(x) = x" —a” = (x —a)", so the minimal poly-
nomial of a over F[a'] divides f(x). Since «a is separable over F (and hence Fla']), its
minimal polynomial must be degree 1, so that « € F[a'] and S = F[a]. But then write
Ng,p(a) = B and Ng/p(a +1) = 9. From above we have that a” is a root of the polyno-
mial

=B (x+ 1)+
and if s > 1 this is a non-zero polynomial of degree < s. This contradicts that [F[a"] : F| =5,
so it must be s = 1 and E/F is purely inseparable.

If E/F is separable, there’s nothing to show. So assume E/F is inseparable, with F < § <
E and S the separable subfield. Since E/S is purely inseparable and [E : S| = r, problem
[19.13] shows a” € S. By Corollary 23.8, Ng,p(a”) = Ng,p(a")". We then have (recalling that
r is a power of the characteristic of F)

0= Ng/p(a") = Ng/p(a")" = Ng/p(a)” — Ng/p(a")" = (Ng/p(a) — Ngyp(a)")
And so NE/F(IX) = Ns/p(lxr).

If E/F is inseparable, then one of K/F or E/K is inseparable, so the traces on both side
of [23.2] (b) are zero. So we focus on the norms. We assume that E/F is inseparable and
write F < S < E with S the separable subfield. We also let U be the separable subfield of
E/K (so that (K,S) < U),and V = KN, to give the diagram

E

|
S/ \K
N
|

F

Any element of K that is separable over F is in SN K = V, so K/V is purely insepara-
ble. And of course U/S is purely inseparable. We then have from the previous prob-
lem

: . [K:V]
Nic/r (Ne/x(@)) = Nise (Nuyg@FU)) = Ny e (NU/K (ale) )

If B € S, then Lemma 19.20 shows the minimal polynomial of B over V (which will be
separable) is still irreducible over K, so § has the same minimal polynomial over V and K.
Since the norm is determined by this minimal polynomial, we see that Ng,y(8) = Ny x(B).
Using the previous problem and [23.3] gives

NE/p(a) = NS/F(“[E:S}) = Ny/r (Ns/v (a[E:S])) = Ny/r (NU/K <o¢[E:5]))
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Since norms are multiplicative, the first equation above shows
Ni/r (Nesk(a)) = Ny/r (Nu P (a[aumm))
Meanwhile [K : V] = [U : S] by Theorem 19.19, so the second equation above gives
Ng/e(®) = Ny jp (NU/K (a[E:U][U:S]>> — Ny s <NLI/K (a[E:u][K;v]»

These are the same, and we are done.

By Theorem 21.10, Gal(E/F) = (¢) where o(a) = a1. Then

n—1 n—1 ; . .,
Nesp(a) = [Jof(a) = [T o = X9 = al0"D/(6-D)
i=0 i=0

Let o € Gal(E/F) be as in the previous problem. Consider the map 60 given by 6(a) =
a’/w. If 6(a) = 1, then a” = w, and thus « is fixed by all elements of Gal(E/F); that is,
a € F. So we see ker(0) has order g — 1. This means the image has size (4" —1)/(g — 1).
By Hilbert’s Theorem 9o, this image set is exactly the kernel of N r.

First, if « = B — B, then

Tesr(a) = Te/p(B7) — Te/r(B) =0

where the last equality holds from Corollary 23.12. Now suppose that Tr,p(x) = 0. Corol-

lary 23.11 shows that
n—1

Te/p(w) = ) o'(a)

i=0
Ifyp(k) =a+o(a)+---+01(a), then (1) = a and ¥(n) = 0. We also have

p(k+m) =yp(k)o* (p(m))

This shows that ¢(k +n) = (k) and if we define (c*) = ¥(k), we get a well-defined
crossed homomorphism. By Corollary 23.16, this must be a principal crossed homomor-
phism, so that & = (c) = B — B for some B € E.

Because G = KA and KN A = {1}, every element of G has a unique expression as ka,
with k € Kand a € A. So if x € H, we can write x = ka, and then xa—! € K. If there
was a b € A with xb € K, then (xa=1)"!(xb) = ab € KN A implies a = b~!, so we have
uniqueness.

If xa,yb € K for x,y € H and a,b € A, then xy(a¥b) € K. So if we define  : H — A so
that 6(x) is this unique element of A with x6(x) € K, we see

0(xy) = 0(x)Y6(y)
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and 6 is a crossed homomorphism.

Conversely, let 6 : H — A be a crossed homomorphism, and define the set K = {x6(x) |
x € H}. Since 6(1) = 6(1-1), being a crossed homomorphism implies 6(1) = 1. Similarly,
because 6(1) = 0(x~'x), being a crossed homomorphism shows 8(x)~! = 8(x~1)*. This
means that
0(x)] P =0(x ) T=x"10(x") eK

and K is closed under inverse. For products we see
x0(x)y8(y) = xyb(x)"0(y) = xyb(xy) € K

So K is a subgroup of G. If 1 € ANK, thena = xf(x) and x € HNA,sox =a = 1.
Also, as H is contained in KA, we must have G = HA < KA, and K is a complement of
A.

We use the setup of the previous problem. if 6§ : H — A is a principal crossed homo-
morphism, then there is an a € A with 8(x) = a*a~!. But then x0(x) = axa~! and so
K = aHa™!. Conversely, if H = K&, then since g = ka, we can say H = K”. Then for x € H,
the unique element (x) € A such that x0(x) € K is 8(x) = [x,a"!], and @ is a principal
crossed homomorphism.

(a) Note that every element in the coset of ¢ € G looks like bxg with b € A, and from the
fact A is Abelian we have a8 = 4" = g% So this map is well-defined, and we just
need to show it’s an action. Since x; € A, clearly al = a, and for g, h € G we have

agh — g% — g¥stn? — (axg)xh

Here z € A. So we do in fact have a well-defined action.

(b) Let g,h,vr € G. Let ¢ = ¢(h,r) so that x;x, = xp,c. Also let b = ¢(g,hr), meaning
XgXpy = Xgprb. Together this implies

XgXpXr = XgXpC = Xgp,bC

Now also let a = ¢(gh,r) so that xg,x, = xg.a. And finally let d = ¢(g, h) so that
XgXp = Xgnd. Together these two imply

XgXpXr = XgpdXy = XgpXpd™" = Xgp ad™
Equating these two expressions and using the action defined in part (a), we have

¢(g hr)p(h,r) = ¢(gh, 1)¢(g, h)

and ¢ is a factor set.
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(c) If a complement H exists, then for every x, € X there’s a unique element h, € H with
hg = x4a4. Define the function 0 : G — A by 6(g) = ag. Note that

XglgXyly = xgxragar - xgrcp(g, )a r

Since the element on the left is in H, this implies 0(gr) = ¢(g,7)0(g)"0(r), which is
another way to say

P(g,7) =0(3)7"0(r)'0(g7)
Taking v(g) = 0(g) !, we see 6! (v) = ¢, so ¢ is a coboundary.

Conversely, suppose 6'(v) = ¢. Define the subset H = {xgv(g) ™' | x € G}. We will
show H is a subgroup, and a complement to A. For g, € G we have

v(@g! = (v)p(e L (g™ ) !

=v(1)x ! Xg1XgV (g™ 1)_gxé?1
= (v(1)xy Dxgav(g™) ™!
— xpw(g )

xgv(g)xv(r) = xgxv(g) Tv(r)

= xgxr(f’(gr r) " v(gr)
= xgx,(x; ! Xg Lxgr)v(gr)
= Xgrv(g7)” !
Here we’ve used that since ¢(1,1) = v(1)'v(1)v(1)~! = v(1), and the fact x1x; = x1x1,
we must have v(1) = x1. So we see that H is a subgroup. Suppose x; = av(g) for
a € A. Then x; € A so that x; = x1, and x7v(1)"! = 1 as just described. Thus
HN A = {1}. Finally note that x, = (xgv(g) ')v(g) € HA, so that ' = HA, and H is
a complement.

-1

-1

[23.13] Let a be a root of x” — a, so that all the roots look like e’ for 0 < i < n, with € a primitive
nth root of unity in C. Then we have

A(f) = H (ocei—ocej)z

0<i<j<n
_ (_1)n(n—1)/2H(a€i . ocej)
i#]
_ (_0‘2);1(11—1)/2 H(ei o ej)
i#]
n—1 n—1
_ (_a2)n(n—1)/2 H (el H(l . €k)> (en _ 1)
i=0 k=1
n—1
_ (_lx2)n(n—1)/2 H eln (*)
=0

_ (_e)n(n—l)/2an—1nn
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Chapter 23

In (%) we've used the value of [[(1 — €¥) as in the problem’s hint. To finish the problem, we

have
-1 n=0 (mod 4)
(—eyn(n-1)/2 _ 1 mn=1 (mod4)
1 n=2 (mod4)
-1 n=3 (mod 4)

[23.14]

(a) Let {ag,ay,...,a,-1} be the roots (with multiplicity) of f(x). Then the roots of g(x)
are {ag,...,a,-1,a,} with a, = a. In that ordering, we have

n—1
Ag)= [ -a?=][-a)® [] (a—a)*=f(a)’A(f)
0<i<j<n k=0 0<i<j<n

(b) If we let g(x) = (x — 1) f(x), then g(x) = x™ — 1. Since f(1) = n, from the previous
part and the previous problem we have

where the sign choice is exactly the same as in the previous problem.

[23.15] Since [E : Q] = p, if « € E is irrational, it must be that E = Q[a]. Let 8 = {/2, and
let B = {1,8,B% - ,BP~1} be a basis for E over Q. By Theorem 23.22, Ar,r(B) = A(g),
where g(x) = xP — 2 is the minimal polynomial of . From [23.13], we see that A(g) =
(_e)p(p—l)/przp—l_

Now if f(x) € Qx| is the minimal polynomial for « € E, then since E = Q[a], The-
orem 23.22 and Theorem 23.17(b) show that A(f) = r?A(g) with r € Q. In particu-
lar,

(—1)P=D/2pA(f) = (=1)P*~D/2ep(p=1)/2)2p+10p=1 (rp(P+1)/22(P—1)/2>2

And so the expression in the problem is a perfect square.

[23.16] Since E/F is finite-degree and separable, there are only finitely many intermediate fields
between F and E, and by the primitive element theorem, there is a finite set {a1,...,a,} C E
such that every subfield of E containing F is F|a;] for some 1 < i < m. Lets; = A(f;), where
fi(x) € Flx] is a minimal polynomial for «;. Now if a € E is arbitrary, it must be that
Fla] = F[a;] for some i. Let f(x) € F[x]| be the minimal polynomial of . Then Theorem
23.22 and Theorem 23.17(b) show that A(f) = B?A(f;) for some B € F. This means that
s;iA(f) is a square in F, so the finite set S = {sq,-- - , sy} works.

[23.17]
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(a) Suppose }_r;a; = 0, with each r; € F and not all of them zero. Then }_r;0j(«;) = 0 for
all j, and this shows the vector [rq, - - - ,1y] is in the kernel of B, so det(B) = 0.

