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Problems



[1.1.1]

[1.1.2]

[1.1.3]

[1.1.4]

[1.1.5]

1 Real Analysis

1.1 Limits and Convergence

Let f : R — R be a continuous function such that there exists n > 0 and x € R with
f"(x) = x. Prove that f has a fixed point.

Show that for almost every x € [0,27], we have

limsupsin(nx) =1
n—oo

Suppose that f,¢ : R? — R are both continuously differentiable. For a,b > 0 define
F,p: R? — R? via
Fop(x,y) = (af(x,y),bg(x,y))

Show that there exists € > 0 such that whenever a,b < ¢, there is a unique (x,y) € R? with
x> +y?><land F,u(x,y) = (x,y).

Let (X, d) be a complete, non-empty metric space. Let T : X — X be a mapping such that the
nthiterate T" is a contraction mapping. Show that T has a unique fixed point.

Let C[0, 1] be the continuous functions on the unit interval, and let {F,} C C[0,1] be a set
of non-negative continuous functions. For § > 0 define S; = {f € C[0,1] | [0,6] C f~1(0)},
and let S = US; be the set of all functions that are zero on an initial subinterval of [0, 1].
Finally define A : C[0,1] — R as

A(g) = lim 1Fn(x)g(x)dx

n—oo Jo



[1.1.6]

[1.1.7]

[1.2.1]

[1.2.2]

[1.2.3]

1.2 Differential Equations

Assume that this limit exists for all g € C|[0,1], and that A(f) =0 for all f € S. Prove there
exists a constant C such that A(g) = Cg(0) for all g € C[0,1].

Evaluate (with proof)
n
lim [ (1+
0

n—oo

x\" _
—> e X dx
n

Let f : [0,1] — R be a function. Prove that f is Lipschitz, with |f(x) — f(y)| < M|x —y|
for some M > 0 and all x,y € [0,1], if and only if there exists a sequence {f,} C C'(]0,1])
such that f,,(x) — f(x) for all x € [0,1], and || f}||ec < M for all n.

1.2 Differential Equations

* Find a first-order, 2 x 2 linear homogeneous system of ODEs whose solution space is
spanned by y1(x) = asin(x) + bcos(x) and y,(x) = acos(x) — bsin(x).

* Find the solution of ¥} = y1 — y» and vy}, = 4y; — 3y, with initial conditions y;(0) = 0

and y(0) = —1.
(a) Show that if f = — f on some interval I, then f? + f? is constant on I.
(b) Consider the differential equation § = —e8, with initial conditions ¢g(0) = 0 and

$(0) = 10. Find the maximal interval of existence for g, and show that ¢ is bounded
on this interval.

Write down a system of linear differential equations satisfied by the two real functions

F(A) = /01 ¥ 11— x)P (A — x)° dx

g(A) = /01 x"(1—x)" 1A — x)° dx



[1.2.4]

[1.2.5]

[1.2.6]

[1.2.7]

[1.2.8]

1.2 Differential Equations

Here A >1,4,b > 0, and c € R is any real number.

Consider the equation y'(x) = y(y(x)) for x > 0 and y(0) = 0.
(a) Show the equation has at least two distinct continuous solutions for x > 0.

(b) Show only one of these is analytic at x = 0.

Let p(x) be a real polynomial. Assume that all solutions to f'(t) = p(f(t)) exist for all
t € R. Show that the degree of p(x) is at most 1.

Here C(]0, 1]) will mean the space of continuous functions on the unit interval.

(a) Show that the mapping I : C([0,1]) — C([0,1]) given by

(1)) =45 [ (1)

is a contraction mapping, with C([0,1]) having the supremum norm.

(b) Show that there exists one and only one smooth function f on [0, 1] satisfying the
conditions

fl(x) =" +xf(x?)
and f(0) = 1.

Consider the homogeneous second order differential equation with smooth coefficients
defined on the real line,

y' +p)y +q(x)y =0
Show that all solutions ¥ = y(x) of this equation are monotone functions if and only if

g(x) = 0.

Hint: Let y; and y> be two smooth monotone functions on R. Show that if any linear
combination of these functions is monotone, then there exists a constant C € R such that

y1(x) = Cyy(x).

Let F be a C? function on R3 satisfying Fyy + Fyy + Fzz = 0.



[1.2.9]

[1.2.10]

[1.2.11]

[1.2.12]

[1.2.13]

1.2 Differential Equations

(a) Show that F has the mean value property; namely,

4
* IR3E(p) = / FdV
3 (P) Br(p)

where Bg(p) is the ball of radius R centered around the point p € R.

(b) If F is non-constant, show that F cannot achieve a local maximum at any point g4 € R3.

A function f : R? — R is called doubly periodic if f(x +1,y) = f(x,y +1) = f(x,y) for all
(x,y) € R2. Suppose f is a non-zero, doubly periodic function that is in C2. Suppose also

thatAf—i—/\f:O,whereA:%—l—aa—;z,and)\G]R. Show A > 0.

Let U C R" be a connected bounded open subset such that the boundary oU = U \ U
is smooth. Let f : U — R be a C!' function whose restriction to U is a C? solution
of

A f = A f2m+1
for a positive integer m and some real constant A > 0. Recall that A = 2%. If fis
identically zero on dU, show that f = 0. l

Let a,b,c € R with ac — b*> > 0, and let f be a smooth function on R? with compact support.
Show that the differential equation

0u ?u  du
T T Zbaxay * Cayz =f

has a smooth solution u.

Find a solution u(x,y) on IR? to the initial value problem
uxx - uy - 0

with u(x,0) = x° + x% + 1.

Let u(x,y) be a solution to the Poisson equation

’u  0%u

o =1



1.2 Differential Equations

in the open square U = {(x,y) | =1 < x,y < 1}, with homogeneous boundary conditions
(i.e., u is zero on dU). Find the minimum and maximum values of u.

[1.2.14] Suppose that f : R" — R is a smooth function with compact support.

(a) Show that there is at most one possible solution # : R” — R to the equation Au = f if
we insist that u is also differentiable with compact support. Here A =} %.

(b) Show that any solution u of Au = f which is smooth and has compact support must
be given by the convolution f * N, where N is the Newtonian potential, defined as

log [ _
T n=2
N(X) = { |J7z:‘27” 02

n(2—n)wy

Here wj, is the volume of the unit n-ball in R”. Also recall that by definition

faNQ) = | fyNQE-—y)dy

[1.2.15] Recall that 1-forms on S = R/Z are represented by f(x)dx, where x is a projection of the
global coordinate on R and f : R — IR is smooth of period 1. Prove that any 1-form 6 is
cohomologous to a form of the type rdx for some constant r € R. In other words, there
exists r € R such that 6 — rdx is an exact 1-form.

[1.2.16] Suppose that F : R? — R is continuous, and satisfies the following Lipschitz condition in
the second variable:
|F(s,t1) — F(s, tp)| < M |t; — 12|

for some M € R and for all s, t1,t, € R. Consider the differential equation ' = F(x,y) and
suppose Y1 and y, are two solutions with y1(0) = a and y,(0) = b.

(a) Prove that
1) = 23] < o= b1+ 0| [ () (o) s

(b) Show that ||y — y2||ec < 2|a — b| on the interval [Z_T}I’ ﬁ}



[1.3.1]

[1.3.2]

[1.3.3]

[1.3.4]

[1.3.5]

1.3 Fourier Series

1.3 Fourier Series

Let f € L?(S') be a nonzero smooth 27t-periodic function such that

27
A f(x)dx =0

Let u(x, t) be a solution to the system u; = u,, with conditions u(x,0) = f(x) and u(0,t) =
u(27m,t). Prove that for all t > 0, the L? norm of u(-, t) is strictly less than the L? norm of

f.

Let S = R/Z, and for f.g€ L'(S'), recall the convolution

1
frg) = [ =gy

Show that there does not exist f € L!(S!) with f x¢ = g forall g € L!(S!).

Let f € C'(S!), and suppose [, f(x)dx = 0. Show that

27| fll2 < 11 fll2

For0 <r<1land0 <t <27, let f,(t) = (1 — re'*)~1/4, the principal branch of the power
function.

(a) Compute the Fourier coefficients of f,(t) for 0 < r < 1.
(b) Show that f; € L'([0,27]).

(c) Compute the Fourier coefficients of f; ().

27T

Let f € L'[0,27], and let f(n) denote its nth Fourier coefficient (277) 0 f(t)e~i"tdt. For
s > 0 define the space

H* = {f € L'[0,27] | ;‘6 [ |f (m)[* < o0}

(@) If s > 1, show that Y02 |f(n)| < co.



[1.3.6]

[1.3.7]

[1.3.8]

[1.3.9]

[1.3.10]

1.3 Fourier Series

(b) Let F be the periodic extension of f to all of R. Again assuming s > %, show F agrees
almost everywhere with a continuous function.

(c) Now assume s > 3, and F is as above. Show F agrees almost everywhere with a

continuously differentiable function.

The Fourier coefficients of a function f on the unit circle are given by

Cc, = L/znf(eit)e—intdt
"o Jo

forn € Z. Arec, = (1++/|n])~! the Fourier coefficients of a continuous function?

Let f : R — R be a C? real-valued function, periodic of period 27, and let its Fourier series
be a9 + Y_,~0(an cos(nx) + by sin(nx)). Prove that f is an odd function if and only if a, = 0
forall n > 0.

Let H be the Sobolev space on [0, 1]: the Hilbert subspace of L?([0,1]) where

IF1E = Y (1 +n?)f(n)?

nez

is finite. Here f(n) is the nth Fourier coefficient for f. Show there exists a constant C (that
does not depend on f € H) such that || f||e < C||flla-

Let C(S') be the continuous functions on the circle, and for k € Z let ¢(0) = . Sup-
pose that I C Z. Let S be the linear span of {e; | k € I}, and let V C C(S!) be given
by

V={feC(h | /_Zf(x)ei"xdx =0foralln ¢ I}

Prove that S is dense in V.

Let p(x) = ag + a1x + ... + axx* be a polynomial such that for all n € Z, we have p(in) # 0.
Let S! = R/27Z, and define an operator P : C®(S!) — C*®(S!) as

k
P(f):p<%)f:ﬂof+a1%+...+ak%



[1.3.11]

[1.4.1]

[1.5.1]

[1.5.2]

1.4 Functional Analysis

Prove that P is surjective.

Let f € L?(R) and for t € R define f;(x) = f(x +t). Show that
liml|f — fill» =
i — fill2 = 0

where the norm being used is the L?(IR) norm.

1.4 Functional Analysis

Consider the circle S! = R/27tZ and let 8 € S! be an "irrational angle": 6/27t ¢ Q. Show

that for any continuous function f € C(S!) with fozn fdx = 0, the following sequence for
n > 0 converges uniformly to zero:

n—1
S0 = L fx k0
=0

1.5 Measure Theory

Let {fu} be a sequence of real-valued absolutely continuous functions defined on [0, 1]. As-
sume there are constants M and N such that, for all n and all x € [0, 1], we have

fal)] < M
1
| rdr <N

Prove that {f,} has a uniformly convergent subsequence.

Let (X, u) be a o-finite measure space with p(X) > 0. Prove there exists a probability
measure v on X (i.e.,, v(X) = 1), such that u is absolutely continuous with respect to v, and
vice versa.

10



[1.5.3]

[1.5.4]

[1.5.5]

[1.5.6]

[1.5.7]

1.5 Measure Theory

Let f : R — IR be a measurable compactly supported function, and assume for all n > 0 we
have

/Rf(x)x”dx =0

Prove that f is zero almost everywhere.

Let y be Lebesgue measure on R” and let {E, } be a collection of measurable subsets in R".

Assume that
Z ]/I(E]) < o0

n>0

Let S be the points in IR” that are contained in infinitely many of the E;. Prove that
u(S) =0.

Give, with proof, an explicit example of an open set U C [0, 1], such that the characteristic
function s is not Riemann integrable.

Let f : R — R be any function, and suppose it is locally measurable, meaning that for
every x € RR, there is an open neighborhood U, containing x such that f restricted to Uy is
measurable. Prove or disprove that f is measurable.

Let (X, 1) be a measure space and suppose u(X) < co. Let S be the equivalence classes
of measurable functions on X, where f is equivalent to ¢ when f = ¢ almost everywhere.

Define ]
p(f) :/Xl—i‘|f|dy

Prove that d(f,g) = p(f — g) is a metric on S, and that f, — f in this metric if and only if
fn — f in measure.

Let T be a volume preserving homeomorphism of a bounded domain D in Euclidean space.
Show that for any neighborhood U of any point p € D, there exists a point x € U which
returns to U under iterations of T; that is, there exists n > 0 such that T"(x) belongs to
u.

11



1.6 TBM

[1.5.9] LetS C [0,1] be the subset of the unit interval defined by the following property: x € S pre-
cisely when the first 2 in the decimal expansion of S precedes the first 3 in the decimal expan-
sion of x. Prove that S is Lebesgue measurable and find its measure.

1.6 TBM

[1.6.1] Let {ay,---,a;} be a finite sequence of points in the open unit disk D = {z € C | |z| < 1}.
Define the complex function

(a) Prove that B maps the unit circle S' = {z € C | |z| = 1} to itself.

(b) If B(0) = 0, prove that for all continuous functions g € C(S!), we have

/Ozng(eit)dt = /Oan (B(eit)> dt

12



Solutions

13



[1.1.1]

[1.1.2]

[1.1.3]

1 Real Analysis

1.1 Limits and Convergence

This is obvious if n = 1, so we assume n > 1 and that f¥(x) # x for k < n. Suppose f(x) > x.
Then since f"(x) = x < f(x), there must exist 1 < k < n such that f¥*1(x) < f¥(x); pick
k to be the minimal such index. Then the function g(x) = f(x) — x is positive at x, but
negative at f*(x). The Intermediate Value Theorem then shows there is a y € [x, f¥(x)]
such that g(y) = 0, and thus y is a fixed point of f. Similar reasoning applies when

fx) < x.

Let x € [0,27t] not be a rational multiple of 77. Note that the set of rational multiples of
7t has measure zero, so if we show limsupsin(nx) = 1, then we will be done. Because
x is not a rational multiple of 7, the ratio x/(27) is irrational. By Kronecker’s theorem,
the multiples {nx}, treated modulo 27, are dense in the interval [0, 27t]. Thus there is an
increasing sequence of integers 11,1, ... such that n;x — 7 (mod 27). By continuity of
sin, we see then that sin(n;x) — 1. Because sin is always bounded above by 1, this shows
that lim sup sin(nx) = 1.