(b) Note that the (i,j) entry of BB is given by

n

(BTB)I',]' = 1:210']((061')0']((0(]') = k_zl(Tk(OCi(Xj) = TE/F(IXZ'(X]')

Thus by definition Ar,r(B) = det(BTB) = det(B)>.

Chapter 24

[24.1]

(a) Note that the list (%, g, T) satisfies the polynomial xyz — 1, and thus the list is alge-
braically dependent over F.

(b) By symmetry, it is enough to show that (%, g) is algebraically independent. If they
weren’t, there would be a nonzero polynomial f(x,y) € F[x, y] with the pair as zeroes;

let the degree of f(x,y) in x be m, and the degree in y be n. Then
Yz f (%l g) € Fx,y,7]

and it has («,B,y) as roots, contradicting that list’s algebraic independence. Thus

(%, g) is algebraically independent.

[24.2] We have that a is a root of the polynomial (B7)x?> — (aB)(ya), and similarly for the
other two; this means all three are algebraic over K := F(ap, By, ya). In particular, this
implies the transcendence degree of F(«, B, y) over K is 0. Since the transcendence degree
of F(a,B,7) over F is 3, Theorem 24.8 implies that K has transcendence degree 3 over F,
meaning (af, By, ya) are algebraically independent by Lemma 24.4.

[24.3] Va, /B, /7Y are algebraic over F(a,,), meaning that if L = F(\/a, \/E, V), then L
has transcendence degree 3 over F. Let K = F(a\/B, B\/7, 7v/«). Note that \/a is a root of

the polynomial
4
t9 o ’)’\/&(IX\/B) € K[t]

(Bv7)?
Similar polynomials work for the other two roots, so that L is algebraic over K. Just as
in the previous problem, Theorem 24.8 then implies K has transcendence degree 3 over F,
and Lemma 24.4 implies (x+/B, B/7, 7v/&) is a transcendence basis, hence algebraically
independent over F.

[24.4] Suppose K < S < E, where S/K is separable, and E/S is purely inseparable. We know
that Tg,x = 0if S # E, and from [23.5] that Ng/g(a) = NS/K(a[EZS]). It is thus enough
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[24.5]

[24.6]

[24.7]

[24.8]

[24.9]

Chapter 24

to prove the case where E = § is a separable extension of K. In that case, Corollary 23.10
shows that Tg g (a) is a sum of Galois conjugates of «, and Ng,k(«) is a product of Galois
conjugates. Since F < K, all these Galois conjugates are algebraic over F, hence so are their
sums and products.

If E is not totally transcendental over F, then there is an element € E \ F algebraic over
F. Of course, B ¢ K as K is purely (hence totally) transcendental. Since [E : K| = p is prime,
this implies E = K[B]. Let B = {1,8,...,8P 1}. If f(x) € K[x] is the minimal polynomial
of B over K, and g(x) € F[x] is the minimal polynomial of B over F, then f(x) divides
g(x), so all roots of f(x) are algebraic over F. Then the coefficients of f(x), as symmetric
polynomials of the roots of f(x), are algebraic over F, and hence f(x) = g(x) € F[x]. This
implies that if Ag,x(B) = a, then a € F since Theorem 23.22 shows

Ap/k(B) =A(f) =A(g) € F
If C={1,&,--,aP~ '}, then Theorems 23.17 and 23.22 imply
A= AE/K(C> = ab2

where b € K. This is exactly the contrapositive of the problem statement.

Let Y be the set of subsets of X which are algebraically independent over F, partially
ordered by inclusion; note that ) is non-empty, since it contains @ C X. If {U;} is a linearly
ordered collection in Y, then U = UU, is also in ). To see this, note that if U is algebraically
dependent over F, then there is a finite subset Uy C U that is algebraically dependent. But
then Uy C U, for some i € I, contradicting that U; is algebraically independent over F. Thus
U is algebraically independent, so }V satisfies the conditions of Zorn’s lemma: picking a
maximal X € ) is enough.

We know « is algebraic over F(X'), and so it is the zero of some polynomial
n .
flt) =Y at
i=0

with each a; € F(X). But each g; is a quotient of polynomials in a finite subset X; C X'
Thus f(t) is defined over F()), where ) = UJA; is finite; « is then algebraic over F()), as a
root of f(f).

What is needed is to show that X" is algebraically independent over F. Let Y C X
be a maximal subset that is algebraically independent over F (this exists because X is
finite). If « € X\ ), then Lemma 24.2 shows « is algebraic over F()). This means
F(X) is algebraic over F()). Since E is algebraic over F(X'), this implies E is algebraic
over F()); minimality then implies X = ), so X is algebraically independent over F, as
desired.

Let ¢ € Gal(E/K) be an arbitrary automorphism. If a € A, then a satisfies some
polynomial f(t) € F[x]. Since F < K, ¢ fixes f(t), and thus a is also a root of f(t), hence
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[24.11]

[24.12]

Chapter 24

a? € A as well. This shows that ¢ fixes A, and we have a homomorphism from Gal(E/K)
to Aut(A); let G denote this finite group of automorphisms of A. If « € A is fixed by all of
G, then « is fixed by Gal(E/K), so « € K. But K is totally transcendental over F, and « is
algebraic over F, so o € F. Of course F is fixed by G since F < K, and so we see that F is the
tixed subfield of G acting on A. By Theorem 18.20, A is Galois over F with Galois group
G.

Suppose F(a) N F(B) = K > F. By Liiroth’s theorem, we can write K = F(vy) C F(«), or
K = F(4) C F(B). By Corollary 17.8, we know that both [F(«) : K] and [F(B) : K] are finite.
This means « and B are algebraic over K, so that F(a, )/K is an algebraic extension. But
then (with L = F(a, 8))
tdL/p = tdL/K + tdK/p =0 =+ 1

This contradicts («, ) being algebraically independent over F, so that td; ,x = 2. Thus it
must be that K = F.

Let E = Q(T), K = Q(T?), and L = Q(T — T?). Then E is a quadratic extension
of both K and L, and is thus Galois over them. Let ¢ € Gal(E/K) be the non-trivial
element, so 0(T) = —T. Let T € Gal(E/L) be the non-trivial element, so 7(T) =1—T. If
KNL =M > Q, then as in the previous problem, by Liiroth’s theorem and Corollary 17.8
[K: M] and [L : M] are finite, so [E : M] is finite. This implies that Gal(E/M) is finite, by
Lemma 18.16. However both ¢ and 7 fix M, so that 7o € Gal(E/M), and t0(T) =1+ T
has infinite order. This contradiction shows we must have M = Q.

Let M be a field with F < M < L. We show that [M : F| < [(K,M) : K], so
that by Lemma 24.14, K and L are linearly disjoint. We have the following diagram of
fields:

(K, L)

/

(K, M)

\L
NG
N

Now L/S is Galois, so [L : S| = [(K, L) : (K, M)]; since L/F is also Galois, we also have that
[L: F] =[(K,L) : K] (all of this is by natural irrationalities). Thus we have
[L: F] [(K,L) : K] [(K, M) : K]

M F = e ] ~ KD (KM M~ (s M = (KM K
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[24.15]

[24.16]

[24.17]

Chapter 24

First note KN L = F since K is totally transcendental and L is algebraic over F. Let
A be a subfield F < A < L, with [A : F| finite. Then there is a Galois extension A < S;
by the previous problem S and K are linearly disjoint (hence so are A and K). Since this
holds for any such A < L with [A : F| finite, Lemma 24.14 shows L and K are linearly
disjoint.

Since T is a zero of the polynomial p(x) — gq(x), it is enough to show this polynomial is
irreducible of degree d when d > 0. But this is just Corollary 24.19.

(a) Let o(T) = p(T)/q(T). Since ¢ is surjective, by the previous problem both p(T) and
q(T) have degree at most 1, which shows

aT +b
T) = f(T) =
o(1) = (1) = T
If ad = bc, then either ¢ = 0 (so ¢(T) = ), or ¢ # 0 (so o(T) = 2); in both cases ¢ is
not surjective since its image lands in F.

(b) If ad # bc, then f(T) shown above is not a constant, since in this case a(aT + b) +
B(cT +d) = 0 has no non-zero solutions when ad — bc # 0. Both T and f(T) are
transcendental over F, so both F(T) and F(f(T)) are F-isomorphic to F(x), and are
thus F-isomorphic to each other. The isomorphism ¢ : F(T) — F(f(T)) is surjective
by the previous problem. Thus ¢ € Gal(E/F). It is unique because any element
T € Gal(E/F) fixes F, and is hence completely determined by 7(T).

For given matrices A, B € GL(2, F), write 04 for the corresponding automorphism of E,
which is an automorphism by the previous problem and the fact det(A) = ad — bc # 0. If

we let ; ; o
A= (i d) b= (; i) AP = (Zfidﬁ Z}cid;)
we can compute that
_aog(T)+b _a(eT+f)+b(gT+h) _ (ae+bg)T+ (af +bh) _
cog(T)+d  c(eT+ f)+d(gT+h) (ce+dg)T + (cf + dh)
So we have a homomorphism. By the previous problem this is surjective. The kernel is
those A such that 04(T) = T. We can solve to get
aT+b=T(cT+4d)
cT?+(d—a)T—b=0
Since this should be the zero polynomial, we see c = b = 0 and a = d. Then the kernel is

the set of scalar matrices, so PGL(2, F) = Gal(E/F).

Let E = Q(T), and let F < E be the fixed subfield of G < PGL(2,Q). By the previous
problem, PGL(2,Q) = Gal(E/Q) = Aut(E), so that by Theorem 18.20 E/F is Galois with
Galois group G. By Liiroth’s theorem F is purely transcendental of degree 1 over Q, and so
Theorem 24.23 shows G is a Galois group of some extension Q < L.

((T)oa)os (T)oas
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Chapter 25

Let L/F be an algebraic closure of F. If F has positive characteristic and is not perfect,
then by Lemma 25.3 F has irreducible polynomials of unbounded degree. So by Corollary
19.8 we know that L/F is separable. Let n be the maximum degree of an irreducible
polynomial in F[x|. If « € L is a root of this polynomial, then [F[a] : F] = n. If Fla] # L,
then there is a B € L\ Fla], and then F[a, f] > F[a]. By the primitive element theorem,
we can write Fla, B] = F[y], and then if g(x) € F[x] is the minimal polynomial of -y, we
have

deg(g(x)) = [F[y] : F| > [Fla] : F] = n
This contradicts the maximality of n, so that Fla] = L is a finite-degree extension, as
desired.

Let Eg = F and let ay € Ep be an element that is not a pth power. Then x” — ap has no
root in Ey, we we can let By be a root and write E; = Ep[Bp]. Since ,Bg € Eg, Kummer’s
theorem shows that E;/Ej is a Galois extension of degree p. Thus we have realized an
extension of degree p! over F.

We now work inductively, assuming we’ve constructed E,/F of degree p”, such that
E,/E,_1 is Galois of degree p. By Theorem 25.6, there is an element «, € E, such that
xP — ay is irreducible over E,. If B, is a root of this polynomial, then we can define
E,+1 = Eu[Bn); by Kummer’s theorem again, E, 1/E, is Galois of degree p, and so we see
that [E, 41 : F] = p"*!. Inductively then we’ve constructed extensions of degree p° for all
integers e > 1.