On the compact subset D = {(x,y) | x> 4+ y* <1}, f and g are bounded, so we can find M
and M, such that

|f(x,y)| < My (x,y) €D
1g(x,y)| < My (x,y) €D

Then we see that
|Fup(xy)I? < @I f (2, )P+ Plg(x,y)* < a*M} + 0*M;

For (x,y) € ID. We can thus choose € > 0 small enough such that for a,b < ¢, F, ,(ID) C D.
Now f and g are also Lipschitz on ID, say with constants Ly and Lg. Let u,v € D. In the L!
norm then, we have

[Fap(u) = Fap(0)lln = alf(u) — f(v) + blg(u) — g(v)| < (aLs +bLg)|lu — o[y

14



[1.1.4]

[1.1.5]

[1.1.6]

1.1 Limits and Convergence

So again, by making € small enough (with a,b < €), we can make F, ; a contraction mapping
on D. It thus has a unique fixed point by the Banach Fixed Point Theorem.

Let z be the unique fixed point of T", which exists by the Banach Fixed Point Theorem.
Note that any fixed point of T is a fixed point of T", and thus T has at most one fixed point.
But

T(T(z)) = T(T"(2)) = T(2)

so that T(z) is also a fixed point of T", thus by uniqueness T(z) = z.

We define the constant function 1 € C[0,1] and let C = A(1), which exists by hypothesis.
First assume that 1 € C[0, 1] is such that #(0) = 0, and we prove that A(h) = 0. To see that,
let € > 0 be arbitrary, and choose § > 0 such that |h(x)| < € whenever x € [0,24]. Now let
v € C[0,1] be a "cutoff" function, such that:

e y=0on[0,].
e y=1in[24,1].
e v linearly interpolates between 0 and 1 on [, 24].
Then hy € S5 C S, so A(hy) = 0. But ||h — h7y||« < €, and thus
—el1<h—hy<el

Because the F, are non-negative, we can multiply the above by F,, then integrate, then
take limits, to see that —eC < A(h —hy) < eC. Since € > 0 was arbitrary, this shows
A(h) = A(h — hyy) is zero.

Now for an arbitrary ¢ € C[0,1], let § = ¢ — ¢(0)1. From the above A(§) = 0, so we
have

A(g) = A(g) + A(g(0)1) = g(0)A(1) = Cg(0)

First, note that for u > 0 we have In(1 + u) < u. Setting u = x/n and exponentiating then

gives
(e3) <o

Of course this sequence converges to e* for all x. Now define

fu(x) = (1 + %)n e > Xjom

15



[1.1.7]

[1.2.1]

1.2 Differential Equations

Then we're trying to find lim [;~ f,dx. Since every x € [0,0) is eventually in [0, 1] for big
enough 1, we see that f,,(x) — e * for all x > 0. From the above, we also have f,(x) <e™*
forall » > 0 and x > 0. Since fooo e *dx = 1, the Dominated Convergence Theorem
shows

lim [ (1+%)"e2dx = lim /oofn(x)dx :/ lim f,(x)dx = /ooe_xdx _1
0 n 0 0

n—oo n—oo n—oo

First suppose that the sequence {f,} of continuously differentiable functions exists with
the given properties. Then for x,y € [0,1] with x < y we have

Folr) = o)+ [ Fule)dt < ) + MGy — %)

Thus |fu(y) — fu(x)| < M|y — x|. The left-hand side is continuous, so taking the limit we
see that |f(y) — f(x)| < M|y — x|, as desired.

Conversely, suppose f is Lipschitz with constant M. Then f is absolutely continuous, and
thus has a derivative f’ almost everywhere in [0, 1], with

0) + /Oxf’(t)dt

Since f’ € L'(]0,1]) and C([0,1]) is dense there, we can find a sequence {g,} that converges
to f' in L'([0,1]). Now the Lipschitz condition shows ||f'||cc < M, so we can assume
|1gnll0 < M as well (simply by capping g, to have range in [—M, M], which doesn’t change
continuity and only strengthens convergence). Define

Fulx) = FO) + [ g(t)a

Because g, is continuous, we see that f, € C'([0,1]), with f}(x) = gu(x). Thus || f4]lc < M,
and we have for x € [0, 1]

o) = 11 = | [ Cgn(t) = £/ 0] < [ lgult) = £ 01t < ligu = 711

This difference tends to zero, so f,,(x) — f(x). Thus { f,,} is our desired sequence.

1.2 Differential Equations

16



1.2 Differential Equations

* Note that i} (x) = y2(x) and similarly y5(x) = —y1(x); these together give our system
of equations.

e We can write these equations as ' = Ay, where

1 -1
= 5)
We also have y(0) = (0, —1)T. A solution to this equation is given by y(x) = ¢4*y(0).

To compute that exponential, we first find the eigenvalues of A, which are {—1, —1}.
Then if we write A = I + N, we see that N is nilpotent with N> = 0. Thus we have

A% = p(TIFN)x — o= IxpNY — o=¥( 4 Nx) = ¢ % (1 t2x —x )

4x  1—2x

Multiplying this with our initial condition vector gives the final solution
yi(x) = xe™
y(x) = (2x —1)e™*

[1.2.2]

(a) We take the derivative of f2 + f2, showing it’s zero, so that the expression is constant
on the connected interval I:

(f*+ ) =2ff +2ff
=2f(f+f)
=0

(b) We multiply both sides by ¢ to get the integrable equation §¢ = —ef¢, which becomes
¢* = C — 268

From the initial conditions, C = 102. Note this already shows |¢| < /102, so ¢ is
bounded wherever g is defined. Now by Picard-Lindelof, there is a solution g defined
in some open interval around 0. Since ¢ is bounded, then function grows at a bounded
rate, and thus never escapes to f-co in finite time:

t t
lg(t)| = ‘/0 g’dt‘ g/o 1§ dt < |tV102

This shows the solution ¢ is actually defined on all of R.

17



[1.2.3]

[1.2.4]

1.2 Differential Equations

Let hy(x) = x*(1 — x)P(A — x)°.

tinuous on the entire interval [0, 1].

see

Note that a,b > 0 implies that /1, is defined and con-

By the fundamental theorem of calculus then, we

/Olhg(x) dx = (1) — 1y (0) =0 —0 =0

Performing the differentiation yields

0= af(A) —bg(A) — c/ol (1= x)P(A — %) dx

We can rewrite that last integral for both f and g. First, we have

c/l ¥(1—x)P(A = %) dx = c/l(/\— (A= 2))x" (1 — )P (A — x)° L dx
0

—CA/al

_/\f

1
—x)’(A —x) ! dx—c/ X1 —x)P (A — %) dx
0

) —cf(A)

We thus get the linear equation af — bg = Af’ — ¢f. Similar calculation works for g [using
1—x=(1-A)+ (A —x)]. In the end, after rearranging, we get

a-+c b
= 5 - g
a b+c
= LF) - TS

(@) y = 0 is one solution. Another can be gotten by branching based on sign:

2
y(x) = {—2\/—_x x<0

x>0

Here we see y(y(x)) = —2x = y/(x) for x > 0. Since the two branches agree at x = 0,

the function is continuous.

(b) Suppose a continuous solution y(x) is analytic at x = 0, so that we can expand y(x)
into a convergent Taylor series in some neighborhood U C R of the origin. Since
y(0) = 0, the series in U takes the form

o
=) cux”
n=1

18



[1.2.5]

[1.2.6]

1.2 Differential Equations

We can differentiate the above term-by-term to get a series for y/(x), or we can compose
it with itself to get a series for y(y(x)) (possibly shrinking U so that y(U) C U). This
gives

y'(x) = c1 +2c0x + - -+ nc,x" 4
y(y(x)) = x4 (cica Fcac)x® + -+ pu_1(cy, .o cpog)X 4o

Here the {pu} are polynomials in the specified variables, with p,(0,...,0) = 0.
Looking at constant terms, we see that equality of these two series gives c; = 0.
Inductively, if we've shown ¢; = 0 for 0 < i < n, then p,_1(0,...,0) = 0, so that
nc, = 0; in other words, ¢, = 0. So by induction we can show that all ¢; = 0, and y(x)
must be identically zero in U.

Now let X = y~1(0), which is a closed subset of [0,c0). If z € X, then by continuity
there is a 6 > 0 such that y takes (z — J,z + 9) into U from above. Thus for x with
|x —z| < & we have y'(x) = y(y(x)) € y(U) = {0}. Thus v’ is zero on the interval
(z—9,z+46), and y is thus constant on this interval. But y(z) = 0, so we see that the
open neighborhood (z — J,z + ¢) is contained in X. Since z € X was arbitrary, we see
X is an open subset too. By connectedness, and the fact 0 € X, we have X = [0, ), so
that y is identically zero.

Clearly if p(y) is degree o, there is a linear solution that exists for all t € R, and if p(y) =
ay + b then y = Ce® — g is the family of solutions, and they all exist for all t € R. If the
degree of p(y) is greater than 1, choose a yp where p(y) # 0 for y > yo. Consider a solution
with initial value condition y(0) = y. From the solution

/y dy

t= [ =L

vo P(Y)

we have two cases, noting that L = limy e fyyo % is finite because the degree of p(y) is at

least 2:

e If p(y) > 0 for y > yo then t < L, and so the solution cannot exist for all ¢, since it
doesn’t exist at t =

Yo

L.

e If p(y) < 0 fory > yo, then t > L, and so the solution cannot exist for all ¢, since it
doesn’t exist at t = L.
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1.2 Differential Equations
(a) For f,¢ € C°([0,1]), we have

If —I¢|le =
|1f —Ig|| xm[gﬁ]

= — ImaX

(ex-l—%/x f(t)dt) - (ex-I—%/Ox g(t)dt)‘
2x€01 / ft
1

s—mwA (1) — g(8)]dt

2 xef0]

1 /1 q
< Z _
<5 [ If — gllett
1

=51~ 8l

(b) First note that
(1f) (x) = e* + xf (x?)
So if f is the (unique) fixed point of I, then f = If is C!, and satisfies the differential
equation. Meanwhile, if g is a solution to the differential equation, then (Ig)'(x) =
¢'(x), so that Ig(x) = g(x) + C for some constant C. However, note that Ig(0) = 1
since the integral in the definition is 0, and since g(0) = 1, we see that C = 0 and g is
a fixed point of I, so that ¢ = f. All that’s left is to show that f is smooth. But since
f €C°0,1)), then
f'(x) = (If)'(x) = e + xf(x?)

is continuous, so f € C!([0,1]). The inductive step is the same: if f € C’([0,1]), then

f(x) = (If)'(x) € C"(]0,1]), so that f € C"*1([0,1]).

[1.2.7] We will use throughout a different characterization of monotonicity for a C! function:
the derivative never changes sign. First let’s establish the hint. Suppose that no such
constant exists, and we will establish a contradiction. This means that there exists two
distinct points x1,x, € R such that ¥} (x1)y5(x2) # vi(x2)y5(x1). Thus the determinant

of

(y{(xl) y’z(xl))

yi(x2) y5(x2)
is nonzero. It is thus an invertible matrix, so we can find constants c¢1,c; € R such
that

c1y1(x1) +cys(x1) = 1
c1y1(x2) + cayp(x2) = —1

But then y(x) = c1y1(x) + cay2(x) is supposed to be monotone, but its derivative changes
sign. This contradiction shows the constant C € R does indeed exist.
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[1.2.8]

1.2 Differential Equations

Now assume all solutions to our differential equation are monotone. The solutions span
a 2-dimensional space, say with basis {y1(x),y2(x)}. By the hint we just proved, we can
find C € R such that y(x) = y1(x) — Cya(x) is constant. By linear independence, this
constant (call it K) is nonzero. Plugging into our differential equation gives Kgq(x) = 0, so
that g(x) = 0, as desired.

Conversely, if g(x) = 0, then we can use an integrating factor to solve our ODE for
/

Yy
y'(x) =y (0 fo P

Since the exponential is always positive, we see that y'(x) has the same sign as y'(0) for all
x € R, meaning y(x) is monotone.

(a) We will assume without loss of generality that p is the origin, and write Bg for Br(0).
From Stokes’s theorem, we have

Br Br

Switching to spherical coordinates, with
x = Rsin(0) cos(¢)

y = Rsin(0) sin(¢)
z = Rcos(6)

Then the 2-forms are given by

dx A dy = R%sin(6) cos(0)d6 A d¢
dz A dx = R%sin?(0) sin(¢)dO A d¢
dy A dz = R*sin?(0) cos(¢)do A d¢

So our integral over the ball boundary can then be written as

0= /Zn/ RZ%sin(h) (Fx sin(6) cos(¢) + F, sin(6) sin(¢) + F: cos(6))dbd¢

27
= Rz/ / sin(6 d0d4>

Now write G(R) = T(R) fBR FdV, where T(R) =
Br. In spherical coordinates we have

27
// /r sin(0)FdOdpdr
—3G(R

G'(R) = T—i—T /2n/ R?sin () Fdd¢

_4713123 is the inverse of the volume of
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1.2 Differential Equations

Calling the second term H(R) we then have

#'(R) = —HR) | r(gyR2 /O o /0 nsin(@)g—lid@d(p

R
—H(R)
R

which follows because the integral is zero by the above. We can now solve some
simple differential equations to show

G(R) = A+ BR™3

If we can show limg_,0 G(R) = F(0), then we are done, because the limit existing
shows B = 0 and the limit itself shows G(R) = F(0). But the limit is easy to see from
the following inequality:

|G(R) — F(0)] < sup |F(x) — F(0)]

XEBRr

Because F is continuous at 0, the supremum above converges to 0 as R — 0. Therefore

(b) Suppose F achieved a local maximum at a point g, with F(q) = M. Let S = {p € R® |
F(p) = M}. Then S C RR? is closed and non-empty; we will show it is also open, so
that F = M is constant, a contradiction. To that end, let p € S, and note that F(x) < M
in some ball centered at p, say Br(p). If we let V be the volume of Bg(p), then by part
(a) we have )

M= F(P) B v Br(p)

FdVv

But then the integral of (M — F(x)) over Bg(p) is 0. This is a non-negative expression,
so this implies F(x) = M for all x € Br(p). This shows Br(p) C S, and since p was
arbitrary, S must be open, as desired.