(@) If a> + b?> = u, then

(9 + bY@+l w1
u u) w2 w2

(b) Suppose oc% + -+ (xi = —1, with k > 2 odd. If we assume k is the minimal such
integer where an equation like this is possible, then it must be that a3 + a3 # 0. We
can then write

“%+"'+“12c+12:0
a3+ a2 a? 412 B

1+ =0
aZ + a3 aZ + a2

Each of these fractional terms is in S(F) by part (a) and the problem text. Writing the
ith fraction as ,312 + ’yl-z, we see then that we have (with k = 2n + 1)

1+ B +7i+ + B+, =0

And thus —1 is expressed as a sum of 2n < k squares, contradicting the minimality of
k. So either k < 2 or k is even.
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[25.7]

Chapter 25

Let F be formally real, and L an algebraic closure of F; also let Z be the poset of all
formally real subfields F < K < L, ordered by containment. F € Z, so it is non-empty.
Also if {K;}; is a linearly ordered chain in Z, then let K = UK;; this is a field, and it is
formally real. To see this, note that if —1 = a? + - - + a2, in K, then all of the a; would
belong to some K;, and then K; would not be formally real. So K is an upper bound of the
chain in Z, so the hypotheses of Zorn’s lemma are satistied, and Z contains a maximal
element.

Let L be an algebraic closure of E, so that L is also an algebraic closure of K < E. As in
the proof of Corollary 25.10, let R be a maximal formally real subfield of L containing K, so
that R is realclosed. We then have the following diagram

L

(R, E)
R E
K
We know that K C RN E, and because K is maximal among formally real subfields of E con-

taining F, this must be an equality. Now [L : R] < 2 by Theorem 25.11 and the Artin-Schreier
theorem, but E/K is Galois so we have by natural irrationalities

[E:K]=[(R,E):R|<[L:R] <2

As computed in Chapter 18, Gal(E/Q) = Ds. In fact, we can write Gal(E/Q) = (0, 1),
where T is complex conjugation and o (v/2) = iv/2 has order 4. Noting that both T and
o? fix F = Q[v/2], and the fact [E : F] = 4 = |(¢?, T)|, it must be that Gal(E/F) is in fact
H := (¢?,7). Since H is elementary Abelian, there are exactly 3 proper nontrivial subgroups,
and hence 3 proper intermediate fields between F and E: Q[v/2], Q[i, v/2], and Q[iv/2]. Of
course Q[v/2] C R is formally real, and hence a maximally formally real field. But so is
Q[iv/2], since it is isomorphic to Q[v/2] by Lemma 17.15, as both generators are roots of
the irreducible x* — 2. Thus Q[iv/2] is also a maximal formally real subfield between F and
E. However, H fixes the field Q[v/2] setwise, and so H = Gal(E/F) is not transitive on the
maximal formally real intermediate fields of E/F.

Let Fy = Q, and assuming F; is already constructed, let F; ;1 C R be F;[U;], where U; is
the set of square roots of all positive elements of F;; that is,

U= {Vva|ae FNR"}
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Since Ffy C F; C ---, the infinite union F = UF; is a field. Let S C F be the set of
nonzero squares in F. If a2, ,82 € S, then there is some i > 0 with a2, ﬁz € F;. But then
Va2 + B2 € F 1,50 a>+ B2 € S, and S is closed under addition.

We now show B := 2 ¢ F, since this implies x3 — 2 is irreducible over F, because
otherwise some root would belong to F, but this polynomial has only one real root. This is
enough to conclude F is not real-closed, since [F[f] : F] = 3, and by Theorem 25.17 F[f] is
formally real. Suppose for contradiction that € F, so that € F; for some i > 0. Then we
can write

B=rpa,...,am)
where p(x1,...,%m) € F_1[x1,..., %] and {ay,...,an} C U;_1. But [F_1(aq,...,am) : F_1]
is a power of 2, since we're adjoining square roots, while [F;_1(B) : Fi_1]| divides 3. Because
we're assuming F;_1(B) C Fi_1(a1,..., &), this implies [F;_1(B) : ;1] = 1and B € F;_1.
Continuing this way, we eventually get f € Fy = Q, which is absurd. So ¢ F and F is not
real-closed.

Suppose F(x) is not formally real, so that we can find p;(x), g;(x) € F[x] such that

2 2
m(X)) (pm(x)>
—1=(==2) +...+
(ql(x) m(x)
Clearing denominators, this is equivalent to ¥ f;(x)? + g(x)? = 0, where q(x) = [1qi(x)

and fi(x) = pi(x)g(x)/q;(x). If ; is the constant term of f;(x), and B is the constant term
of q(x), then this means

m
Y a?+ =0
i=1

Since this sum is happening in F, and F is formally real, we see that all the «; and  are 0.
Thus we can divide ¥ f;(x)? 4+ g(x)?> = 0 by x and then again compare constant coefficients;
continuing this way, we see that all the f;(x) and g(x) are identically zero polynomials,
contradicting the original expression for —1 (since the g;(x) need to be non-zero). This
contradiction then shows F(x) is in fact formally real.

(a) Let F, = Q(x,a1,...,a4), and let r € R be a transcendental number larger than n.
Because r is transcendental over Q, there is an isomorphism 6 : Q(x) — Q(r). If we
let B; = /r — i, then F, is a splitting field for

and similarly K, := Q(r, B1, ..., Bn) is the splitting field for p,(t) (using the obvious
notation). By Theorem 17.22, 6 extends to an isomorphism from F, to K,. Since
K, C R, we see F,; is formally real.
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If K = UF, was not formally real, then we could find 7; € K for 1 < i < m with
Z’yiz = —1. Since there must be some n with all the v; € F;,, this would imply F, is
not formally real, which contradicts part (a). So K must be formally real as well.

Suppose K had an Archimedian order, so that there existed an m € Z with x < m. But
€ K with oc% = x — m; by Lemma 25.20(g), we see x —m > 0, so that x > m. This
contradiction shows no such m € Z exists, and thus K must be non-Archimedian.

Suppose K is real-closed, and let P C K be a positive set for an order. By Lemma
25.20(g), its non-zero squares S C P, and of course then —SN P = @ by Lemma
25.20(c). Since

Pu{o}u—-P=K=SU{0}u-S

it must be that P = S. So the positive set for K is uniquely determined. Since a field
isomorphism 6 : K — L will preserve non-zero squares, we see that L is real-closed
with (unique) positive set 6(S). Thus « < p in K if and only if 6(a) < 6(B) in L.

Let F = Q(x), which is formally real by [25.8]. If r € R is a transcendental number,
then F = Q(r). Choose 0 < r < 1 and choose another transcendental s € R with
1 < s < 2. Then F inherits orders from both Q(r) and Q(s) (as subfields of R). let F,
and F; be F with these orders. Then the identity map ¢ : F, — F; is an isomorphism, but
in F, we have x < 1 while in F; it happens that x > 1. Thus ¢ is not order-preserving.

Suppose 0 : R — R is an injective homomorphism, and 6(x) = B # a. Assume
without loss of generality that &« < B (replace @ with —a otherwise). If r € Q is a
rational number with « < r < B, then 6(r) = r. But then a < r while 0(a) > 0(r),
contradicting part (a) of the previous problem. Thus 6§ must be the identity map.

If K > R has an Archimedian order, then by Theorem 25.26 there is an isomorphism
6 from K into R. By the previous part 6| is the identity map, so that 6 can only be
injective if K = R. Thus for K > R, K must not have an Archimedian order.

Let E be an algebraic closure of R(x). Note that R(x) is formally real by [25.8], so
there is a maximal formally real subfield R(x) < K < E, which is real-closed by
Corollary 25.10. Then [E : K] = 2 by the Artin-Schreier theorem and Theorem 25.11.
Since E/K is Galois (being separable and normal), there is a non-trivial involution
o € Gal(E/K), which fixes K (and hence R(x) C K). Since K > R, the previous part
shows K has no Archimedian order.

Let R ={a € F| —n < a < nforsomen € Z}. We show R is a subring of F by

showing it’s closed under addition and multiplication. If a, 8 € R, then let —m < a < m
and —n < B < n. We see that

—-m-n<a+B+m+n
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so a + B € R. Of course —a € R as well. Now if B > 0, we have
—mn < —mp < af <mp < mn
meaning xf € R. If B < 0, the above shows —ap € R, so aff € R in this case too.

Finally we show V is an ideal. We already know it is an additive subgroup by Lemma
25.24. If v € V then for any k € Z*, we have v < . This means av < mv < 1 . Since k was
arbitrary, we see av € V.

Let K C E be a maximal formally real subfield of E. Since K # E, [25.5] shows [E : K] = 2.
By the fundamental theorem of Galois theory, there is a subgroup H < Gal(E/Q) of order 2
such that K is the fixed field of H. Let H = (o), where ¢ is an involution. If ¢ € Gal(E/Q),
then ¢¢ is an involution and K¢ is the fixed field of ¢8. Note that K¢ is formally real and
[E : K8] = 2, so K¢ is also a maximal formally real subfield of E. Meanwhile, if L < E is any
other maximal formally real subfield of E, Corollary 25.28 shows there’s a ¢ € Gal(E/Q)
with L = K$. All of this shows the maximal formally real subfields of E are exactly those
fixed fields of o€ as g ranges over Gal(E/Q).

Now if F < E is formally real, it is contained in some maximal formally real subfield K,
and hence F C Fix(c8) = K&. Conversely, if F C Fix(0¢), then F C K8 and so F is formally
real.

Chapter 26

Let e € R be a non-trivial idempotent. Then 1 — e is also a non-trivial idempotent,
since
(1—e)?=1—e—et+e=1—c¢

Now if P < R is a prime ideal, then from e(1 —¢) = 0 € P we see that either ¢ € P or
1—e € P, so P does contain a non-trivial idempotent.

Let n = [[p;" and let m = []p;, where {p1,...,p,} are the primes dividing n. If
ak e (n), we see that p, divides a for each 1 < i < r, and thus m divides a so a €
(m). This shows 4/ (n (m). Meanwhile if « = max(aq,...,a,) then m* € (n), so

m € 4/(n) and thus we get the reverse containment (m) < ,/(n), implying equality:
m) =/ (n).

Suppose x € R is such that x € v/AB, so that x™ € AB for some m > 0. Since AB C ANB,
wesee X" € ANBsox € VANB. Ifx™ € ANB, thenx™ € Aand x™ € B,sox € VAN VB.
Finally, if x € VAN VB, then x™ € A and x" € B for some m,n > 0. Then x"™*" € AB so
x € v/ AB. Since x was arbitrary, this shows

VAB=+VANB=VANVB

105



(a)

(b)

(©)

[26.5]
(a)

(b)

()

Chapter 26

For an ideal A < R, let X4 = {P € Spec(R) | A C P}. Then X4 U Xp = Xap. To see
this, note that if AB C P, then by primeness either A C P or B C P. Meanwhile, if
A C P (or B C P), then of course ABC ANB C P.