[1.2.9] Let C € R? be the unit square. Then f(C) = f(IR?), and by compactness, f attains a
global maximum M and global minimum m. Since f is non-zero, we can divide into two
cases:

e Suppose M > 0, and choose a point p € R?> where f(p) = M. By the second
derivative test, the Hessian at p must have non-positive eigenvalues, so that its trace
is non-positive. But its trace is Af (p). Thus we have

AM = Af(p) = —=Af(p) 20

Since M > 0, we see A > 0 as well.
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[1.2.10]

[1.2.11]

1.2 Differential Equations

* Now suppose m < 0, and follow the same steps as above. In this case, the Hessian
must have non-negative eigenvalues, so that its trace is non-negative. Then

Am = Af(p) = —Af(p) <0

Since m < 0, this again implies A > 0.

Since U is compact, f attains a maximum and minimum on U. If we can show it does not
have a positive maximum — nor a negative minimum — on the interior U, then it must be
that its maximum and minimum are attained on dU. Since it identically zero there, we must
have f = 0 on all of U.

First suppose that f attains a maximum M > 0 on an interior point p € U. At this point,
the Hessian must have non-positive eigenvalues, so that its trace is non-positive. But its
trace is Af (p). Evaluating our PDE at p gives

0> Af(p) = Af" 1 (p) = AM*"

This is only possible if A = 0, and thus Af = 0 is harmonic. But a harmonic function
cannot achieve a maximum on an interior point unless it is constant, and that contradicts
our assumption that M > 0 since f is zero on oU.

Similarly, suppose f attains a minimum M < 0 on an interior point p € U. Here the
Hessian has non-negative eigenvalues, so that its trace is non-negative. So once again we
get

0< Af(P) — Af2m+1(p) — AM2m+1

Since M < 0 and 2m + 1 is odd, this is only possible if A = 0, and again we have that
f is harmonic. Just as before, it must be constant to achieve its minimum at p, and that
contradicts M < 0.

We’ve thus shown that its global maximum and minimum must both be 0, and thus f is
constant (and zero).

We define the coefficient matrix
a b
H=( o)

From the hypotheses, det(H) > 0. If the eigenvalues of H are negative, we can negate our
entire original equation to assume H is positive definite. Since H is symmetric we can write
itas H = MM with M an invertible matrix (this is a consequence of the Spectral Theorem).
M defines a change of variables z = M~!(x,y), transforming our original equation into the
Poisson equation

Azv(z) = 8(2)
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[1.2.12]

[1.2.13]

[1.2.14]

1.2 Differential Equations

with v(z) = u(Mz) and g(z) = f(Mz). We can solve this in the usual way (say by con-
volving with the Newtonian potential; see [1.2.14]). Since f (hence ¢) has compact support,
our solution v(z) is smooth. Then u(x,y) = v(z) is a smooth solution to our original
equation.

Let f(x) = x° + x? + 1. We will assume that u(x, y) is analytic in a neighborhood of y = 0
and look at the Taylor series:

) [e3) k 2k oo Lk
ykoku d y
)= Ly 0 = L0 = L/

Here we're using that u is analytic in this neighborhood, so we can reorder mixed partial
derivatives (and we're repeatedly applying that 1, = uy,). Since f(x) is a polynomial, this
sum is finite and we can compute that

u(x,y) = x° + 30xty +180x2y? +120y° + 2% + 2y + 1

It's easy to check directly that 1y = 11y,.

Let m be the minimum and M the maximum for u# in U. From Au = —1 < 0, we
know u is superharmonic, and thus by the Minimum Principle it cannot achieve its min-
imum at an interior point. Thus its minimum is achieved on the boundary, so that
m=0.

Now let v(x,y) be a solution to Av = —1 without concern for boundary conditions; for
example, v(x,y) = —1(x* +y?). Then by superposition we can write u(x,y) = v(x,y) +
h(x,y), where

Ah=Au—Av =0

Thus h is a harmonic function on U, and on the boundary (since u = 0 on dU) we have
h(x,y) = —v(x,y). Since h is harmonic, it attains its maximum on the boundary (when
x| = |y| = 1), so that in the interior we have h(x,y) < 3. Since v(x,y) < 0 on U, this
implies u(x,y) < 3 on U as well.

(a) Suppose that 11 and u;, are two differentiable solutions with compact support: Auy =
Auy = f. Then u := u; — uy satisfies Au = 0. Of course, u also has compact support,
and thus there is some R > 0 such that u = 0 outside the closed ball Bz around the
origin. Since u is continuous, it is bounded on Bg, and hence by Louiville’s theorem u
is constant. Since it is zero outside Bg, we see u = 0, and thus u; = u».
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1.2 Differential Equations

(b) The Newtonian potential is the fundamental solution to the Laplace equation: AN =
do, the Dirac delta distribution. Because u is a smooth function with compact support,
it is a valid test function. We can therefore evaluate convolution in the sense of
distributions. Since AN = ¢y (the Dirac delta distribution), applying the distributional
derivative transfer rule gives us

u=uxbp=uxAN =AuxN = f*N

[1.2.15] Letr = fol f(x)dx and define
3(x) = [ (A1) =yt

Then ¢(0) = 0 by definition, and g(1) = 0 from the definition of r. Since f is periodic, so
is g, and g is smooth because f is. We have ¢’ = f —r, and thus the 1-form (f —r)dx is
exact.

[1.2.16]

(a) Note that we can write

() =a+ [ Flsy(s)ds
12(x) = b+ [ Fls,a(s))ds

Thus, using the Lipschitz condition we see

y1(x) = ya(x)| =

a —b+/0x (F(s,y1(s) — F(s,y2(s)) ds

<lo =]+ | [ (FGs1(5) = Fls,ya(s) s

<lo =1+ | [ IFlsm(s) = FGs (o)) ds

<lo = b1+ M| [ n(s) = ya(e) s

(b) Let K be the maximum of |y1(x) — y2(x)| on the interval [ﬁ}y ﬁ] , and note that there

is a point xg in that interval where this maximum is achieved. From the inequality in
the previous part, we have

X0
K < o =]+ M| [ (9 - (o) ds| < MK o
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[1.3.1]

[1.3.2]

1.3 Fourier Series

Since xy € [ET}I' ﬁ], the above shows K < |a — b| + &, which rearranges to the
inequality we want.

1.3 Fourier Series

Since f(x) is smooth, we can write the Fourier series

f) = L o™
n=—o0
Now the hypothesis of the problem implies ¢y = 0; since f(x) is not identically zero, we
know there exists k # 0 with ¢ # 0. Now the solution to the heat equation uy = uy, with
the Fourier series for f gives

(o]
u(x,t): Z Cne—n2teznx

n—=—oo

To see this solution works, note that t > 0 implies et decays exponentially, so we can
differentiate the above sum term by term to verify u; = uy,. Since f € L?(S!), we apply
full periodic boundary conditions, allowing us to expand u(x,t) in a Fourier series. Then
Parseval’s identity shows we have

If13 =27 Y leal?
n#£0
u( 1) 3 =271 Y a2
n7#0

Because > 0 and 1 # 0, we know e~2""t < 1. This shows [|u(-, #)||2 < ||f]|2. We get strict
inequality noting that c; # 0, so the n = k term of the sum is strictly smaller for u(-,t) than
for f.