For a collection {A;}; of ideals, let B = (A;);. We claim NX,4, = Xp. To see this,
note that if A; C P for all i € I, then of course B C P. Meanwhile, if B C P, then
A;CBCPforallie I

Suppose {A;} is such that for every finite subset F C I, there exists a prime ideal Pr
such that
Pr e ﬂ X A,
ieF

From part (b), this shows that over F, }_ A; = (A;) # R. In particular, 1 ¢ }_ A;. This
shows that B = (A;) is proper, since otherwise 1 would be a finite sum of elements in
the {A;};. Since B is a proper ideal, Lemma 26.2 shows there is a prime ideal P D B,
and thus NX 4. is non-empty.

Define the homomorphism R — R sending f € R to f(a) for a € R. This is surjective
(because of constant functions), and the kernel is M,. Because R is a field, M, is
maximal: there are no ideals between (0) and R/ M,.

Define f(x) = (1 —1log(x))~!. By continuity it must be that f(0) = 0; meanwhile,
f(x) # 0 for x > 0. We see that

n

limf (x) = lim 1
=0 X x—0 x(1 —log(x))"

. 1' x_l

= x50 (1 — log(x))"

-2
—X , .
= 91{11)1}) o T~ log(x))7 ] (L’'Hospital rule)
1. x 1
= — lim

n x—0 (1 —log(x))"—1

By induction on n we see this limit is oo, and thus J; is not a continuous funtion,
so f" & (x). We know from Lemma 26.2 that the principal ideal (x) is contained
in a prime ideal P which is disjoint from the multiplicative set {1, f, f,...}. If P
was maximal, then by the next part we would have P = M. But f € M, and this
contradiction shows P is a prime non-maximal ideal of R.

Suppose M < R is a maximal ideal not equal to M, for any a € [0,1]. Then for any
a € [0,1], there is an f, € M with f,(a) # 0. Since f, is continuous, there is an open
neighborhood U, for which 0 ¢ f,(U,). Because [0, 1] is compact, there are finitely
many {aj,...,a,} where UU; = [0,1]. Then ) f? is an element of M that is non-zero
everywhere, hence invertible. This contradiction shows no such M exists.
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(a) If ex and ey (for x # y) are both not in the ideal P, then since exe, = 0 € P, it must be
that P is not prime. So for prime ideals, at most one of the ey is not in P.

(b) Suppose first that f vanishes at finitely many points {x1,...,x,}. Let P; be a prime
ideal containing all elements that have a zero at x;; this is prime since if g(x;)h(x;) =0,
then either g(x;) = 0 or h(x;) = 0. If ¢" € (f) then g(x;) =0forall1 <i <, and
thus ¢ € NP;. Conversely if g € NP;, then g(x;) = 0 and we see that ¢ € (f) because

g(x) = r(x)f(x) with
) = {2@ f(x)
) f(x)
We have thus shown in this case that \/(f) = NP,. Conversely if \/(f) = NP; for
tinitely many prime ideals P; with 1 < i < n, then from part (a) there is a finite set

Y C X where ex € NP; if x ¢ Y. But then ¢! € (f) implies that we cannot have
f(x) =0, and thus the zeroes of f are contained in the finite set Y.

0
0

h

Let Py, ..., P, be the minimal primes of R, so that N\P; = 1/(0) is the nilradical. If » € R
is such that there exists a non-nilpotent s € R with rs nilpotent, then rs € NP;. Since each P;
is prime, either r € P;ors € P;. If r ¢ P; forall 1 <i < n, then s € NP; implies s is nilpotent,
a contradiction. Thus there’s some i with r € P;.

Conversely, suppose r € P; for some 1 <i < n. Let | be the set of integers i where r € P;.
Then | is non-empty. If ] = {1,...,n}, then we can take s = 1 so that r = rs is nilpotent.

Otherwise, choose
s € ﬂ P\ 4/ (0)

Note this set difference is non-empty by Corollary 26.9. Then s is non-nilpotent, but rs € P;
forall 1 <i < n, so it is is nilpotent.

Suppose Mjy, ..., M, are the maximal ideals of R. If x € R is a non-unit, then it belongs to
some maximal ideal by Lemma 26.2. Conversely, if z € R is not in any maximal ideal, then
again by Lemma 26.2 the principal ideal (z) must meet the multiplicative subset {1} non-
trivially, so that z is a unit. Thus UM, is the set of all non-units in R.

Now suppose there are ideals Ay, ..., A, of R such that UA; is the set of all non-units in
R. By Lemma 26.2 each A; is contained in some maximal ideal M;, so that UM,; is also the
set of non-units in R. Let M < R be a maximal ideal; then it contains only non-units, so
M C UM;; by Theorem 26.13, we have M C M; for some i, and then maximality implies
M = M,;. So R only has the finitely many maximal ideals.

Since (p) < Z is maximal, Corollary 26.15 shows (p") is primary for all n > 0. Now
suppose m is an integer divisible by two distinct primes p and g; we show (m) is not
primary, which finishes the problem. Let a = 7. Then ag € (m), so if it was primary, we

would have a € (m) or q" € (m) for some r > 1. But m does not divide a since |a| < |m|.
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And m does not divide ¢" since p divides m. This contradiction shows () is not primary,
as desired.

(a) Since R/(x) = F[y] is a domain, (x) is prime. (xy) C (x) soif [ = (x)/(xy), then I is
an ideal of R = R/(xy), and R/I = R/(x) is still a domain, and I is prime in R.

(b) Let Sbe aring and P < S a prime ideal. Since P" < P, we have v P" < P. Butif x € P,
then x" € P",so x € v/ P".

(c) Since ¥-¥ = 0 in R, the product clearly belongs to I2. But ¥ ¢ I2, since this is
equivalent to saying x € (x)?> = (x?) up in R by the correspondence theorem. And
this is not true since it would imply (x) = (x?), but R/(x) is a domain and R/ (x?)
has zero divisors. Similarly i ¢ v/I2 = I since it is equivalent to saying y € (x) up in
R, but that is also false, because it implies (x,y) = (x) as ideals, and R/(x,y) = Fisa
field, and R/ (x) = F[y] is not. Thus I?> < R is not primary.

(a) Since P C PE, of course P" < (PE)”, and then since P" < R, we have P" is contained
in (PEY*NR = P,

(b) Let’s show that for ideals A, B < R then (AB)E = AEBE. This will clearly imply that
(P")E = (PF)". Since 1 € S we have S = S so that

(AB)E = ABS = ABS*> = ASBS = AEBE

(c) If P is maximal, then P" is primary, so the previous part and Lemma 26.18(d) show
that

P(n) _ [(PE)n}C _ [(Pn)E}C — pn

If there is a prime ideal with U < P but V £ P, then in Rp we would have Uk < pEa

proper ideal, but VE = Rp. Similar reasoning works with U and V swapped; this means U
and V are contained in exactly the same prime ideals. Let this set of primes be {P;};. Then
by Corollaries 26.5 and 26.6 we have

U=VU=P=VV=V

iel

We assume that I " M = @, since otherwise this is vacuous. If P is an isolated prime for

I and PN M = @, then PF is a prime containing E by Lemma 26.18 parts (a) and (e). If
IE < Q< PE with Q < S prime, then I < IEC < QC < P with QC prime, again by Lemma
26.18 (parts (a) and (c-f)). Thus Q does not exist, and PE is an isolated prime for IE. Let
Py, ..., Py be the isolated primes for I that intersect M trivially. As just seen, PE ..., P,f are
isolated primes for IF.
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IfIFE<QwithQ<S prime, then as above we have I < IEC < Q€ with Q€ prime. By
Theorem 26.7 we have P; < QC for some i, and then PZ-E < QCE = Q. Thus PE ..., P,f are all
the isolated primes over IF.

Let M={bcZ|b!cR} Thenfrom1 € Rand a~'b~! = (ab)~! we see that M is a
multiplicative system. Of course Z C R and if b € M, then b~! € R by definition. Thus the
localization Zy; C R. An element of R looks like nm =1 for n,m € Z, and we can assume n
and m are coprime. There are thus integers a,b € Z with

am+bn =1

Dividing the above by m, we see that m~! = a + b(nm~!) € R. This means that m € M so
that nm~! € Z,;, and we have the reverse containment R C Zj.

(a) If the domain R is a field, then let b = 0 for a = 0 or b = a~! for a € R nonzero. Then
in all cases a = a%b. Conversely, if R is a von Neumann regular domain, let a € R be
nonzero, and choose b € R with a = a?b. Then a(1 — ab) = 0, and since R is a domain
this implies ab = 1, so that a has an inverse. a € R was arbitrary (but nonzero), so R
is a field.

(b) If every ideal in R is radical, let a € R and let I = (a?). Since I is radical, we know
VIi=1 ,and thus a € I. This means there’s a b € R with a = a2b, so R is von Neumann
regular. Conversely, if R is von Neumann regular, let I < R be an ideal with a € Vi,
and choose b € R with a = a2b. If a" € [ with m > 1, then from a™~1 = a"b we see
that a”~1 € I. Continuing this way shows a € I, so that I = /T is radical.

Suppose that A, B < R are comaximal ideals, so that there’s ana € A and a b € B with
a+b=1. Of course ABC ANB. Butif x € AN B, then
x=x(a+b) =xa+xb

and both xa and xb are in AB. Thus AB = AN B. For the general case, let Ay,..., A, be
pairwise comaximal. Choose a; € A; and b; € A, for 1 < i < n, such that a; + b; = 1.
Then

n—1 n—1
1=1[1(a;+0) Hal () e A+ Ax
i=1 i=1

And thus []A; and A, are comaximal. The first case done here (and induction) then
shows

n n—1 n—1 n—1 n
[TA={]T4i A=A NA=| (A ]| A=A
i=1 i=1 i=1 i=1 i=1

Suppose A and B are comaximal, and write 1 +b = 1 witha € A and b € B. Then

under the natural map R — R/A @ R/B, we have that sa +rb — (r,s), sincea =1—10
maps to (0,1), and similarly b maps to (1,0). So our natural map is surjective, with
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quotient A N B, which is equal to AB by the previous problem. We have thus established
the isomorphism
R/AB=R/A®R/B

In the general case, we know that A;---A,_; is comaximal with A, from the previous
problem, so the first case (and induction) shows

R . R__R_R_ R
Ar--Ap A A T A A Ay

If x,y € (A:B), then (x+y)B=xB+yB C A,so (A: B) is closed under addition. Also
if r € Rthen rxB C rA C A, so (A : B) is an ideal (it is non-empty because it contains
0).

Now suppose A is primary and B ¢ A. Let xy € (A : B), with x ¢ (A : B), so that there
exists b € B with xb ¢ A. Then (xb)y = (xy)b € A, but xb ¢ A, so since A is primary it
must be that y” € A, and then y™ € (A : B). This shows (A : B) is primary as well. Of
course A C (A : B),so VA C /(A : B). For the reverse inclusion, let x" € (A : B), so that
x"B C A.Ifb € B\ A, then from x"b € A and A being primary, we see that there’s an m > 0
with ¥ € A. This just says that x € VA, and so v/ (A:B) C VA.

Let P € X be a maximal element, and choose m €¢ M withmP =0.If A > Pand B > P
are strictly larger ideals, then both are not in X'. Since A ¢ X, it must be that mA # 0. If
0 # n € mA, then from B ¢ X we have nB # 0. This shows mAB # 0, and so AB ¢ P. By
Lemma 26.1 this shows P is prime.

(a) Note that every nonzero proper ideal of S is prime. Thus if T < S is non-zero, then
S/T is a domain. But every ideal of S/T is prime, hence radical, so by [26.15] part (b),
S/T is von Neumann regular. By part (a) of that same problem, S/T is a field. This
shows the arbitrary nonzero proper ideal T is maximal.

(b) Let A and B be distinct proper nonzero ideals of S. Then A N B is a proper ideal, but
it cannot be maximal since AN B < A. By part (a), it must be that AN B = {0}. If
M is any other nonzero proper ideal of S, then M is maximal, hence prime. Since
AB = {0} C M, it must be that A C M or B C M. By maximality of all these ideals,
either M = A or M = B.

We give two proofs. First, if A + B # R, then there’s a maximal ideal M < R with
A+ B < M. Since VM = M, this implies VA < M and VB < M, so they cannot be
comaximal. This is the contrapositive of what we want to show.

For the second proof, suppose x € v/A and y € v/B are such that x + y = 1. Let x” € A
and y" € B. Then

m—+n
_ +n _ MM\ i mtn—i
1_(x+y)m n_g)( ; )xzymnz
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For each of the terms in that sum, either the exponent of x is > m, or the exponent
of y is > n. Either way, the term is contained in A or B. This shows 1 € A 4 B, as
desired.

Let B = NP/, and suppose B # +/A. Then it must be that B ¢ Q. Let P < Q be an
isolated prime over A, which exists by Theorem 26.7. Since P is prime (hence primary), and
B ¢ P < Q, we have by [26.18]

P=vP=,/(P:B)D>/Q=0Q

where we’ve used that QB C NP = v/A C P. The above equation is a contradiction, so it
must be that B = V/A.

Chapter 27

()

(b)

(a)

(b)

We know that N;P; = /I and by Lemma 27.9, there exists an n > 0 with (v/1)" < I.

We thus have
¢ ¢ n t n
1P = < Pi> < (ﬂ Pi> = (VD" <I
=1 i=1

i=1 i

Suppose []; P{* < I and ej = 0. Then since [ < P; we see that

ej
[ [P <P
i#j

Since P]' is prime, this means for some 1 < k < t we have P, < Pj. Since these are both
minimal primes over [, it must be that P, = P; and this is a contradiction. Thus e¢; > 0.

Note that 7 # 0 in R/I. Also P;, P, < ann(7). By Lemma 27.15, ann(7) is contained
in some associated prime P of R/I. Thus P;,P, < P. But P is an isolated prime
by hypothesis, so minimal over I; since P; and P, contain I by hypothesis, we see
Py =P =P,

Call an exponent tuple (ey,...,e;) admissible if HPff < I. Note that if (eq,...,e:)
is admissible and (fi,..., f;) is another tuple with f; > e; for all i, then of course
(f1,..., ft) is admissible as well. We'll say that (ey, ..., e;) is minimally admissible if it
is admissible and any tuple (fi, ..., f;) with f; < e; for some i is not admissible. The
problem then asks to show there’s a unique minimally admissible tuple.

Before showing existence, we’ll show uniqueness. If (ey,...,¢;) and (g1,...,4¢) are
minimally admissible tuples, then we can’t have g; < e; for any i, since then (g1, ..., )
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would not be admissible. Similarly, we can’t have e; < g; for any i. This shows g; = ¢;
foralll <i<Ht

We know from the previous problem that there exists an admissible tuple; pick one
(e1,...,e:) that is minimal in the lexicographic ordering, and note that e; > 0 for all
i by part (b) of the previous problem. We will show this is a minimally admissible
tuple. Suppose not, that there exists an admissible tuple (g1, ..., g:) with g; < ¢; (and
i is the first index where this happens). By the lexicographic minimality of (e, ..., e:),
we know that - t
i
PU.pi T PP £1

Choose r € R in the left-hand product, such that » ¢ I. Of course rP; < I, so from part
(a) we know that rP; £ I for all j # i. This shows that for j # i,

e1,...,ei+1,...,e,—1,...,t
]

is not admissible. Applying the same reasoning repeatedly to this tuple, we see for
any k > 0 that (el,...,ej +k,...,e;,—1,...,t) is not admissible. Now if j # i and
gj > ej, we do this for k = g; —¢;. If g; < ej, we leave k = 0. Doing this for all j # i
then shows the following tuple is not admissible:

(max(e1,g1),...,max(e;_1,8i-1),6; — 1,...,max(et, gt))

But the ith entry of this tuple is at least g;, and this contradicts (g1,...,:) being
admissible. Thus no such tuple (g1, ...,4t) exists, and (ey, ..., e;) must be minimally
admissible.

Let P < I be a finitely generated prime ideal of R, with I = (a); say P = (ary,...,ar;) for
r; € R. Since P # I, we know a ¢ P, and since P is prime, this implies r; € Pforall1 <i < t.
This means that P = Pa = PI. Thus by Lemma 27.11 there exists x € [ with P(1 —x) = {0}.
Since R is a domain and x # 1, we see that we must have P = (0).

For a € I, choose non-zero x € M with a € ann(x). Now ann(x) is contained in some
associated prime P; for M, and we know there are finitely many such associated primes by
Theorem 27.16. Since a € I was arbitrary, this shows I C UP; where the P; are the associated
primes of M. By Theorem 26.13 it must be that I < P; for some i. If P; = ann(y) for y € M,
this shows yI = {0}.

(a) If I is primary, then I = [ is a standard Lasker-Noether decomposition of I. By

Theorem 27.13, we see that ass(R/I) = {+/I}. Conversely, assume ass(R/I) = {P}.
Then again by Theorem 27.13, in a standard Lasker-Noether decomposition we would
have I = Q with v/Q = P. But Q is primary, and hence so is I.

(b) Part (a) implies I is primary with /T = P. By Lemma 27.9 there exists an n > 0 with

P" < I. This means that (R/I) P" = {0}.
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(a) Let I = ann(x) so that xR = R/I. The associated primes of xR are a subset of those
for M, so we see that R/I has associated primes {P}. By the previous problem,
(R/I)P" = {0} for some n > 0, and since RP" = P" this shows (xR)P" = xP" = {0}.

(b) Let M = (xq,...,x¢). By the previous part, we can find positive integers ny, ..., n;
with x;P" = {0}. If n = max(n;) then x;P" = {0} for all x;, and hence MP" = {0}.

(a) Saying I < R is a primary ideal is saying that for x,» € R with xr € [ and x € I, we
must have " € I for some n > 0. Since this is equivalent to insisting that Rr" < I, this
is the same as saying I is primary as a submodule of R.

(b) Assume first that P is the only associated prime of M/N. By the previous problem,
(M/N)P" = {0} for some integer n. This is equivalent to MP" < N. If x € M\ N
and xr € N for some r € R, then ¥ # 0in M/N so r € ann(Xx). By Lemma 27.15,
r € P. Thus we have

Mr" < MP" < N

and N is primary. Conversely, let N be primary and P, Q two associated primes
of M/N. Choose x,y € M\ N with P = ann(¥) and Q = ann(y). If r € P then
xr € Nbutx € N, so N being primary means there’s an integer n with Mr" < N. In
particular, yr" € N so that " € Q. Since Q is prime, this means r € Q, and since r € P
was arbitrary, this shows P < Q. Swapping the roles of P and Q shows also Q < P so
that P = Q.

Let BA = N;Q; be a standard Lasker-Noether decomposition, with v/Q; = P;. If B £ Q;
for some i, then there exists b € B\ Q;. since bA < Q;, it must be that A < /Q; = P,.
Lemma 27.9 guarantees the existence of an integer n; with Pi”" < Q;, and thus A" < Q;. If
we do this for all i where B £ Q;, we get a finite collection {n,...} where A" < Q;. Letting
n be max(n;,...) we see that

t
BNA"C ()Q:=BA
i=1
(@) Letxe Mand B={r € R |xr € N}.If r,s € Band t € R, then of course

x(r+s) = xr+xs
xrt = (xr)t

Since N is a submodule, both right-hand expressions are in N, so B < R is an ideal.
Now suppose a € A < R with xa € N. Then by definition a € B, so xa € x(AN B).
Conversely, if r € AN B, then xr € N and xr € xA. So we’'ve shown

xANN =x(ANB)
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(b) By the previous problem, choose n such that BN A" < BA. Then by part (a)

xA"NN =x(A"NB) <xBA = (xB)A<NA

(c) This is clearly true if N = M, so we assume N < M. Note that M is Noetherian, so
if the statement is false, there’s a maximal N < M where it fails; this means there
must be an ideal U < R such that MU" NN £ NU for any n > 0. If x € M\ N, we
have that xR + N > N, and hence the statement doesn’t fail for xR + N. For any ideal
V < R then, there exists an integer n > 0 with

MV" N (xR + N) < (xR+ N)V = xV + NV

Intersecting both sides with N gives MV" NN < NV + (xV N N) (this uses NV < N
and Dedekind’s lemma). By part (b) there’s an m > 0 with xU"™ NN < NU, and thus
if V.= U" the above gives

MU™ NN < NU"+ (xU"NN) < NU"+ NU < NU

This contradicts the choice of N < M, and this contradiction shows no such N exists.

Suppose R/ A and R/ B are both Noetherian (or Artinian). Since AB < AB, we see that
A/ AB is naturally an R/B module. Since A is finitely generated as an R-module, A/AB
is finitely generated as an R/B-module, and hence is Noetherian (or Artinian) as an R/ B-
module, and hence as an R-module as well. The short exact sequence

00— A/AB —-R/AB —-R/A—0

shows R/ AB is Noetherian (or Artinian) as well.

Let X = {I < R | R/Inot Artinian}. Since (0) € X by hypothesis, we see that
since R is Noetherian there’s a maximal element P € X. Then R/P is non-Artinian, and
we just need to show P is prime. If A > P and B > P are such that AB < P, then
R/A is Artinian, as is R/B. By the previous problem, R/ AB is Artinian. But R/ AB has
quotient R/ P, which is non-Artinian. This contradiction shows A and B don't exist, so P is
prime.

Let X be the set of non-finitely-generated ideals of R. If we assume R is not Noetherian,
then X is non-empty. If {I,} 4 is some linearly ordered set of elements of X, then | = UI,
is an ideal of R. If it was finitely generated, then the finitely many generators would end
up in I, for some & € A, meaning | = I, is finitely generated. This contradiction shows
] € X, so the hypotheses of Zorn’s lemma are satisfied. Let P € X be a maximal element,
and note P < R cannot be prime by hypothesis.

Choose ideals A > P and B > P with AB < P. Then R/A and R/B are Noetherian,
since every ideal is finitely generated by the correspondence theorem and maximality of
P € X. By [27.10] R/ AB is also Noetherian. This implies P/ AB is finitely generated. Since
A and B are finitely generated (neither is in X), so is AB. Together this implies P is finitely
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generated (generated by generators of AB and preimages of generators of P/ AB). That’s
our final contradiction to R not being Noetherian.