Suppose such an f existed, and write ¢(k) for the kth Fourier coefficient of g. Then we
have -

fk)g(k) = f +g(k) = (k)
Here the first equality follows because we're convolving on S!, and the second follows
from the assumed identity f *+g¢ = g. Now if g,(x) = €*™, then g, € L'(S!) and
gn(k) is 1 when k = n, and 0 otherwise. By the above then, we have f(k) = 1 for all
k € Z. This contradicts the Riemann-Lebesgue lemma: since f € L!(S!), we should have

limy e f(K) = 0.
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1.3 Fourier Series

[1.3.3] Let f(x) = ¥ c,e?™* be the Fourier expansion for f. By hypothesis we know ¢y = 0.
Because f is C!, f’ is continuous and therefore in L?(S!). We can find its Fourier coefficients
via integration by parts:

C; _ /1 f/ x e—27‘cinxdx
— [f( —Zmnx /f 27.(”,1 27Tinxdx

=0+ 27'(1'71/ f(x)e_zmnxdx
0

= 2minc,
Now, apply Parseval’s identity to f:

£ =Y lenl? = Y [27winca|* = 47> Y n?[eq |
n#0 n#0 n#0

Because 7 is a non-zero integer, n? > 1 for all terms in the sum. Therefore:

112 = 472> ) leal® = 47| f113
n#£0

Taking square roots gives our desired inequality.

[1.3.4]

(a) Let F(z) = (1 — z)~'/* be the principal branch of the power function, defined on the
open unit disk U. Since F is analytic on U, we can write its Taylor series expansion
using the binomial theorem:

-2 =y (T

n=0 n

© 1.5.9.-- (41— 3)
=1+ ) yi! 3

n=1

Since r < 1, re'* is in U, meaning f,(t) = F(re"). So we can write

*© 1-5-9---(4n—3) , .
_1+Z T rnezn

Because r < 1, the Weierstrass M-test shows this series converges uniformly and
absolutely to f,(t). This is then the Fourier series for f,(t).
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[1.3.5]

1.3 Fourier Series

(b) We first express |1 — e'| in a form more amenable to taking powers. Using trig

identities we have
11 —e")? = (1 —cost)? + (—sint)?
=1—2cost+ cos®t +sin’t
=2 —2cost
= 4sin?(t/2)

Thus |1 — ¢*| = 2sin(t/2). Now for t € [0, 7], we have 7rsin(t/2) > t, and similarly
for t € [mr,27], we have 7sin(t/2) > 27t — t. This yields

27 T . 27T .
/ |f1(t)ydt:/ \1—e1t\1/4dt+/ 11— eft|~1/4ds
0 0 T
T 27
_ / (2sin(t/2)) "V 4dt + / (2sin(t/2)) "4t
0 T
T 27
< cl/ t_1/4dt—|—C2/ (27 — )1/ 4at
0

7T

Here C; and C; are constants we don’t really care about. Both of these final integrals
can be evaluated to finite values, and thus || f1]|; < oo, meaning that f; € L'([0,27]).

(c) We have that f, — f; asr — 1~ whenever t € (0,277) by continuity of the principal

branch of the power function away from the branch cut. Thus f, — f; almost every-
where in [0,27t]. This is the first ingredient necessary for applying the Dominated
Convergence Theorem.

Using the same trig identities as in the previous part, we have
11T —re"|> = (1 —r)? +4rsin®(t/2) > 4rsin®(t/2)

This shows that for r > 1, we have |f,(t)| < |g(t)|, where g(t) = sin(t/2)"1/4. The
proof of the previous part showed that ¢ € L([0,27]). Thus g(t) is an integrable
function that dominates |f,(t)| (and hence |f;(t)e~"|) for r > 1. This is the second
(and final) ingredient necessary for applying the Dominated Convergence theorem,
and we have

I an (Fe-intd — /Zn li (f (t)e*””) dt = - 27ij (H)e ™ dt
m — = — 1m = —
ro1-2m o T 2t Jo i1\ 2 Jo 7t

Thus our Fourier coefficients are the limits of the ones in part (a) as r — 1. Explicitly,
all negative coeffients are 0, ¢y = 1, and for n > 0 we have

1-5-9---(4n—3)

C
" 4y
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(a)

(b)

(©)

1.3 Fourier Series

We use Cauchy-Schwarz to see

2 2
(Z !f(n)\> = (Z |n!S|n!S!f(n)\> <) a7 Y [l f(n)?

n#£0 n##0 n#£0 n#£0

The sums on the right are both finite: the first by the exponent/comparison test (here
we use 2s > 1), the second by hypothesis. Thus ) ;> |f(n)| is finite as well (here
we know f(0) is finite because f € L'[0,27)).

Write
N .
Sn() = Y flme™

for the partial symmetric sums of the Fourier series for f. By part (a) (and the fact
|f (n)| = |f(n)e"¥|), these terms are absolutely summable, and then by the Weierstrass
M-test g(x) = limy_,0 Sn(x) is a continuous function, with Sy(x) converging uni-
formly. Because Sy (x) is 27t-periodic for all N, so is g(x). Let’s evaluate the Fourier
coefficients for g, using this uniform convergence:

2 . 2r ) " N
§0) = 2m) 1 [* glxpe Mdx = lim (2) 1 [ Sy(w)e Mdx = lim f(k) = f(k)
0 N—o0 0 N—o0
Thus ¢ and f have the same Fourier coefficients. Since they are both in L[0,27r] and
the Fourier transform is injective on L!, they agree almost everywhere in [0,27], and
hence ¢ and F agree almost everywhere as well.

Let us write
o0

hix)="Y_ inf(n)e"*
n=—oo
which is the "formal" derivative of g; we will show it is continuous and the actual
derivative of g, which (by part (b)) will show F is almost everywhere equal to a
continuously differentiable function.

To do this, note that h(x) = limy_,e Sy (x). So if we show this is uniform conver-
gence, then we will have that /(x) is continuous, and that ¢’(x) = h(x); this follows
because Sy(x) — g(x) and Sy, (x) — h(x), both uniformly. But this follows from the
Weierstrass M-test, as above, again using Cauchy-Schwarz:

2 2
(Z Inf(n)\> = (Z !nl”ln\s\f(n)!> <Y nPTE Y nFIf ()

n#0 n#£0 n#0 n#£0

One sum on the right is finite by hypothesis, and the other because 2s — 2 > 1, since
3
s > 5.
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[1.3.6]

[1.3.7]

[1.3.8]

1.3 Fourier Series

No. If f € C(S') has these coefficients, then f € L?(S!), and so by Parseval’s theorem
Y c2 < co. But we have

1 1
2 = > >1+2
ezz " nezzl+2\/ln|+|n| nezz1+3l | g)

And the latter sum diverges as a constant multiple of the harmonic series. This contradiction
shows f does not exist.

First assume f(x) is an odd function. Then we have

a, = %/_Zf(x) cos(nx)dx =0

where the last equality follows because cos is even, so f(x)cos(nx) is still an odd func-
tion.