If I < R is radical, then it is the intersection of its isolated primes by Corollary 26.8, of
which there are finitely many by Corollary 27.5. So we can write I = N;P; for 1 <i < t.
Since each P; is primary, this is a primary decomposition, and it is standard because it
is irredundant by Corollary 26.9. By the uniqueness of these primary decompositions
(Theorem 27.13), {P,..., P} are all the associated primes of I (this relies on /P; = P;
because P; is prime). This shows all associated primes of I are isolated, so it has no
embedded primes.

R, as a module over itself, is surely finitely generated, and hence there are finitely many
associated primes of R by Theorem 27.16; let these associated primes be {P,..., P}, and
choose non-zero r; € R with P; = ann(r;). This shows each P; is contained in Z, the set of
zero divisors in R. Conversely, if z € Z, then there’s a non-zero v € R with z € ann(r). By
Lemma 27.15, we must have z € P; for some 1 < i < t. So we have shown Z = U;P;, a finite
union of prime ideals.

Chapter 28

Let t € T be a zero of the monic polynomial
flx) ="+ 5, X" L+ Fs1x+ 50

where the s; € S. We know that U := R]sy,...,s,—1] is a finitely-generated R-module by
Lemma 28.8. We also know that U[{] is a finitely-generated U-module by the same lemma.
But then U[t] is a finitely-generated R-module. To see this, let X C U be a finite set so that
U = RX, and similarly choose Y C U[t] with U[t] = U). Then Z = X'} is a finite set, and
for any element v € U[t], we have

v=) uy =), ) (rmxly= ) rylry)

yey yeyxekX xyeXy

Since v was arbitrary, this shows U[t] = RZ, as desired. By Lemma 28.7, then, t € U[t] is
integral over R.

First, note that w? = —1 — w, and thus every element of Q[w]| can be written as a + bw
with a,b € Q. Since {1,w} is Q-linearly independent, and [Q[w] : Q] = 2, we see that
{1,w} is a Q-basis for Q[w] over Q. Let R < Q[w] be the algebraic integers; we want to
show that for every a + bw € R, we can take both 2 and b in Z.

Let 0 € Gal(Q[w]/Q) be the non-trivial automorphism (complex conjugation), where
o(w) = w?. Then if a + bw € R, we see that so is

ocla+bw)=a+bw?*=a+b(—1-w)=(a—b)—bw
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Since (a4 bw) +0(a+bw) € QN R = Z, we see that 2a — b € Z. Knowing that w € R, the
same reasoning applied to (2 + bw)w = —b + (a — b)w shows that a — 3b € Z. From these
two expressions it’s not hard to see that both

3(2a—b) — (a—3b) = 5a
(2a —b) —2(a —3b) = 5b

are in Z. So we can write a = % and b = 2 where u,v € Z and r,s € {1,5}. Of course if
r =1, then from a — 2b € Z we see s = 1 as well; similarly if we assume s = 1. Thus we are
done unless we have r = s = 5.

Assuming this case, we can now look at
2

U+ ow U+ vw? u? — uv + v?
(u+bw)a(a+bw)—< z )( z )— 5E

As before, this product is in Q N R = Z, so that 25 divides u> —uv+ 0% Froma—-2b € Z
we see that 5 divides u — 20, and hence 25 divides (u —2v)? = u? — 4uv + 4v?>. Adding
these two quadratics shows

0= (u?®—uv+v*) + (u* — duv +40*) = 2u> (mod 5)

This implies 5 divides u, and hence a € Z. Of course then so is b € Z. Altogether, we’ve
shown R C Z|w], and since w € R, we actually have equality.

Let h(x) = ayx™ + - - - 4+ ap be a polynomial in Z[x]. Define th € Z|[x] as
Th(x) = xdes®y, (1> — x4+ a,

We will assume « is non-zero, and note that f(x) € Z[x] by Lemma 28.10. First, assume
f(0) = £1. Then a~! is a root of +7f(x), which is a monic polynomial in Z[x]. Thus
a~1 is an algebraic integer. Conversely, suppose a~! is an algebraic integer, with minimal
polynomial g(x), which lives in Z[x] by Lemma 28.10. Then a~! is still a root of Tf(x),
and so g(x) divides Tf(x). Similarly f(x) divides tg(x). It follows from these divisbilities
that

deg(g) < deg(tf) < deg(f) < deg(tg) < deg(g)

So deg(g) = deg(f), and it must be that 7f(x) = f(0)g(x). This implies that f(0) divides
every coefficient of Tf(x) (which are the same coefficients of f(x)), and hence that f(0)
divides 1 (the constant term of 7f(x) and leading term of f(x)). Since f(0) € Z we have
f(0) = £1.

Let « be a nonzero algebraic integer, and let f(x) € Z[x| be its minimal polynomial.
For any nonzero integer n € Z, we see that % is a root of f(nx) € Z[x]. Now if f(nx) =

g(x)h(x), we would also have
f0 =5 ()r(5)
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Since f(x) is irreducible in Q[x]|, we must have ¢ or  is constant. In other words, if
deg(f) = k, then n~¥f(nx) is an irreducible monic polynomial in Q[x], for which £ is a root,
so n~*f(nx) is the minimal polynomial for £. By Lemma 28.10, if £ is an algebraic integer,
then n=*f(nx) € Z[x]. In particular, we see that n* must divide f(0). This shows |n]| is
bounded by |f(0)|, and so there are only finitely many integers where £ is an algebraic
integer. Call this finite set D.

By picking a maximal element n € D we get the first part of the problem. Now suppose
- is an algebraic integer. Pick integers a,b € Z with am + bn = d, the GCD of m and n.
Then the following is an algebraic integer:

() +e () = S =

mn/d € Z and thus mn/d € D. By maximality then, mn < dn; but d < m and hence d = m,
so m divides n.

Since I C R is an S-ideal, it is of course an R-ideal as well, and hence finitely generated,
say I = (x1,...,x,). Since R # S, choose s € S\ R; note that s is non-integral over R since R
is integrally closed. Saying that Is C I means there are r;; € R such that

n
xjs = ) xitij
i=1

Letting X = (x1,...,x,), we can then form the matrix A = (ri]-) such that Xs = XA.
In particular, X(Is — A) = 0. Letting B be the adjugate of (Is — A), we see then that
X(Is— A)B = Xdet(Is — A) = 0. Letd = det(Is — A) € S.

Since Xd = 0, we see that Id = 0. If d = 0, then s would be a zero of the monic
polynomial det(It — A) € R[t], and this contradicts s being non-integral over R. Thus
d # 0.

Suppose Z C T C C and there exists nonzero n € Z with nT algebraic integers. For
the sake of contradiction, assume there exists s € T that is not integral over Z (of course
s is algebraic though). Let R < Q[s| be the ring of integers, so that R is Noetherian and
integrally closed (and is in fact a Dedekind domain). Since s ¢ R, we can form the proper
overring S = R[s]. Finally define the S-ideal I = {r € R | rS C R}.

By the previous problem, there exists d # 0 in S such that Id = {0}. Since Q[s] is
a domain, this means that I = {0}. However, for any integer m we have s" € T so
that ns™ € R; this implies n € I. We now have a contradiction, showing s does not
exist.

(a) Let f(x) be as in the problem. Note that f(x) € F[cy,...,c,_1]. Since f(a;) = 0, we
see that «; satisfies a monic polynomial over F|cy, ..., c,—1], and hence is integral over
it. This is true for all i, and by Lemmas 28.8 and 28.7 we see F|ay,...,a,] is integral
over Flco,...,cn_1]-
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(b) Assume that {«q,...,a,} is algebraically independent over F, so that F(ay,...,a,) has
transcendence degree n over F. By part (a), F(a1, ..., ay) is algebraic over F(co, ..., cy—1),
so by Theorem 24.8 F(cy,...,c,—1) has transcendence degree n over F. By Lemma
24.4, this implies {co, ..., c,_1} is algebraically independent over F.

Thus F(co,...,c,_1) is a rational function field, the field of fractions of Flcy, ..., ¢, 1].
But this latter ring is a UFD, hence integrally closed. By part (a) then,

Flaq,...,an] N F(co,...,cn—1) C Flco, .-+, Cn1]

Since the other containment direction is obvious, we have an equality.

With n = [E : Q], write

[T GG—a%)=x"+cqx" 1+ +c
ceGal(E/Q)

Note that ¢; € Q while also being algebraic integers; hence ¢; € Z. ¢; is a sum of () terms,
each a product of i conjugates of &. The problem hypothesis then implies

lci] < (?)ai

In particular, there are only finitely many integers c; could be. There are thus only finitely
many monic polynomials of degree n whose coefficients all satisfy these bounds. The roots
of all such polynomials then form a finite set; call it 7. Since S C T, we see that S is also
finite.

The assumption of being Abelian can be weakened; we will only assume that all elements
of Gal(E/Q) commute with the complex conjugation map 7. By (iii) of Theorem 18.4,
T(E) = E, and hence T € Gal(E/Q) (note that it might be the trivial automorphism). From
the |«| = 1 hypothesis, we see then

072 = () (&%) = (@)° (&) = (") = (|a2)7 =17 = 1

So |a7| = 1. Since ¢ € Gal(E/Q) was arbitrary, the previous problem implies « € S, a
finite set. But for any integer m > 0, [«| = |a|™ = 1, and hence a™ € S. As a finite
set, we must have some n > m with a™ = «", implying a"~™ = 1, so that « is a root of
unity.

Let F be the field of fractions of R, so that R < S < F. Suppose ar—1 € T is such that it is
integral over S. Using that every element of S looks like bm~! for m € M, we know there’s
a monic polynomial over S with ar~! as a root:

(ar )" + bn,lmil(ar_l)”_1 +e 4 bomgl =0
Set m := momy - - - m,_1. Multiplying the above expression by m" gives

b,_ bom™
n 1m(amr—1)n—1+...+ of =0

(amr_l)” +
my_1 mo

118



[28.11]

[28.12]

[28.13]

Chapter 28

Each of these coefficients is in R, hence amr~1

Since m € M, this means ar 1
closed.

is integral over R, and hence belongs to R.
= (amr~')Ym~1 € S. We have thus shown S is integrally

From the text, we know that an integral basis for Q[v/d] looks like {1,+/d} when d # 1
(mod 4). Using that the non-trivial element of the Galois group sends v/d to —+/d, we can
then compute the discriminant

141 Vd-+d
det(x/ﬁ—ﬁ d+d>:4d

When d =1 (mod 4), the text shows an integral basis can be taken as {1, #E} Again we
compute the discriminant:

1+1 1+2\/H + 172\/3
det{ . L 1oVd 142Vdid | 1-2Vd+d =(1+d)-1=d
2 2 1 1

Let C be representatives for the conjugacy classes of G, and for x € C, let K, be the size
of the conjugacy class. Then we have

ox) =g L x(@)xX(8)
geG

# L Kaxx(

Kix(x)
& A0
XY x(x)@y(x)

xeC

Since x is irreducible, (), x) = 1, and we thus have the problem’s sum is 1GL Since the sum

x(1)

is an algebraic integer, and clearly a rational number, it is a rational integer; in particular,
x(1) divides |G|.

Suppose G is simple and |S| < 2. If G is non-Abelian, then § is non-empty (there must
be non-linear irreducible characters), so pick p € S. By the previous problem, p divides |G|,
so let P < G be a Sylow p-subgroup. If ¢ € Z(P) is a non-trivial element, then [G : C5(g)]
is not divisible by p. Let A be the irreducible characters of degree divisible by p, and B the
non-trivial irreducible characters whose degree is not divisible by p. Note that G is non-
Abelian simple, so it has no non-trivial linear characters. If p is the regular representation,
then

0=p(g) =1+ ) x(Dx(g)+ Y x(Dx(g)
xXcA XeB
By Lemma 28.28 and Theorem 28.27, the sum over A is zero. If |S| = 1, then B is empty,
and we have the contradiction 0 = 1. If ¢ # p is in S, then g divides x(1) for each x € B,
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and the above gives 0 = 1 + ga, where « is an algebraic integer. This implies —g~! is an

algebraic integer, and that’s our final contradiction. So G is Abelian, and by simplicity must
be of prime order.

By [28.12], the only possible degrees for the characters are {1, p, p?, p3}. Since, over
the irreducible characters, " x(1)?> = |G| = p?, we see the actual possibilities are {1, p}.
Of course p> > [G : G'| > 1, and hence there are either p or p? linear characters of
G. Let A be the linear characters, and B the irreducible non-linear characters. Then
from

=Y x(1)*+ Y x(1)* = | Al + p*|B]|
xeA XEB

We see that if |.A| = p, we would have p? dividing p®> — p, which doesn’t happen. Thus
|A| = p?, and B has (p> — p?)/p?> = p — 1 characters. Since |A| + |B| is the number of
conjugacy classes in G, we see that number is p> + p — 1.

Since x(g) is a sum of roots of unity, there is a cyclotomic field Q(¢,) containing x(g).
Since Gal(Q(,)/Q) is Abelian, and x(g) is an algebraic integer, [28.9] applies, and x(g) is
a root of unity.

Chapter 29

Let R = F[x,y] and A = (x,y) < R, and suppose p/q € A~ C F(x,y). Then we must have
both px/q and py/q in R; since p and g can be chosen to be relatively prime, this means g
divides x and divides y. By considering degrees, this can only happen when g € F. Thus
A7l C R;clearly RC A~'so A~! = R. Then (A~!)~! = R # A.

A PID is always a UFD, so assume that R is a Dedekind domain that is an UFD, and we
will show it’s a PID. Let M < R be a maximal ideal; we can assume M # (0) since otherwise
R is a field, and of course is a PID. Choose a non-zero a € M, and write a = 71y - - - 71} as
a product of irreducibles. Note that t > 1 since a is a non-unit. Since M is prime, we
see there is some 71; € M. Since R is a UFD, (71;) is a prime ideal; since R is a Dedekind
domain, (77;) is maximal. This implies M = (7;). Thus all maximal ideals of R are
principal. This means all prime ideals of R are principal, and hence R is a PID by Theorem
26.12.

Suppose A < R is an ideal maximal with regards to A~! ¢ R. If A is not prime, then
there exists ideals B, C > A with BC < A. By maximality, B~!,C~! € R. Now if x € (BC)},
then xC C B~! C R, and hence x € C~!. This shows (BC)~! C R;but A~! C (BC)~}, and
this contradiction shows A must be prime.

Let M < R be a maximal ideal, with non-zero x € M. By hypothesis we have

(x) = My --- My
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for maximal ideals My, ..., M;. Since M; - -- M; C M, and M is prime, we must have some
M; = M; we will assume M; = M. Since (x) is invertible (indeed, (x)~! = (x 1)), we see
that

M(Mz-- M) (x7!) =R

and hence M is invertible. Thus all maximal ideals of R are invertible. Since all nonzero
ideals are products of maximal ideals by hypothesis, all nonzero ideals are invertible. By
Theorem 29.6, R is a Dedekind domain.

Let S = Rpy. By [28.10], S is integrally closed. By Corollary 26.19, S is Noethe-
rian. Suppose (0) < P < Q are prime ideals of S. By parts (c) and (f) of Lemma
26.18,

(0) < PNR<QNR

is a strict ascending chain of prime ideals of R. This is impossible because R is a Dedekind
domain (all nonzero prime ideals are maximal), and hence no such chain exists in S. Thus
we have shown S is a Dedekind domain.

If M = R\ P for a prime ideal P < R, then by Lemma 26.18(g), P < S is the unique
maximal ideal of S, and hence the unique nonzero prime ideal. By Corollary 29.12, S is a
PID.

Let E = Q[ay, ..., ay), a finite algebraic extension over Q. If S is the ring of integers in
E, then S < R and S is a Dedekind domain, and E is its field of fractions (this is Theorem
29.17). ANS < Sis a proper ideal (it doesn’t contain 1), and thus by Lemma 29.20, there
isa B € E with Ba; € S for all i, but not all fa; are in AN S. Since Ba; € S < R, we see
Ba; € ANS if and only if Ba; € A, so we are done.

Let Py,..., P be the non-principal prime ideals of R. By finite approximation, choose
x; € R for 1 <i <t such that

(xi) = PiQ1 -+ Qm
where m > 0 and the Q; are (not necessarily distinct) principal prime ideals. In particular,
x; & Py for k # i. If Qj = (y;) for y; € R, then the above yields

<xl' Hy]_1> = Pi
and so P; is principal. Since we now have that all prime ideals of R are principal, Theorem

26.12 shows R is a PID.

(a) Let fa(P) = e and fp(P) = f, and assume without loss of generality e < f. Since
A ¢ petl by Lemma 29.14, and A < A + B, we see that f4,p(P) < e. But both A and
B are contained in P¢, and hence so is A + B. This shows f4,5(P) = e, as desired.
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(b) As above assume f4(P) = e < f = fp(P). Define an ideal I < R such that f;(P) is
max(fa(P), fg(P)) for all nonzero prime ideals P. Then I < AN B, and this shows
fang(P) < f since I ¢ pf+1 by Lemma 29.14. But ANB < B < P/, and so also
fang(P) > f. This shows fanp(P) = f, and in general f4~p(P) = max(fa(P), fg(P)).

(c) We have

fap(P) = fa(P) + fp(P) = min(fa(P), fp(P)) + max(fa(P), fg(P)) = fa+s(P)+ fans(P)

Since this holds for all nonzero prime ideals, unique factorization shows that we have
AB = (A+B)(ANB).

[29.9] Of course all nonzero primes in a Dedekind domain R are maximal, so that their powers
are primary by Corollary 26.15. Let I < R be a primary ideal, and suppose

I=]]P

Then from I < P; we see that v/I < P;. But V1 is prime by Lemma 26.14, and since nonzero
primes are maximal we have v/T = P;. Applying this reasoning to I < P; with i > 1 shows
P, =+I1=DP.Thus [ = P;! is a power of a prime ideal.

[29.10] Let X = {xq,...,xm} C M be an R-linearly independent subset of M, and also let
Y =A{y1,...,yn} C M be a weak generating set. We will show m < n, which solves the
problem if we take ) to be a minimal weak generating set.

For each 1 <i < m, choose nonzero r; € R and ajj € R such that
n
i =y, aijYj
j=1

Let F be the fraction field of R, and let F" have basis {¢;} and F" have basis {f;}. Define an
F-linear map g : F"" — F" by setting

g(e) = iaijfj
s

Suppose }_b;e; € ker(g), and by clearing denominators we can assume the b; € R. Then we
have } ) b;a;if; = 0, and by the linear independence of the { f]} this means }_b;a;; = 0 for
all 1 <j < n. Butin M we have

m m n n m
2 birixi =} ) biagy; =}, ) biagy; =0
i=1 i=1j=1 j=1i=1

Since Y is R-linearly independent, we have b;7; = 0 for all 1 < i < m. Since R is a domain
and r; # 0, this means b; = 0 for all i. Thus the kernel of g is trivial, and it is an injective
map. This of course means m < n, as desired.
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[29.11] Let X = {x1,...,x,} be a minimal weak generating set of M. For m € M, we have
nonzero r € R such that
n
rm = Z a;x;
i=1

Define a map @ : M — F" by ®&(m) = (%,...,%). To see this is well-defined, suppose
there’s a nonzero s € R with sm = }_ b;x;. Then we have

n

i rbix; = rsm =) _ sa;x;

i=1 i=1

and this means rb; = sa; for all 1 < i < n, since X is R-linearly independent. This easily
implies @(m) is well-defined.

We now show @ is R-linear. Clearly s®(m) = ®(sm). If n € M with sn = Y bx;,
then

rs(m+n) =Y (sa; +rb;)x;
say +rby say + rbn)

<I>(m+n):< P

= @(m) + P (n)

So all that’s left is to show @ is injective. But if @(m) = 0, then all the a; = 0, so that rm = 0.

Since M is torsion-free, this means m = 0. Thus M is isomorphic to the R-submodule
d(M) < F™.

[29.12]
(a) If m,n € T, then there exists nonzero r,s € R with rm = sn = 0. So rs(m+n) = 0,

and m+mn € T. For any a € R, of course r(am) = a(rm) = 0,soam € T, and T is an
R-submodule of M.

Now suppose x € M/ T is such that for nonzero r € R, rx = 0. Then rx € T, so there’s
a non-zero s € R with srx = 0. Since R is a domain, this implies x € T, so that x = 0.
In other words, M /T is torsion-free.

(b) The map M — M/T is surjective, and M/T is a finitely-generated torsion-free module
over R, so is projectiive by Corollary 29.28. By Lemma 14.28, we see there is an
isomomorphism ¢ of M/T into M, so that M = ¢(M/T) @& T. Hence T is a direct
summand of M.

(c) T is a finitely generated R-module since M is Noetherian; say T = (t1,...,tn). If we
choose nonzero r; € R such that r;t; = 0, then Try - - -1, = 0.

[29.13] Suppose P/PQ is a principal ideal of R, so that P = PQ + aR for some a € R. Let
X = {x € R | ax € Q}, which is clearly an ideal. We have

PX = (PQ+aR)X = PQX +aX C Q
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Since Q is prime and P £ Q, we have X < Q, and thus PX < PQ. Now letg € Q < P and
write g = z +ar withz € PQ and r € R. Since ar = g —z € Q we see that r € X < Q. Then
ar € PQ so that g = z +ar € PQ. We have then shown Q < PQ, so that we have equality:

Q = PQ.

If R is a Noetherian domain, then Q is a finitely generated R-module, and from Q = PQ
we have by Lemma 27.11 that there exists x € P with Q(1 —x) = 0. Since x # 1 and Ris a
domain, this implies Q = {0}.

We ignore the case R is a field, which is trivial. Let I < R be any nonzero ideal. Then for
nonzero a € I, we have R/(a) is a PIR, and hence I/(a) is generated by a single element.
This shows I is generated by at most two elements, and since I was arbitrary we’ve shown
R is Noetherian. If Q < R is a prime ideal that is not maximal, it is properly contained in
some maximal ideal P. If PQ is non-zero, R/PQ is a PIR and the previous problem shows
Q = {0}. So (0) is the only non-maximal prime ideal.