Conversely, assume all the a4, are zero. Because f € CZ(IR), its Fourier coefficients are
absolutely summable: the coefficients decay as O(n~2) via integration by parts, and Y_n 2
is finite. So by the Weierstrass M-test, its Fourier series converges uniformly and abso-
lutely. Uniqueness of Fourier series shows f is equal to this sum almost everywhere.
Since the sum and f are both continuous, we actually have pointwise equality every-

where:
x) =Y bysin(nx)

n>0

Replacing x by —x in the above and noting that sin is odd, we have f(—x) = —f(x), so that
f is odd as well.

The Cauchy-Schwarz inequality gives

2
<Zz|f<n>|) < <Zzljn2> (ZZ<1+n2>|f<n>|2)

The first sum on the right-hand side converges by the p-series test, say to a real number
C. Soif f € H, then the right-hand side is finite. The Weierstrass M-test then shows the
Fourier series converges uniformly to a continuous function, which by uniqueness must
equal f almost everywhere (and hence, by definition of L?, we can assume is f). Now the
triangle inequality shows that

i f(k)e2m'kx

k=—n

< ki £ (k)
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[1.3.9]

[1.3.10]

1.3 Fourier Series

Uniform convergence then shows that |f(x)| < ¥.,cz |f(1)], which is finite and independent
of x. Thus from what was shown above, we have

1fllee < 3 1 ()| < VCIflln

nez

Fix f € Vand € > 0. Let s,(f) be the truncated Fourier series for f, and 0, (f) the Cesaro
sums:

S(f)= Y Fk)en

k=—n

o) = — Y 5(f)
k=0

n+1

The hypothesis that f € V implies that f(1n) = 0 when n ¢ I. Thus s,(f), and also 0y (f),
are in S. By Fejér’s Theorem, 0, (f) converges to f uniformly, and thus we can choose N

large enough that || f — on(f) ||« < €. Since f and € were arbitrary, this shows S is dense in
V.

Choose ¢ € C*(S1), and let ¢(n) denote the nth Fourier coefficient of g. Thus we can

write
A _ 1 2 —inxdt
g = 5 [ (e

Define a new sequence of Fourier coefficients as f(n) = ¢(n)/p(in); the hypotheses guar-
antee we aren’t dividing by zero here. Because ¢ € C*(S?), its Fourier coefficients have
rapid decay: for any integer N > 0, there exists a constant Cy such that |¢(n)| < Cy/|n|™N
for all n # 0. Because |p(in)| grows at worst polynomially, |f(n)| = |¢(n)|/|p(in)| also
obeys bounds of the form O(|n|~M) for all M. Therefore, the sequence f(n) has rapid decay,
guaranteeing that f(x) = ¥ f(n)e™ is a well-defined C*(S') function. Now note that, by
differentiating the Fourier series term-by-term, we have

flx) =) f(mpe™

nesz
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1.4 Functional Analysis

The last equality here follows from the linearity of the Fourier transform. Because p(in)f(n) =
¢(n), Pf and g are smooth functions on S! with the same Fourier coefficients, and hence
Pf = g. Since g € C®(S') was arbitrary, this shows P is surjective.

[1.3.11] Let f(&) be the Fourier transform, and note that f;(&) = ¢?™ f(&). We have pointwise
convergence (for fixed ¢)

2

lim £(8) ‘2 lim ‘1 L
t—0 t—0

f(&) - £i@)|

, . A2 A 2
Now |1 —e*™| < 2 forall t € R, and thus ‘f((;‘) —ft((;‘)‘ is bounded above by 4 )f(@) ,
which is integrable because f € L?(R). Plancherel’s theorem and the Dominated Conver-
gence Theorem then show

2 2
1 — 2 =1 £ — ) = i £ — f, =
i = fl =ty f |f = A de = [ tim | il e =0
. NN
where the last equality follows because we showed above ‘ (&) — ft(é)‘ — 0 for all ¢ in

R.

1.4 Functional Analysis

[1.4.1] First let e,,(x) = €™ with m # 0. Then 27 emdx = 0. Now ¢ 1 because 8 is an
4 0
irrational angle, so we have a geometric sum:

eimx 1— eimn@

no1—eimé

1 n—1 )
Sn(em)(x) — - Z ezmxezmké) —
">
For a fixed m, each of these factors is bounded absolutely:

1

) 1— imn6 2
Sulen) ()] = Ll L0 < 2

imf|—1
11— eim8| — nll_e |

This shows S, (e;;) — 0 uniformly.

Now let f € C(S!) be arbitrary, with fom fdx = 0. By the Stone-Weierstrass theorem, choose
a trigonometric polynomial p(x) such that |f(x) — p(x)| < € for all x. We let p(0) be the
constant coefficient for this polynomial; we see that

PO = 5z | [ x| = 5 < L [Tt - fwldx <

- 27

[ ) - )y
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[1.5.1]

[1.5.2]

1.5 Measure Theory

Thus if we define g(x) := p(x) — p(0), then ||f — g|lc < 2¢. Also since §(0) = 0, the
previous paragraph (plus linearity) shows S,(q) — 0 uniformly, so that for some N > 0,
n > N implies ||S,(q)]|c < €. Since trivially we have ||S,(g)|le < ||g|/e for all g € C(S),
the triangle inequality and linearity of S,, shows

150 (F)lleo < N1Sn(f = @)lleo + [[Su(@) [0 < [ — qllec + € < 3

Thus S, (f) — 0 uniformly.

1.5 Measure Theory

Since [0, 1] is compact, it is enough to apply the Arzela-Ascoli theorem, so we need to show
that the f, are uniformly bounded, and equicontinuous. Uniform boundedness is already
a hypothesis. To check equicontinuity, fix n > 0 and let x,y € [0,1] with x < y. Absolute
continuity for f, then implies

fulw) = fol) = [ Fultya

Using the Cauchy-Schwarz theorem we have

)~ oo < [ 1o < ([isora) ([ )

Now (f,(t))? is non-negative, so we only strengthen our inequality if we extend the integral
domain to the full [0,1]. Combined with our hypothesis then, we have |f,(y) — fa(x)]| is
bounded above by v/N|y — x|1/2. Equicontinuity then follows: if € > 0, choose 6 = €*>/N
(we can ignore the N = 0 case since then f, is constant for all 1, so of course equicontinuous).
For |y — x| < 6 we have |f,(y) — fu(x)| < €. Since ¢ does not depend on 1, x, or y, the {f,}
are equicontinuous.

1/2

We define a positive function f € L' () and define v such that dv = fdyu. Since X is o-finite,
we can partition it into countably many disjoint measurable subsets { X, } such that u(X,)
is finite for all n. Let I C IN be the indices where i (X;) > 0, and choose positive numbers
{w;} such that Y ;c; w; = 1. Define a function f : X — R as

e wixi(x)
fo) = ;’ n(Xi)
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[1.5.3]

[1.5.4]

[1.5.5]

1.5 Measure Theory

where X, is the characteristic function for X,. Note that f is positive except on U;¢X;,
which has measure zero. Finally, define v(A) = [, fdu. Using the monotone convergence
theorem, we see v is a probabliity measure:

/fu /Xnnely P‘_Z/

nel

ZVX)V an_1

nel nel

To see mutual absolute continuity, first suppose y(A) = 0. Then of course v(A) = [, fdu is
0 as well. Conversely, suppose v(A) = 0. Since f is positive almost everywhere, it must be
that we're integrating over a set of p-measure zero, and thus u(A) = 0.

Since f is compactly supported, let it be zero outside the closed interval K, and we show f is
zero almost everywhere on K. Note that the hypothesis of the problem includes [, f(x)dx =
0, so that f € L!(K). By the linearity of the integral, we see that [, f(x)p(x)dx = 0 for all
polynomials p(x). By the Stone-Weierstrass theorem, [, f(x)g(x) = 0 for all continuous
functions ¢ € C(K). Now let hi(x) be the sign of f(x); thus h € L*°(K). By Lusin’s theorem
we can find a sequence of continuous functions h; € C(K) such that hx(x) — h(x) almost
everywhere. In addition, since ||/1||cc = 1, we can choose our sequence so that ||/1,]|c < 1 for
all n. The Dominated Convergence theorem (using |f| € L!(K)) shows

J f@)ldx = [ fGhxdx = [ f(x) lim b (x)dx = lim [ f(x

Thus the set where f(x) # 0 is of measure zero.

For k > 0, define

Sk = LJ Ey

n>k

Then we have S = NS;. Since the {E, } are measurable, and the measurable subsets form a o-
algebra, we see that S is measurable. Let € > 0 and pick an N such that

Y u(En) <e

n>N

By subadditivity, we have u(Sy) < €, and since S C Sy, we have u(S) < €. Since € was
arbitrary, we see that u(S) = 0.

Let {g, } be an enumeration of the rational numbers in [0, 1], and define

U, = (qn _p(n42) gy 2—<"+2>) n[0,1]
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[1.5.6]

[1.5.7]

1.5 Measure Theory

Then U, is an open subset of [0,1] with u(U,) < 2-(+1) 1f we define U = UU,, then U is
an open subset of [0, 1], with u(U) < 1 by subadditivity. Since {g,} is dense in [0,1], so is
U, and thus oU = U \ U° isjust [0,1] \ U, and thus u(dU) > 1 — 3. But oU is exactly the set
of discontinuity points of x; (proven below), so by Lebesgue’s criterion )x; is not Riemann
integrable.

To see that 0X is the set of discontinuity for xx, note that xx = 1 on the interior X°, while
xx = 0 on the exterior R" \ X. So none of these points are in the set of discontinuity.
However, if x € 0X, then every neighborhood of x intersects both X and its complement,
and so xx is not locally constant there.

We will write f for f restricted to Uy. Let V C IR be an open subset; we want to show that
f~Y(V) is measurable. For every x € R, we know by hypothesis that f,1(V) is measurable.
But

i (V) =fH(V)NnUy

Now {U,} covers R, and since R is Lindelof, there is a countable collection {U,, } that covers

R. But then
= U miv
n>0

is a countable union of measurable sets, hence measurable.

To show d(f, g) is a measure, first note it is well-defined because 1(X) is finite and when
[f] = [F] and [g] = [G], its clear that p(f — g) = p(F — G). Now:

* Clearly p(f —g) = p(g — f)-

e If [f] = [g], then the integrand is zero outside almost everywhere, so p(f —g) = 0.
If [f] # [g], then there is a set of positive measure where f # ¢, and on that set the
integrand is strictly positive, so p(f —g) > 0.

* Since p’ is non-negative, we certainly have p(|f — h|) < p(|f — g¢| + |¢ — h|). But then

o(f —h) =p(|f —hl)
<p(lf —gl+I|g—Hhl)

:/ f—gl+Ig—h
x1+|[f—gl+I]g—H

|f —gl
</Xl+|f g ap + /1
=p(f—g) +plg—Hh)
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[1.5.8]

[1.5.9]

1.5 Measure Theory

So d(f,g) is a metric. Suppose J,€ > 0, and note that

|f_fn| oe
du >
X1+|f—fn|” 1+6

Thus convergence in the metric implies convergence in measure. Conversely, if f, — f in
measure, then we can find N such that for n > N we have

p{x e X:|f(x) = fulx)[ =2 6}) <e

Since the integrand is bounded by 1, we then have d(f, f,) < éu(X) + €, so that f,, — f in
the metric as well.

pH{x e X:[f(x) = fu(x)| > 0}) > e =

Suppose this was not true: there is an open subset U C D such that T"(U) N U = @ for all
n > 0. If k < m, then with n = m — k, applying T* to everything shows T"(U) N T¥(U) = @.
Since T(D) = D, all of these are contained in D. But T is volume-preserving, so that
u(T"(U)) = u(U), which is positive because U is open. Then {T"(U)} is a countable
collection of disjoint sets, all of positive measure, all contained in D. This implies u(D) is
infinite, which contradicts D being bounded. This contradiction shows the conclusion of
the problem is true.

We will work in E := [0,1] \ Q, to avoid ambiguous decimal expansions; this won’t change
any measure results, since #(Q) = 0 and y is a complete measure. For m, n > 0 with m # n,
let E;; ;, be the set of x € E such that the first 2 in its decimal expansion is in position m,
and the first 3 is in position n. As a finite union of intervals, each E;, , is measurable, and
they are all disjoint. Then

Ev = | Exn
n>k

is also measurable, with

- £ - £, ) (5) ) - BB ) -

n=k+1 n=k+1 j=0

So S = S\ Q = UE; is measurable, implying S = SU (S NQ) is measurable, with

3 1 g\ ' 1
) = u$) = BuE) = g I (%) -3
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1.6 TBM

1.6 TBM

[1.6.1]
(a)

(b)

For 1 <i <k, define
Z—a;

Bi(z) = 1—a;z
1

Thus B is the product of the B;. Since norm is multiplicative, it suffices to show
|B1(z)|> = 1 when |z| = 1. Noting that Z = z~! in this case, we have

z—a1 zZ—m o 1—&112—512+|al|2 .
1—-a1z1—a1z 1—a12—ﬁlz—|—\a1|2

[Bi(2)]” =

Since a; € D, we have |7;| < 1, and thus 1 — a;z # 0 as long as |a;| - |z] < 1. Thus B
is holomorphic in an open neighborhood of D, and in particular is harmonic there.
Now let ¢,(z) = z" for n € Z. Clearly go(B(z)) = go(z) = 1, so their integrals match.
For n > 0 we have that B(z)" is holomorphic, hence harmonic, in a neighborhood of
D, and thus

/ 7 en(et)dt = / T eintgr — 0 = 27B(0)" = / o (B(e")) ar
0 &n 0 0 &n

By the mean value theorem. For n < 0 we have

27 , 27 , 27 ] _ 2r .
/ B(e')"dt = / B(eh)—ndt = / B(eit)—ndt =0 =0 = / an(e)dt
0 0 0 0
So the conclusion is true for all {g,}. The Stone-Weierstrass theorem shows the linear

span of {g,} is dense in C(S'), and thus for f € C(S!) we can find a sequence {p, }
of trigonometric polynomials converging uniformly to f. But then

2 ) 2 21 ) 2 .
/Of(e’t)dt:/ lim pu(e)dt = lim [ py(e)dt = Tim [* py (B(e")) at

2 it 27 it
—/ ;}E}(}opn ) dt:/o f(B(e
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