For a maximal ideal P < R, let A = {x € F | xP C R}, where F is the fraction field
of R. By definition, PA C R, and it is an ideal, since A is an R-module and P an ideal.
Since 1 € A, we see that P < PA, so by maximality either PA = P or PA = R. We want
to show the latter always happens, so we will assume PA = P and reach a contradiction.
By hypothesis R/P? is a PIR, and we can write P = P2 + 4R for some a € R. We then
have

P > PA = (P> 4+ aR)A = P(PA) +aA

so that aA < P. Let U = {x € R | xP C aA}, by Lemma 29.7, U is an ideal of R
properly containing aA, and by definition UP < aA. But we now have our contradic-
tion:

UP = U(P? +aR) = (UP)P 4 al < a(AP) +al < aR

and this shows a1U C A, so that U < aA, contradicting the construction of U. So we
now have that PA = R and hence all nonzero prime ideals of R are invertible. If R has
non-invertible ideals, let I be a maximal such one, which as we’ve just seen cannot be prime.
Let A,B > I with AB < I. Then A and B are invertible, so

I<A=ABB 1Y) =(AB)B!<IB'<BB!<R

Again by maximality IB~! is invertible (say with inverse C), so that I(B~'C) = R and I is
invertible. This contradiction shows R has no non-invertible nonzero ideals. Theorem 29.6
then shows R is a Dedekind domain.

R is a Dedekind domain, and pR is a proper ideal (since 1/p is not an algebraic integer),
so we can write pR =[] P/ for 1 < i < t. Now for any such i, P; N Z contains p, but does
not contain 1; this means P; N Z = (p) since that is a maximal ideal of Z. In other words,
P; lies over (p) < Z. If i # j, by Theorem 28.18 there is a ¢ € Gal(E/Q) such that P/ = P;.
Since p” = p and R” = R (by Lemma 28.10), we see that P].ei is also a factor of pR; by unique
factorization this shows all the e; are equal, as desired.
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Let X be a collection of subset of E" whose intersection is empty. We will show for
some finite subset A C X the intersection is empty. This is the contrapositive of the usual
closedness criterion for compactness. We will write 7 for the collection of ideals of elements
of X, letting X, € X correspond to J, € J.

If X := N&X is empty, then it must be (by Corollary 30.9) that the ideal Pol(X) is all of
F[xq,...,xn], and in particular it contains 1. Let | = }_ 7. Then Zer(]J) = NZer(J) (this is
proved in Lemma 30.1), and X, = Zer(J,) (this is Lemma 30.4). In other words,

X = Xa =) Zer(Ja) = Zex(])

Since /] = Pol(X) by the Nullstellensatz, we see 1 € /], implying 1 € J. There is
then a finite sum of elements that equals 1, and those finite elements are sourced from
finitely many [y,...,Jm € J. If Xy,...,X;, € X are the corresponding algebraic subsets,
then

ﬁ Xm = F]Zer(]i) =Zer(lh+ -+ 1y) =Zer((1)) =@
i=1 i=1

And A = {Xy,..., X,y } is the finite subset we needed.

Let A C E" be an algebraic subset; since E" is finite, so is A. If x; € A, let M be the
minimal algebraic subset of x; afforded by Theorem 30.15, and note M; N A is algebraic con-
taining x1, so by minimality, M1 C A. Choosing x, € A\ M, we can then construct M, C A,
etc. Doing this finitely many times will exhaust all of A, yielding

A=MUMU---UM,

If we assume A is irreducible, we must have m = 1 so that A is a minimal algebraic
subset.

Since R is a commutative finitely generated algebra over a field F, R is actually a quotient
of S := F[xq,...,xy) forsomen > 0: 6 : S — R. Let P < S be a prime ideal containing
ker(0). Then by Theorem 30.13, P is an intersection of maximal ideals, all of them necessarily
containing ker(#). This shows that in R, all prime ideals are intersections of maximal ideals.
Since J(R) is the intersection of all maximal ideals and /(0) is the intersection of prime
ideals, we’ve shown J(R) < /(0). But then every element of J(R) is nilpotent, so J(R) is a
nil ideal.

E := S/Mis afield, with canonical homomorphism 6 : S — E. We have
F:=0(R)=ZR/(RNM)

And F < E is a field by hypothesis. Since E = F[0(s1),...,0(sy)], Zariski’s Theorem 30.8
shows E/F is algebraic, and hence a finite extension. If R C T C § is a unitary subring, then

125



[30.5]

[30.6]

[30.7]

[30.8]

Chapter 30

6(T) = T/(T N M) is at least an integral domain contained in E, and containing F. 6(T) is
then an integral domain that is finite dimensional over F, so by Lemma 17.1 6(T) is a field.
Since 6(T) =2 T/(T N M), we see TN M is a maximal ideal of T.

By the Nullstellensatz and Theorem 30.11, Pol(A) must be a minimal nonzero prime
ideal (this relies on all prime ideals being radical). Let f € Pol(A) be nonzero, and write f
as f1--- fm for irreducible f;. Since Pol(A) is prime, we must have f; € Pol(A) for some i.
But then (f;) is a prime ideal, so by minimality Pol(A) = (f;). Since A = Zer(Pol(A)) by
Lemma 30.4, we're done.

Let I = (f,g) < F[x,y]. We know that I has finitely many isolated primes Py, ..., Py;
assume they are all maximal. Note this implies Py N ---N Py = Py - - - P, by [26.16]. Now
I is contained in infinitely many maximal ideals by hypothesis (and Corollary 30.17). If
M is one of those maximal ideals not among the P;, then P;---P, < M, and since M
is prime, this implies P; < M for some i. But P; is maximal, implying P, = M. This
contradiction shows not all of the P; are maximal; let I < P where P is a non-maximal
prime ideal.

Since F|x,y| has Krull dimension 2, a non-maximal non-zero prime ideal is minimal over
0. As proved in the previous problem, this implies P = () is principal. Then from f,g € P
we see h divides both f and g.

Since (I/IM)M = {0}, we see that we can regard I/IM as an R/M-module. Since I is
finitely generated as an R-module, I/IM is a finitely-generated R/ M-module, hence a finite
vector space over R/ M. But R/ M is finitely generated (as a ring) over F [note FN M = {0}],
so by Zariski’s Theorem 30.8 R/M is a finite extension over F. Putting this all together,
I/IM is finite dimensional over R/ M, which is finite dimensional over F, so I/IM is finite
dimensional over F.

(a) Let L be the field of fractions of the domain R/P. Since R/P is generated as a ring
over F by the images of x1, ..., x, in the quotient R/ P, L is generated as a field over F
by these same images, so by Lemma 24.4 the transcendence degree of L over F is at
most 7.

Now let ¥ = (x1,...,%,) € L". Then

F(2) = (1 Fn) = Fla ) = 0
if and only if f € P, so P = Pol(X).

(b) For a prime ideal P < R, construct L as in part (a), with transcendence degree m < n
over F, and let L be the algebraic closure of L. Then there exists a subfield K < L
which is purely transcendental over F, and L/K is algebraic. Similarly, E has a subfield
M with M/F purely transcendental and E/M algebraic. Since K = F(yy,...,ym) and
M = F(t1,...,t,) with r > n > m, we can F-linearly embed K into M, and then
Theorem 17.30 extends that embedding to an F-linear embedding of L into E. Since L
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is embedded F-linearly, part (a) shows there’s a point ¥ € L" C E" with Pol(X) = P.
Note F-linearity guarantees Pol(X) is the same whether computed over L or E.
[30.9]
(a) Suppose A is algebraic and A = Zer(Pol(¥)) for ¥ € A. If A = BUC for algebraic
subsets B,C C A, assume X € B. Then
B = Zer(Pol(B)) D Zer(Pol(X)) = A

This shows A cannot be written as a union of two proper algebraic subsets, so A is
irreducible.

(b) By Theorem 30.15, we know there exists a minimal algebraic subset M containing
¥, and we must have M C A. The reasoning in the previous part shows A = M.
Conversely, let M be the minimal algebraic subset containing ¥. Then M contains
Zer(Pol(X)), which is irreducible by Lemma 30.14 and Theorem 30.11. Minimality
then implies M = Zer(Pol(X)).

(c) Assume E is infinite. We show below that Pol(E") = (0), which is a prime ideal, so
E" is irreducible. By hypothesis, it has a generic point ¥ € E". Then

(0) = Pol(E") = Pol(Zer(Pol(X))) = Pol(X)

and thus ¥ = (x1,...,x,) is a set of n elements in E algebraically independent over F.
Thus the transcendence degree of E over F is at least n.

We prove Pol(K") = (0), for any infinite field K, by induction on n. The case n = 1
follows from the fact a polynomial in K[x] can have only finitely many roots. Assume
then it’s true for n, and consider f € K[x1,..., Xy, X,+1]; assume for contradiction that
f vanishes on all of K"*1. If (ay,...,a,) € K" is any point then f(ay,...,a,, x) € K[x]
has infinitely many zeroes, so is the zero polynomial. Write

.
fxa, o Xpg1) = Y &i(x1, o Xn) Xy g € K(x1,. ., X)) [Xp41]
i=0

We have shown that g;(ay,...,a,) = 0 for all i; since the tuple (ay,...,a,) € K" was
arbitrary, the induction hypothesis shows g; = 0 for all i, and hence f = 0, as desired.

(d) Let A C E" be an irreducible algebraic subset, so that P := Pol(A) is a prime ideal.
By part (b) of [30.8], there exists a point ¥ € E"” with Pol(X) = P. So we have

A = Zer(Pol(A)) = Zer(P) = Zer(Pol(X))

[30.10] Of course /I < Pol(Zer(I)). We can write v/I as the finite intersection of prime ideals
Py, ..., Py. Write P; = Pol(A;). Then from I < P; for each i we have

Pol(Zer(I)) < Pol(Zer(P;)) = Pol(Zer(Pol(4;))) = Pol(4;) = P,
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Thus Pol(Zer(I)) < NP; = v/I, and so we have equality.

[30.11] Write V for A as an F-vector space, so that dim(V) = n. For x € A, we write
Ty : V. — V for the F-linear map v — (v)x, the latter product taking place in A. We
will also write B < Endp(V) = M,(F) for the F-vector space of these induced F-linear

maps.

By hypothesis, 7y is singular, since there exists y € A with yx = 0. Thus B consists
of singular matrices, and of course dim(B) = dim(A) = n. Theorem 30.19 then applies,
so there exists Z € B which is a nonzero nilpotent matrix, with Z" = 0. If z € A is the
corresponding element of z, then this says (y)t/ = 0 for all y. Writing out what this means,

we see
(- (w)2) )z =0

where there are n right multiplications by z taking place.

128



	Chapter 1
	Chapter 2
	Chapter 3
	Chapter 4
	Chapter 5
	Chapter 6
	Chapter 7
	Chapter 8
	Chapter 9
	Chapter 10
	Chapter 11
	Chapter 12
	Chapter 13
	Chapter 14
	Chapter 15
	Chapter 16
	Chapter 17
	Chapter 18
	Chapter 19
	Chapter 20
	Chapter 21
	Chapter 22
	Chapter 23
	Chapter 24
	Chapter 25
	Chapter 26
	Chapter 27
	Chapter 28
	Chapter 29
	Chapter 30

